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1 Introduction

Excitability is a well established phenomenon with applications in various
fields of science. Systems that, looked at superficially, have little in common,
like neurons [28], chemical reactions [4], wildfires [3], lasers [50], and many
others share this property. The variety and diversity of the many examples
demonstrates the importance of the concept of excitability.

Fluctuations are ubiquitous in nature. In excitable systems they are con-
sidered to be of uttermost importance since they are able to ”activate” these
systems. Especially if the magnitude of the fluctuations becomes compara-
ble to activation barrier of the system their influence will be determinant.
This is true for example in neurons where fluctuating input and fluctuating
membrane conductances are commonly agreed upon to functionally impact
on their dynamics.

We investigate the influence of fluctuations on excitable dynamics experi-
mentally and theoretically. This study is organized as follows. In section 2 we
give the general concept of excitability. The most important model for our
work, the FitzHugh-Nagumo model, is introduced and its key properties are
given. In section 3 we treat the analytical techniques that we used. Section
4 centers around single individual elements. An experiment on a chemical
excitable medium, the light-sensitive Belousov-Zhabotinsky reaction is in-
troduced. We show the setup and explain the experimental implementation.
The results from an experiment with fluctuating excitability parameter are
given. Results from investigations of coupled systems are given in section 5.
Globally as well as locally coupled systems are discussed.

2 Excitability: What is it and how can we model it?

2.1 General Concept

Consider a dynamical system with a stable fixed point. Since the fixed point
is stable a small perturbation (or stimulus) from the fixed point will decay. If
a perturbation exceeding a certain threshold is applied, an excitable system



responds not with a decay of the perturbation but with a large excursion in
phase space until finally re-approaching the stable fixed point. The form and
duration of the excitation is scarcely affected by the exact form of the pertur-
bation. Until the system is close to the fixed point again, a new perturbation
does hardly affect the system. The corresponding time is called the refrac-
tory time. A graphical representation of the scheme is given in Fig. 1. In a

External perturbation Response of the system

Fig.1. Response (right) of an excitable system to different stimuli (left). The
system has a stable fixed point. Panel a): A sub-threshold perturbation generates
a small system response. Panel b): A super-threshold perturbation initiates an
excitation loop. Panel c): The system can not be excited by a super-threshold
perturbation applied during the refractory state. Panel d): Two successive super-
threshold perturbations generate excitations only if both are applied to the system
in the rest state.

neuron, for example, the stable fixed point could represent a steady potential
drop over the cell membrane. A super-threshold perturbation (for example
via input from other neurons) leads to a large electric response of the neuron,
a so-called action potential or spike. After some time of insensitivity to new
signals the potential drop returns to its steady value.

The precise time from which on a new perturbation can excite the sys-
tem depends on the stimulus. One therefore usually talks about the relative
refractory time.



An excitable system is sometimes modeled to posses three distinct states:
The state in which the system is in the vicinity of the fixed point is called the
rest state, the state just after excitation is called the firing state, and the state
just before the system is close to the fixed point again is called the refractory
state. The firing and the refractory state differ by a high (firing) and a low
(refractory) value of the activation variable which has a major influence on

pattern formation in coupled excitable systems (For further details see project
A4).

2.2 A Simple Model - The FitzHugh—Nagumo System

In this part we introduce the FitzHugh-Nagumo (FHN) system. Originally
derived from the Hodgkin-Huxley model for the giant nerve fiber of a squid, it
has extended its application beyond neuron dynamics to all kinds of excitable
systems and has by now become an archetype model for systems exhibiting
excitability. [1,14,35]. First, we neglect coupling and fluctuations and use the
following form:

de 1

Ezz(l'—alﬁ—’l}) (1)
dy

printit Al

Here, the dot represents a derivative with respect to time. €, a, and b are real,
positive parameters. € is chosen small in order to guarantee a clear timescale
separation between the the fast z-variable (activator) and the slow y-variable
(inhibitor). The variables a and b determine the position of the so-called
nullclines, the two functions y(z) that are determined by setting # = 0 and
7 = 0. Depending on the parameters the FHN system has different dynamical
regimes. Fig. 2 shows phase space portraits together with the nullclines and
timeseries for three qualitatively different cases.

In the upper row we see the excitable regime. The solid lines represent
the nullclines of the system, the dashed line a typical trajectory. Each dash
represents a fixed time interval, i.e. where the system moves faster through
phase space the dashes become longer. The system possesses one fixed point
(intersection of the nullclines) which is stable. Small perturbations decay. A
super-threshold perturbation leads to a large response (spike) after which the
system returns to the fixed point. After that a new perturbation is possible.

In the middle row the oscillatory regime is illustrated. The systems ex-
hibits continuous oscillations. Perturbations have at this stage little influence
on the dynamics.

In the lower row we find the bistable parameter regime. The system pos-
sesses two stable fixed points. A suitable perturbation from one of them
leads the system into the basin of attraction of the other one. The basin of
attraction of a fixed point is that part of phase space from which systems
without further perturbation evolve towards this point. Once the system is



Fig. 2. Depending on the parameters the FHN can either exhibit excitable (upper
row), oscillatory (middle row) or bistable (lower row) kinetics. ¢ = 0.05.

in the vicinity of this second fixed point a new perturbation leads to a new
excursion which ends at the initial point.
The transition from the oscillatory to the excitable parameter regime can,

for example, be achieved via an increase of the parameter b. The system then
undergoes a Hopf bifurcation and the sole fixed point looses stability. The



location of the Hopf bifurcation in parameter space also depends on the pa-
rameter €, which governs the separation of the timescales. An illustration for
different e-values is shown in Fig. 3. With increasing e the separation of the

Fig. 3. Trajectories of the FitzHugh-Nagumo model for sub- and super-threshold
perturbations (red and blue curves respectively). Each point plotted at constant
time intervals t; = t;—1 + At with At = 0.005. Kinetic parameters b = 1.4, « = 1/3
and v = 2. Left: high time scale separation for ¢ = 0.01. Right: low time scale
separation for € = 0.1.

timescales of the fast activator and the slow inhibitor weakens. In Fig. 3 we
show typical trajectories for sub- and super-threshold perturbations (respec-
tively red and blue curves) for two different values of the parameter e. In the
left panel (high time scale separation) a small perturbation (du,dv) to the
stable point (ug, vg) triggers an excitation loop. It consists in a quick increase
of the activator until the right branch of the u-nullcline is reached, followed
by a slow inhibitor production: the excited state. After this, the activator u
decreases quickly to the left branch of the u-nullcline, and again moves slowly
along it towards the fixed point (ug, vg): The system is in the refractory state.
On the right panel we show a case with low time scale separation between
the two system variables. The same perturbation (du, dv) now fails to excite
the system. The excitation loop in this case does not follow the w-nullcline.
As a consequence, the excited and refractory states are not clearly defined
anymore and the system responds only to strong perturbations.

2.3 The Oregonator model for the light-sensitive
Belousov-Zhabotinsky reaction

The model that we take into account has been firstly proposed by H. J. Krug
and coworkers in 1990 [29], to properly account for the photochemically-
induced production of inhibitor bromide in the Belousov-Zhabotinsky reac-
tion (BZ) catalyzed with the ruthenium complex Ru(bpy)s' [30,31]. The



Oregonator model was proposed in 1974 [16] on the basis Tyson-Fife reduc-
tion of the more complicated Field-K6ros-Noyes mechanism [15] for the BZ
reaction, the following modified model has been derived:

%:%[u—iﬂ—w-(u—q)]

ov

ik el (2)
0

o S lfo—wluta)+ g

The variable u describes the local concentration of bromous acid HBrOs, the
variable v the oxidized form of the catalyst Ru(bpy)3t, and w describes the
bromide concentration. Here the parameter ¢ represents the light intensity,
and the photochemically-induced production of bromide is assumed to be
linearly dependent on it, d[Br~]/dtox ¢ [31]. €, €’ and q are scaling parameters,
and f is a stoichiometric constant [45]. This model can be reduced to the two-
component one by adiabatic elimination of the fast variable w (in the limit
€ << ¢€) [45]. In this case one gets the following two-component version of
the Oregonator kinetics

du 1 9 U —q

7l R e

d

d—:;:u—v. (3)

From the recipe concentrations we obtain ¢ = 0.0766 and ¢ = 0.002, f is
chosen equal to 1.4.

When €, f, and q are kept fixed, ¢ controls the kinetics in the same way as
b does in the FitzHugh-Nagumo model: For small ¢ the kinetics is oscillatory
and for ¢ > ¢yp = 4.43-1073, it becomes excitable via a super-critical Hopf
bifurcation.

3 Stochastic Methods

Excitable systems as considered here are many particle systems far from equi-
librium. Hence variables as voltage drop (neurons), light intensity (lasers) or
densities (chemical reactions) are always subject to noise and fluctuations.
Their sources might be of quite different origin, first the thermal motion
of the molecules, the discreteness of chemical events and the quantum un-
certainness create some unavoidable internal fluctuations. But in excitable
systems, more importantly, the crucial role is played by external sources of
fluctuations which act always in nonequilibrium and are not counterbalanced
by dissipative forces. Hence their intensity and correlation times and lengths
can be considered as independent variables and, subsequently, as new control



parameters of the nonlinear dynamics. Normally they can be controlled from
outside as, via a random light illumination (chemical reactions) [26] or the
pump light (lasers) [47].

The inclusion of fluctuations in the description of nonlinear systems is
done by two approaches [48]. On the one hand side one adds fluctuating
sources in the nonlinear dynamics, transforming thus the differential equa-
tions into stochastic differential equations. The second way is the considera-
tion of probability densities for the considered variables and the formulation
of their evolution laws. Both concepts are introduced shortly in the next two
subsections.

We underline that the usage of stochastic methods in many particle
physics was initiated by Albert Einstein in 1905 working on heavy parti-
cles immersed in liquids and which are thus permanently agitated by the
molecules of the surrounding liquid. Whereas Einstein formulated an evolu-
tion law for the probability P(r,t) to find the particle in a certain position
r at time ¢ Paul Langevin formulated a stochastic equation of motion, i.e. a
stochastic differential equation for the time dependent position r(t) itself.

3.1 Langevin equation

Let z(t) be the temporal variable of the excitable system which is also subject
to external noise. A corresponding differential equation for the time evolution
of z(t) is called a Langevin-equation and includes random parts. We spec-
ify to the situation where randomness is added linearly to modify the time
derivative of x(t), i.e.

i(t) = f(x) + g(x)§(t) - (4)

Therein the function f(x) is called the deterministic part and stands for the
dynamics as introduced previously when considering the FitzHugh Nagumo
system or the Oregonator. The new term describes the influence of the ran-
domness or noise and £(t) is a stochastic process which requires further def-
inition. It enters linearly and is weighted by the function g(z). Hence, the
increment dr during dt at time ¢ gets a second, stochastic contribution being
independent of the deterministic one. In case g(x) is a constant the noise
acts additively, otherwise it is called multiplicative (parametric) noise and
the influence of the noise depends on the actual state x(t) of the system.

The solution of eq. 4 depends on the sample of £(¢). Formally one can
interprete the latter as a time dependent parameter and the variable x(t)
is found by integration over time. We note that integrals over £(¢) need a
stochastic definition and are defined via the existence of the moments [48].
For this purpose the moments of £(¢) have to be given.

In practical applications one uses Gaussian sources £(t) or the so called
Markovian random telegraph process. For both the formulation of the mean
and the correlation function is sufficient to define the stochastic process. Later



on we will define the value support of £(t) (Gaussian or dichotomic) and will
give the mean and the correlation function, i.e.

{€() =0 (5)

and
(€&t + 7)) = K(7). (6)

Here we reduced to stationary noise sources. Without loss of generality the
mean is set to zero. For the later on considered types of noise this formula-
tion is sufficient to obtain general answers for ensembles and their averages
of the stochastic excitable system. Thus we can formulate evolution laws for
the probability densities and the other moments. We note that the gener-
alization to cases with more than one noise sources is straightforward and
crosscorrelations between the noise source have to be defined.

3.2 Stochastic processes: white and colored noises

Next we consider several noise sources. They are Gaussian sources if their
support of values is due to a Gaussian distribution. Contrary the dichotomic
telegraph process assumes two values , i.e. £ = A and & = A’. We will
always assume A’ = —A.

The second classification of the noise classifies its temporal correlations.
In case of white noise the noise is uncorrelated in time which corresponds
to K(7) = 2D§(7) being Dirac’s §-function. Here D scales the intensity of
the noise. The power-spectrum of the noise is the Fourier transform of the
correlation function. In case of the -function it is a constant and independent
of the frequency what was the reason to call it white noise. All other noise
sources with frequency-dependent power spectrum are thus colored.

The integral over the Gaussian white noise gives the Wiener process which
stands for the trajectory of a Brownian particle. The integral during dt

t+dt
AW (1) = / d5€(s) (7)

is the increment in the position of a Brownian particle in this interval. It
yields the basis of mathematical proofs. It is Gaussian distributed, the mean
vanishes and increments at different times are independent. The variance
increases linearly with dt and scales with the intensity 2D.

(dW (t)?) = 2Ddt . (8)

In case of a Brownian particle D is the spatial diffusion coefficient.

The study of a Brownian particle suspended in a fluid lead also to the
introduction of the exponentially correlated Ornstein-Uhlenbeck process [46],
the only Markovian Gaussian non-white stochastic process [19,22]. We present



here the Langevin approach to this problem, hence we analyze the forces that
act on a single Brownian particle. We suppose the particle having a mass m
equal to unity, and we assume the force due to the hits with thermal ac-
tivated molecules of the fluid to be a stochastic variable. Moreover, due to
the viscosity of the fluid, a friction force proportional to the velocity of the
particle has to be considered. All this yields the following equation

dv(t)
dt

where « is the friction constant. The random force F'(t) is supposed to be
independent of the velocity v(t) of the Brownian particle and to have zero
mean. Moreover, the random force is supposed to be extremely rapidly vary-
ing compared to v(t). Hence we assume that F(¢t) = £ and € is Gaussian
white noise.

We restrict to one spatial dimension, hence integrating with respect to
the time we get:

= —yv(t) + F(t), (9)

v(t) = v(0)e " + e_"*t/o eV F(s)ds. (10)

We suppose the random force to be Gaussian, and a linear operator does not
change this property. Thus the velocity v(t) is Gaussian as well if the initial
condition v(0) is a random Gaussian variable independent of the random
force. The mean value of the velocity reads

(0(t)) = (o(0))e 7 + e / e (F(s))ds = (v(0))e . (11)

For the calculation of the correlation function of the velocity we exploit the
assumption that
(F(t)F(s)) =2D4(t — s). (12)

The correlation function of the velocity, considering At > 0, is given by

(u(t)o(t + At)) = e 74 (0(0)?)

t+AL
/ / (9" —1= A0 (P F (")) dsds’

D
v

Hence the stationary correlation function, obtained for the limit ¢ — +o0, is

—v(2t+At< (0)2>+ ( 2yt 1) —v(2t+At) (13)

(w(t)o(t + A)) — C(At) = %e_"mt. (14)

The correlation time of the process is given by

1 +oo .
T = m/o C(s)ds =~7". (15)



Another stochastic process which yields a non-vanishing correlation time
is the dichotomous random telegraph process [20,22]. It can be described by
a phase according to

1 (t) = sign [cos(7x(1))]- 4, (16)

where the phase increases at each random time ¢; by an angle 7. Thus the pro-
cess has zero mean and variance A2. Introducing the Heaviside step function
0 we can write the phase as

) =7y 0t—t;), ti=ti1+t. (17)

We assume the random variable ¢ to be exponentially distributed, with dis-
tribution

) = 2o (-2)). (1)

With this assumption the process expressed in Eq. 16 has the correlation
function

T

(s (B)()) = A2 - exp (—b> , (19)

where 7 is the correlation time of the process ny [20,22]. Thus the random
telegraph process, as well as the Ornstein-Uhlenbeck process shown before,
presents an exponentially decaying correlation function.

3.3 The Fokker-Planck equation

In case of Gaussian white noise the probability density obeys a diffusion
equation with a drift. In particular, the probability density is the conditioned
average [48]

p(, tlzo, to) = (6(x — z(1))) (20)

that the sampled trajectories are started in xg at time ¢y. Then starting from
the Chapman-Kolmogorov equation for Markovian processes one finds

8P(:v,t|x0,to) - 0 (92
T = —%Kl(l'.t)P(,T, t|1‘0, to)—f—@

KQ(LL', t)P(,T, t|1‘0, to). (21)
Both the drift term K;(z) and the diffusion coefficient Ko(x) are nonlinear
functions of the state variable z. They are defined as the moments of the
conditioned increments per unit time, i.e.

_ oy (e Adt) —x@)m) 1 ] 1o
K (z,t) = dltlgO p = dltlglo p da' (") P2, t+dt|x, t)
(22)




with n = 1, 2. These moments can be calculated from the Langevin equation
(4). For additive noise g(x) =1 it results in

Ki(z) = f(z), Ky(z)=D. (23)

For multiplicative noise the determination of these moments requires a more
detailed consideration of the stochastic integral since white noise is too irreg-
ular for Riemann integrals to be applied. Application of Stieltjes integration
yields a dependence of the moments on how the limit to white noise is taken. If
£&(t) is the limit of the Ornstein-Uhlenbeck -process with 7 — 0 (Stratonovich
sense) the coefficients read [48]

Ki(x) = f(z) + Dg'(z)g(x), Ks(x) = Dg*(z). (24)

Excitable systems have more than one dynamic variables. Hence the prob-
ability density will depend on these variables, i.e. P(x,y,..,t). In case of
Gaussian white noise the evolution operator remains a diffusion equation
with drift, but in a higher dimensional phase space. We will deal with addi-
tive noise in the FitzHugh-Nagumo model in chapter 4.2.

For colored noise sources the derivation of evolution equations for the
probability densities is more difficult. In a Markovian embedding. i.e. if the
Ornstein-Uhlenbeck process is defined via white noise (cf. chapter 3.2) and
v(t) is part of the phase space one again gets a Fokker-Planck equation for
the density P(z,y,...v,t). Similarly, one finds in case of the telegraph process
balance equations for P(z,y,..A,t) and P(z,y, ..., A’,t) which are the densi-
ties of the two possible values of the noise A and A’. They yield a drift term
from the deterministic part and a jump part which describes the hopping
between the two noise values.

3.4 Moment dynamics

In this part we will explain a method that we extensively used to describe
stochastic dynamical systems. It is based on the dynamics of the moments
of a distribution. We applied it successfully to a variety of globally coupled
systems. Advantages of the method are simple applicability and quick nu-
merical investigations. Let us consider a globally coupled stochastic system
that is described by the following set of Langevin equations:

&y = f(@s, (x)) + g(@:)&(t) i=1.N (25)

Here, (z) = Zi\il x; is the mean value of the system. Special focus will be
on systems where the function f has the form
flzi,@) = fz:) + K((z) - ;) (26)
with coupling constant K. &;(t) represents Gaussian, white noise determined
by
(&(t) =0 (&i(t1)€; (t2)) = 2T6; j0(t2 — t1) (27)



We interpret Eq. 25 in the Stratonovich sense.

We are especially interested in the mean of the ensemble (x). We therefore
average over Eq. 25 and make a Taylor’s expansion of the right hand side
around (z). We obtain:

@ =3 L5 1 @ @)amiey + T @@ Plami]  (28)

the superscript in () denotes the n-th derivative of f with respect to it’s
argument. In equation 28 we have made use of the central moments u, =
((x = (x))™). They are also time-dependent. For a closed description of the
ensemble we need their dynamics, too. It is given by:

o = 3 nEIE T @), T(g(@)g (@) o]

= m!
> ,un* m m

+ D nln = 1) =2 (g )™ o (29)
m=0 ’

Eq. 25 is not the most general form we can treat with the method of
the moment dynamics. Especially models with more than one dynamical
variable, like the FHN system, are important to us. In this case (Let us
call the second variable y) we have to introduce the mixed central moments
tnm = {((x — (x))"(y — (y))™) (and equivalently for more variables).

If we look closely at Eqgs. 28 and 29 we notice that in general they incor-
porate infinite sums. It is only for polynomials f and ¢ that the sums break
off at some final value. Even if we deal with polynomials and the sums break
off we notice that the dynamics of the n-th central moment generally depends
on other, higher moments. The system of equations 29 forms an infinite set of
coupled ordinary differential equations. It is only for linear functions f and
g that the system decouples.

For more complicated functions we need to apply an approximation to
the system of equations 28 and 29. There are two main ways to do this. One
is to neglect the central moments from a certain order on. The other one
is to neglect cumulants from a certain order on, instead. The infinite set of
equations then reduces to a finite one. Most of the approximation methods are
incompatible with a normalizable, nonnegative probability distribution. It is
only the trivial method to neglect all moments or equivalently all cumulants
above zeroth order and therefore neglect all fluctuations and go with the
deterministic description and the Gaussian approximation that avoid this
problem. For a complete description of any other probability distributions
infinitely many cumulants or moments have to be taken into account. The
Gaussian approximation consists of neglecting all cumulants above second
order:

kn=0 n>3 (30)



The dynamical description then reduces to the dynamics for the mean and
the variance (for more dynamical variables to the means, the variances and
the covariances).

4 Stochastic excitable elements

4.1 The Langevin approach: phase portraits under fluctuations

When the parameter that controls the excitation threshold of an excitable
element fluctuates, then we end up with a system of coupled equations of
Langevin type. In the case of the FitzHugh-Nagumo system this situation is
modeled by the following Eqs.:

dx 1

Ezz(x—axi%—y) (31)
dy

U = vz —y+bo + £(t).

Due to fluctuations the stable fixed point can be destabilized and the system
is by chance brought out of the rest state. Here £(t) is an arbitrary zero mean
stochastic process that describes fluctuations in the excitability parameter
b — be(t) = by + £(t) around a mean value by. In Fig. 4 we show different
realizations for the FitzZHugh-Nagumo Eqgs. 31, that permit us to describe its
essential properties.

e Small fluctuations result in sub-threshold perturbations, consequently the
system explores only a small portion of the phase space near the rest
state (zo, yo)p,- This is shown both in panel A.1) and C.1) of Fig. 4. In
panel A.1) the system simply relaxes to the instantaneous fixed points
(70, Y0)be (+)- In panel C.1), due to a high excitability, small stable limit
cycles are induced by noise . If the intensity of the fluctuations is in-
creased the system can occasionally escape the vicinity of the fixed point
and performs excitation loops, compare panel A.1) with A.2) or C.1) with
C.2).

e For fixed noise intensity, a process, which at low excitability fails to bring
the Eqgs. 31 out of the fixed point vicinity, suffices to induce excitation
loops at higher excitability, compare panels A.1), B.1) and C.1).

e The number of states visited by the system during excitations increases
with the noise strength, panels B.1) and B.2) for example. Moreover
fluctuations of high intensity significantly affect the trajectory of the ex-
citation loops, see panel C.2).

IThis is because the value by is near the Hopf bifurcation value bup.



Low noise intensity High noise intensity

Excitability case A

-1

Fig. 4. Stochastic trajectories for the FitzHugh-Nagumo model at low noise inten-
sity 02 = 0.05 (left column), and high noise intensity o® = 0.45 (right column).
Panels A): e = 0.01, by = 2. Panels B): ¢ = 0.01, by = 1.4. Panels C): ¢ = 0.1,
bo = 1.4. The parameter - is kept fixed equal to 2, the parameter o = 1/3.

4.2 The Fokker-Plank approach: numerical solutions

In the previous section the stochastic FitzHugh-Nagumo system has been
treated using the Langevin eqs. 31. Alternatively it can be described by the
Fokker—Planck equation (FPE) (cf. subsec. 3.3). In the case of the FHN sys-
tem an analytic solution of this equation cannot be given. Here we therefore



use a numeric approach. The equation under study reads:

%P(l’,y,t) = _%% ((E—J/B—y)P((E,y,t) —%(’}/,’E—y+b)P($,y,t)

where we have applied uncorrelated additive Gaussian white noise to the
activator- and to the inhibitor dynamics. Their intensities are given by T, and
Ty, respectively. In this section we are interested in the stationary solution
of eq. 32

2 Pola,y) =0 (33)
Eq. 32 is a linear FPE. The corresponding system is ergodic and we are
faced with a unique, globally attracting solution. Fig. 5 shows this solution
for varying intensities of the inhibitor noise T, (T, = 0). We find qualitative
changes in the combination of the extrema and saddle points of the stationary
probability density. For low noise we see a single maximum centered near the
fixed point of the deterministic system (cf. the intersection of the nullclines
in fig. 4). For increasing noise the probability density is mainly located close
to two elongated maxima. These maxima represent the outer branches of the
cubic nullcline. The probability distribution looks crater-like. Systems with
the corresponding parameters spend most of their time along the phase space
trajectory of a deterministic excited system. Once they enter the vicinity of
the fixed point they are quickly reexcited. The corresponding timeseries are
characterized by a large coherence. For further increasing noise the minimum
of the probability density along with one saddle point vanishes. The corre-
sponding system is not so closely bound to the deterministic trajectory any
more.

We want to mention that the probability density further off the maxima
becomes extremely small for small noise intensities so that numerical errors
will eventually dominate the obtained results. In particular we cannot exclude
a second maximum for the low noise case in Fig. 5. However we have also
performed simulations with varying e (separation of the timescales). For high
€ (small separation) we find states with clearly one maximum only.

We thus find, depending on the noise intensity and the separation of the
timescale three qualitatively different regimes. In these regimes different com-
binations of maxima, minima, and saddle points in the stationary probability
distribution can be observed.

We have also performed simulations with noise in the activator variable.
The obtained results differ only quantitatively from the ones presented for
inhibitor noise.

4.3 The phenomenon of coherence resonance

First encountered in oscillatory systems as “stochastic resonance without
periodic forcing” [17], and later as “internal stochastic resonance” [23], it is
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with the work of A. Pikovsky and J. Kurths on the FitzHugh-Nagumo model
[39] that this phenomenon got its present name coherence resonance (CR) and
that it was associated with excitable systems. In this work the authors showed
that the regularity at which an excitable element fires under white noise
driving, has a non-monotonous resonant dependence on the noise intensity,
and that there exists an optimal noise intensity at which a sequence of noise-
induced excitations is most regular. This phenomenon has been studied since
more than one decade and has been observed in a huge variety of systems
of quite different nature as, for example, anti-CR in excitable systems with
feedback [32], CR in coupled chaotic oscillators [52], internal CR in variable
size patches of a cell membrane [42,43], system size CR in globally coupled
FitzHugh-Nagumo elements [44], array-enhanced CR in a model for Ca?*



release [12], CR at the onset of a saddle-node bifurcation of limit cycles
[33] and of period-doubling bifurcations [37], and spatial CR in a spatially
extended system near a pattern-forming instability [11] (for a comprehensive
review see [34]).
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Fig. 6. Noise-induced excitattions in the stochastic FitzHugh-Nagumo model under
white noise driving. Parameters for all plots: by = 1.05, e = 0.01. Left top: o2 =
0.001. Left center: 6 = 0.009. Left bottom: 6> = 0.064. In the right panels are
shown enlargements of the trajectories plotted on the left side. Time scales tp, te
and t, are discussed in the next two pages.

To characterize the level of coherence of noise-induced excitations we an-
alyze the time evolution of the activator concentration v in the FitzHugh-
Nagumo model, see Fig. 6. In this representation the excitation loops shown
previously in Fig. 4 become spikes spaced out by intervals during which the
system performs noisy relaxation oscillations around its stable state. The
phenomenon of coherence resonance manifests itself in the three realizations
of u(t) for different noise intensities given in Fig. 6. For very low noise in-
tensity (upper panel) an excitation is a rare event which happens at random
times. In the panel at the bottom, for high noise intensity, the systems fires
more easily but still rather randomly. In the panel in the center instead, at
an optimal noise intensity, the system fires almost periodically.

The typical oscillation period for the system is given by the mean inter-
spike time interval (ISI) (¢,) between two successive noise-induced excitations



over many realizations, see enlargements in Fig. 6. To it we associate as
error the standard deviation. If the system fires regularly, say for simplicity
periodically, then the error associated to ¢, is zero and consequently the ratio
of the standard deviation srd(t,) to its mean value (t,), i.e. the normalized

fluctuations
((tp = (tp))

{tp) ’
is equal to zero. On the other hand, if the firing is incoherent and takes place
at random times, then the error associated to t, is of the same order as the
mean ISI, so that R, ~ 1. Thus R, is a measure of the coherence of the
system response and the minimum of R, (0?) characterizes the optimal noise
intensity. We plot this dependence for the FitzHugh-Nagumo model in Fig. 7.

R, = (34)
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Fig. 7. Normalized fluctuations of the inter-spike interval versus the noise intensity
for the FitzHugh-Nagumo model. Black curve reproduces the result shown in [39].
Parameters bp = 1.05, ¢ = 0.01 in Eqgs. 31. The fixed point is a stable focus. Same
results with by = 1.2 shown by the red curve, where the fixed point is a stable node.

The phenomenon of CR is due to the presence of two different charac-
teristic time scales in the system which are affected by noise in different
manner. One is the time during which the system just fluctuates around the
stationary state, which is needed to activate an excitation. We call this the
activation time t,. The second time scale, the excursion time t., is the typical
duration of an excitation loop, compare Fig. 6. Noise of low intensity does
not affect t., compare panels B.1 and B.2 of Fig. 4. Consequently, assum-
ing std(t.) small and t, >> t. (excitations are rare events), we can write
that R, ~ srd(ty)/(te). In this regime, the spikes are completely random
events, so that srd(t,)/(t,) = 1, and, as noise increases, the coherence of
t, increases too, see Fig. 7. Only at moderate noise intensities the excursion



time t. starts to get affected by noise. In this regime the excitation loops,
that at low noise intensities possess well defined trajectories, loose regular-
ity with increasing noise intensity, compare panels at the bottom of Fig. 6.
This phenomenon is also shown in panels B.1 and B.2 of Fig. 4. There the
trajectories of the noise-induced excitations spread out in the phase space
for increasing noise intensity. The transition between this two regimes takes
place where the quantity R, displays its minimum. Then the coherence of
the system is highest.

4.4 Coherence resonance with respect to the correlation time

Most of the research on CR was focused on the case of white noise. White
noise is a good approximation as long as the intrinsic time scales of the
deterministic system are much larger than the correlation time of the exter-
nal fluctuations. This is the case for example in neuronal dynamics where
a neuron can be externally forced by another randomly bursting neuron. In
general, when deterministic and stochastic time scales are not well separated
from each other, not only the amplitude but also the temporal correlation
is expected to influence noise-induced phenomena as CR. In this Subsection
we show that also the correlation time of an external noise signal is a control
parameter of the coherence of the system. We show this first experimentally
employing the light-sensitive Belousov-Zhabotinsky reaction and then we con-
firm this result numerically performing calculations with the two-component
Oregonator model.

In Fig. 8 we show schematically the set-up in use in our experiment,
for details please see [7]. The set-up adopted for our experiments has as
central element an open gel-reactor, which allows to maintain constant non-
equilibrium conditions during the measurements, see Fig. 8. With it, and by
means of computer-based spectrophotometry [36], we analyze wave activity
in the BZ medium with sufficiently high spatial and temporal resolution.

Through a noise signal, precisely a random telegraph signal, we induce
nucleations of target patterns in the BZ medium. Under constant illumina-
tion Iy no wave nucleation occurs, but the medium can support excitation
waves. At light intensity Iy — AI the medium is oscillatory and phase waves
are induced, which become trigger waves as they propagate towards the sur-
rounding medium maintained at high light intensity. The system is excitable
at light intensity Iy + AI and supports traveling patters. In case of dichoto-
mous fluctuating light, nucleations occur randomly. The regularity of these
phenomena is measured recording the activity at a given point of the gel. In
this way we get a series of noise-induced nucleations at random time intervals,
see data reported in Fig. 9.

Already at a rough glance on the noise-induced spikes reported in Fig. 9
it is possible to recognize that the coherence is dependent on 7. The spikes
plotted in the middle panel show a better regularity than the other two above
and below it.
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To get a deeper understanding of this phenomenon we perform experi-
ments for correlation times 7 in the range between 2 and 60 seconds and we
estimate the time ¢, between two successive nucleations, and calculate its
mean and the standard deviation. In Fig. 10 the coherence of the nucleation
events is quantified through the normalized fluctuations of t,,

(35)

R, presents a minimum at 7 o~ 20 s, fingerprint of highest coherence. Hence
our experimental data give a clear evidence of the existence in the light-
sensitive BZ reaction of an optimal correlation time of the fluctuating light
driving at which the highest coherence is induced [7].

To validate numerically the above reported results, we perform calcula-
tions with the two-component Oregonator model introduced in Subsection
2.3, see Eqgs. 3. Here also we are interested in how fluctuations with non-
vanishing correlation time in the excitability parameter affect the coherence
of the system response. Thus we assume the parameter ¢, proportional to the
light-intensity, to be an exponentially correlated stochastic variable expressed
as

¢ — p(t) = do-[ne(t) +1], (36)
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being the stochastic process n4(t) a random telegraph signal. We choose ¢
in the excitable regime and analyze how the coherence of the Oregonator
system changes (Eqs. 3) as the correlation time of the process 74 varies. We
choose the parameters ¢g and A such that ¢_ = ¢o(1 — A) to the oscillatory
regime. Then for ¢(t) = ¢+ = ¢o(1 + A) the system is excitable, therefore
from any initial condition it reaches the stationary state and remains there
forever.

The results for R,(7) obtained for different values of A, see Fig. 11,
demonstrate that under a random telegraph signal the coherence of noise-
induced excitation is enhanced by an optimal choice of the correlation time.
Here, the optimal correlation time 7,,; decreases as the noise amplitude A
increases. Further simulations not shown here, confirm that this phenomenon
holds for a wide range of the bifurcation parameter ¢q, covering almost the
whole excitable regime. We emphasize that for not well separated time scales,
noise-induced excitations are possible even if both ¢_ and ¢ belong to the
excitable regime, compare red curve in Fig. 11.
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Fig. 10. Coherence resonance with respect to the correlation time in the light-
sensitive BZ reaction. The normalized fluctuations of the inter-spike times ¢, are
reported versus the correlation time of the random telegraph signal.
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Fig. 11. Normalized fluctuations of the inter-spike time versus the correlation time
of the noise for the Oregonator model, Eqs. 3 with ¢9 = 0.0075. Black curve A = 0.1,
green A = 0.8, gray A = 0.6, blue A = 0.4, red A = 0.3. Each point is an average
over 5-10% inter-spike intervals.

5 Excitable elements with coupling

5.1 Local coupling: noise induced nucleations

Local coupling among excitable elements is realized trough diffusive coupling,
which introduces spatial degree of freedom in the system. Here we consider the
case of a one-dimensional Oregonator system in its three-component version.
Thus its local dynamic introduced in Subsection 2.3, see Eqgs, 2 has to be



supplemented by diffusion terms. As in the experiment with the BZ reaction
the catalyst is immobilized in thin gel layer, there is no diffusion in the v
variable. This gives

Ou 1 9 0%u
o = v’ —w(u—q] + Duzs
ov

ow 1 0w
E—?[fv_w'(u‘FQ)‘FQS]‘Fwa-

We integrate numerically Eqgs. 37 in a one dimensional spatial domain of size
L with periodic boundary conditions.

We are interested in the effects that fluctuating excitability induces in
the emergence of patterns in the spatially extended system. This issue has
been already tackled in previous works, most of them concentrating on the
non-excitable regime, where no structures can propagate under purely deter-
ministic conditions. In such a situation, an optimal amount of noise has been
seen to support patterns as spiral waves [24, 25], coherent structures [49],
traveling pulses [27], and pulsating spots [21]. In the excitable regime, noise-
induced spiral dynamics [18], spatio-temporal stochastic resonance [25], and
noise-enhanced phase synchronization [38] have been reported. Moreover also
globally coupled excitable media [40,51]. Here we focus our attention on how
both spatial and temporal correlations influence the process of pattern for-
mation. Thus the excitability parameter ¢ is not a constant value anymore
but it is given by

¢ = dnlx,t) = go[n(z,t) + 1]. (38)

Here n(z,t) is a spatio-temporally correlated noise process with zero mean,
characterized by noise intensity o2, correlation time 7 and correlation length
A. For more detail on the numerical details see [5].

Suppose the medium is prepared in the homogeneous steady state. Even-
tually, fluctuations of the light intensity induce spontaneous nucleation of
pulse pairs. The pulses propagate in opposite direction and annihilate each
other in collision (periodic boundary conditions adopted). For the nucleation
of a pulse pair from a local perturbation of the homogeneous steady state a
critical nucleus has to be reached. Therefore, besides the correlation time, we
expect the correlation length of the stochastic field ¢(z, t) to be an important
control parameter.

To characterize the coherence of noise-induced patterns in the distributed
excitable medium we calculate the relative fluctuations of the spatial average
UL(t) of the activator field u(z,t)

L
UL(t) = %/0 u(s, t)ds. (39)
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Fig. 12. Space averaged activator concentration ur, panels A.l1) and B.1), and
corresponding realizations of the activator concentration u(z,t), panels A.2) and
B.2). Excitability ¢o = 0.01 and wavelength L = 45. Noise parameters in panels
A1) and A2): ¢ = 025, 7 = 0.75 and A = 1.125; in panels B.1) and B.2):
02 =025 7=2and \ = 2.25.

Typical space-time plots of u(x,t) and the corresponding behavior of U (t)
are shown in Fig. 12.

The activator spatial average Up(t) exhibits pronounced spikes, analo-
gously to what was found for the activator u(t) of a single excitable element.
Although the variable Uy, has no spatial dependence, from its analysis we
get information about temporal coherence of the noise-induced patterns, as
well as about the spatial coherence. Fig. 12 shows indeed that for different
combinations of the noise correlations 7 and X the emerging patterns display
drastically different characteristics.

In order to quantify the temporal coherence of patterns arising at different
correlation lengths, we introduce the quantity

Ry = F——F =, (40)



Fig. 13. Coherence resonance in the Oregonator model (Egs. 37) with respect to the
correlation length for different values of the correlation time 7: gray curve 7 = 0.3,
red curve 7 = 2, blue curve 7 = 5, yellow curve 7 = 20. Excitability parameter
¢o = 0.01, system size L = 45, noise intensity o> = 0.25.

which represents the normalized fluctuations of the inter-spike time 7}, of the
variable %, (t). We keep the values 02 and ¢y constant and we look at the
dependency Ry (A). Fig. 13 shows the influence of the correlation length on
the coherence of the noise-induced patterns. In the spatially extended system,
for all the considered values of the correlation time 7, we find coherence
resonance with respect to the correlation length of the noise driving, in other
words there exists an optimal value Ayp+ of the correlation length at which
best coherence is reached. We find that the optimal value Ay is of the same
order of magnitude as the width of the pulse front.

5.2 Propagation of trigger waves in the presence of noise

We study in this Subsection the effect of noise on pulses propagating in
the two-component Oregonator model. Also here the excitability parameter
¢ fluctuates, thus the noise enters multiplicatively in the system. The two-
component Oregonator model supplied with local diffusive coupling reads

ou 1 9 u—q 9

il L —[fvo+¢o (U(I’t)+1)]u——l—c] + DuViu

Ov

E—u—’l}, (41)

where V2 denotes the Laplace operator and n(z,t) is a correlated stochastic
process with zero mean. Concentration profiles of a typical pulse solution
obtained in the excitable regime are shown in Fig. 14. In the case of periodic
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Fig. 14. Activator (black curve) and inhibitor (gray line) profile of typical pulse
solution of the two-component Oregonator model (Egs. 41) in the excitable kinetic
regime (¢o = 0.01) and with diffusion coefficient D, = 1. Calculations were per-
formed in a one-dimensional domain of size L = 50 applying periodic boundary
conditions. The propagation speed is ¢ = 4.648.

54

52 ‘%
5

ol
W/

20 30 40 50 60 70
L
Fig. 15. Dispersion curve for periodic pulse trains at different levels of excitability
in absence of noise. Decreasing ¢ from relatively large values, normal dispersion
is replaced first by oscillatory and finally bistable dispersion (black curve for ¢o =
0.0065, gray curve for ¢o = 0.0048 and red curve for ¢o = 0.00433).
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pulse trains, the dispersion relation ¢(L) connects the spatial extension of
the medium and the velocity of a pulse propagating in it. The slope of the
dispersion curve defines whether the interaction between pulses is attractive
(positive slope) or repulsive (negative slope). In excitable systems it has been
shown that different regimes of dispersion are reached upon variation of the
excitability parameter ¢ [8,9], compare Fig. 15.

The same transition from normal to oscillating and bistable dispersion
can take place in the case of an excitable medium under fluctuations. In
Fig. 16 we show the emergence of bistability as the noise intensity of the
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Fig. 16. Emergence of bistability in the dispersion relation for increasing noise
intensity, black solid curve for the noiseless case with ¢o = 0.005. At the same
excitability, dot-dashed curve for o2 = 0.005, dotted curve o2 = 0.01, dashed curve
02 = 0.02, value at which the dispersion relation becomes bistable.

stochastic signal n(z, t) increases. These are results obtained in the framework
of a small noise expansion put forward by M. A. Santos, J. M. Sancho and
S. Alonso [2,41]. The numerical calculations have been done employing the
continuation software AUT02000 [13]. For more detail see [6].

5.3 Pattern Formation in Dichotomously Driven, Locally
Coupled FitzHugh-Nagumo Systems

In this subsection we study a spatially extended version of the FitzHugh-
Nagumo system:

yi = €(x; — ay; — 1;i(t)) + Dy Ays, (42)

where A is the discrete version of the Laplace operator. I(t) constitutes a
random telegraph process with correlation function (cf. also eq. 19)

(Li(t) I (t2)) = d*e > T K (i, 7). (43)

Here, K (i, j) describes the spatial correlation. We study the influence of the
switching rate v on pattern formation in our system. If not explicitely men-
tioned otherwise the remaining parameters were kept constant at ¢ = 0.05,
a = 1475, D, =0.02, D, = 5.0, and d = 0.2. In order to provide inhomo-
geneities that might grow we additionally apply tiny additive Gaussian white
noise (intensity 107%) to each side of the system. For these parameters the
effect of the random telegraph process is the following: For each state of the
telegraph process (+d or —d) an individual system (D, = D, = 0) possesses
a single stable fixed point and exhibits excitability. The two fixed points are



symmetrically placed around zero, each on a different outer branch of the
cubic nullcline (cf. Fig. 17). For small switching rates v a homogeneous ex-
tended state approaches one fixed point until a switching occurs and is then
attracted by the other fixed point and approaches that one. A random motion
of the homogeneous state between the two fixed points is observed. For faster
switching rates a new phenomenon occurs. It is schematically shown in Fig.
17. Consider a system that for I = —d has reached the right fixed point. Due
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Fig.17. Development of stationary patterns for medium switching rates - phase
space. The system with small inhomogeneities (indicated by a cloud) is initially
distributed around one of the fixed point. Once switching occurs (left panel) the
cloud starts to move to the second fixed point. If a second switching occurs just
as the cloud is quickly passing from the left to the right (middle panel) it can be
split into two. The second cloud then does not return to the fixed point of the
deterministic system but moves to the other side where it stays. A spatial structure
is formed.

to the tiny additive noise the systems form a ”cloud” around the fixed point.
Once a new switching occurs the cloud moves up the right outer branch of
the cubic nullcline to its maximum and then quickly towards the left outer
branch. If the next switching occurs just at that moment when the cloud
crosses the excitation threshold (there is no clear excitation threshold since
whether a system is excited or not depends not only on its state but also on
that of its neighbors) some of the systems are excited and some return to the
nearby fixed point. Due to the strong inhibitory coupling (vertical direction)
the excited states do not return to the first fixed point but get trapped on
the left outer branch. A spatial structure is formed.

In the limit of high switching rates a new phenomenon occurs. Here the
switching becomes too fast for the systems to follow. As predicted by Buceta
et al. [10] we find an effective dynamics that is obtained by substituting the
random telegraph process by its average value (I(t) = (I(¢)) = 0. In this case
the system 42 has two stable and one unstable fixed point. Linear stability
analysis of the extended state shows that the homogeneous state becomes
unstable via the Turing mechanism.



The results for the three different switching rate regimes (slow - inter-
mediate - fast) are shown in Fig. 18 where we have in the low rate regime
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Fig. 18. Timeseries with different switching rates. The time is given above each
plot. Parameters: v = 0 (upper row), 5.0 (middle row), 0.01 (lower row); € = 0.05,
a=1.475, D, =0.02, D, = 5.0, d =0.2.

artificially provided an inhomogeneity. The mechanism that creates the first
inhomogeneity occurs for arbitrary low rates but it may take extremely long.
For low switching rates we see that the border separating two homogeneous
regions is unstable. Inhomogeneities in the border grow until they fill the
pattern. This process is very slow (time is given above the pictures). For
intermediate switching we see that a new layer is added to the side of the in-
homogeneity for each switching of the telegraph process. The pattern evolves
much faster into the homogeneous part. For high switching rates the whole
homogeneous state becomes unstable. The pattern grows all over the region
simultaneously.



We have also applied frozen dichotomous disorder to the system 42 and
studied the effect of the correlation length of the disorder on pattern for-
mation. The limit of large correlation length corresponds to the limit of slow
switching. Here, too, inhomogeneities grow from the border between two large
homogeneous regions. The limit of small correlation length is equivalent to
the fast switching limit. Here we again find an effective bistability. The dy-
namics can be predicted by using the deterministic dynamics with (I; = 0).
For intermediate correlations we again find nontrivial effects. Fig. 19 shows
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Fig.19. Coarse fluctuations support pattern formation, fine ones do not. In this
parameter regime the system with I;(¢) = 0 does not support Turing pattern for-
mation. D, = 0.5, Ar = 0.02 . 2000 x 2000 points are shown.

noise realizations with resulting patterns for small and intermediate correla-
tion length. For the simulations that lead to these results we have decreased
the inhibitor diffusion constant to D, = 0.5. The deterministic dynamics
with I; = 0 does not exhibit instability of the homogeneous state. This fits
well to the results shown in the upper line. For higher correlation length
the homogeneous state is destabilized and a labyrinth pattern emerges. We



have thereby significantly increased the parameter regime in which structure
patterns emerge.

5.4 Global coupling

In this subsection we study the following globally coupled system of equations:

3
€x; :xi—é—yi—l—K((:z:}—:z:i),

i = s +a+&(L), i=1,...,N. (44)

& (t) is Gaussian, white noise with intensity 7" and zero average, uncorre-
lated between the individual subsystems. We fixed the parameters e = 0.01
and a = 1.05 to ensure excitability of the individual deterministic (K = 0,
T = 0) system. As order parameter we consider the mean of the N sys-
tems (r) = Y, x;. Fig. 20 shows results from direct simulation of eqs. 44 for
varying noise intensity. For low noise the fixed point of (z) is stable. Indi-
vidual systems spike very rarely and incoherently. For increasing noise these
spikes become more frequent until the systems start to move coherently. The
spikes of the mean are separated by several small amplitude oscillations. The
number of these intermediate oscillations decreases and uninterrupted spik-
ing occurs. For even higher noise intensities the coherence is destroyed again.
The individual systems still spike frequently but the mean does not.
In order to have a closer look at the observed phenomena we derive the
moment dynamics for the system 44 in Gaussian approximation:
m;

€E—My = My — —— — My — My Dy

dt 3

My = My +a

dt
d

€= Do = 2D,(1 - D, —m?2 — K) — 2D, (45)

d

dt

d
€ Day = Day(1 = D, = m2 — K) — Dy + €D,

Dy = 2(Day + Tioc)

Here, m, and m, are the mean values, D, and D, the variances, and D, the
covariance of the distribution. Results from simulations of these equations
for small noise intensities are shown in Fig. 21. For small noise intensities
there exists a stable fixed point (not shown). This fixed point becomes un-
stable for larger noise and a small amplitude oscillation occurs. For further
increase of the noise we find a period doubling cascade until chaos emerges.
The size of the chaotic attractor is still comparable to the diameter of the
small amplitude oscillations. For further increasing noise the chaotic attrac-
tor quickly but continuously increases in size. This phenomenon resembles
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Fig. 20. Timeseries for different noise intensities. The left column shows the ensem-
ble average the right column a randomly chosen individual unit. For increasing noise
intensity the spike rate of the single element increases quickly and then remains on
a high level. The spike rate of (x) increases at first but then the synchronization
between the individual elements is lost and the spike rate decreases again. Note the
small range of noise intensities (from top to bottom): Tioe = 2.7 x 1074, 2.8 x 1074,
2.9 x 107%, 3.0 x 1074, 3.1 x 10~%. Other parameters: K = 0.1.

the well-known Canard explosion. Here though, it is not a single limit cycle
whose size increases quickly but the chaotic attractor as a whole.

The moment dynamics method allows us to quickly discover the bifurca-
tion diagram. It is given in Fig. 22. We see that the transition from stable
fixed point of the mean to spiking and back to a stable fixed point is excep-
tionally complicated. We see a period-doubling cascade followed by a Canard
explosion of the chaotic attractor, then a reverse period adding sequence
towards a state of uninterrupted spiking. At higher noise intensities when
the spiking decays again there is a new period adding and an inverse period
doubling cascade towards the steady fixed point.

These results are supported by simulations of the Langevin equations 44.
Here the fluctuations in the order parameter are too large to discover the
transition in all its detail. Thus, the moment dynamics has has proved a
convenient way to increase the resolution of our investigations.
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Fig. 21. Phase space trajectories for different noise intensities. We see succes-
sive period doubling of the small amplitude oscillations until chaos emerges.
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ment of f.
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1 Introduction

The impact of periodic signals on dynamical systems has widespread rele-
vance in different fields, ranging from technically generated periodic signals
in electronic circuits to the periodic modulation of the solar irradiation on
earth. Often the considered systems are intrinsically noisy or external noise
influences the dynamics together with the periodic signal. There are different
possibilities to quantify the response of such a stochastic system to a periodic
signal. Most prominent are spectral based measure like the spectral power
amplification or the signal to noise ratio [1,5]. These measures describe the
quality of the system’s response to the periodic signal, based on the amplitude
of the periodic component in the system’s mean output. In many systems,
like bistable or excitable dynamics, this periodic component is maximally ex-
pressed at some non-vanishing noise level, a counterintuitive effect which is
termed stochastic resonance.

Another possibility to quantify the response of a stochastic system to pe-
riodic signals is to generalize the notion of synchronization, which is known
from deterministic nonlinear oscillators. We will pursue this idea in what
follows. To this end we review in section 2 the notion of effective synchro-
nization in stochastic systems. The mean number of synchronized system
cycles turns out to be an appropriate quantity to characterize the synchro-
nization properties of the system to the periodic signal. However the task
remains to calculate this quantity. This calculation will be based on discrete
renewal models for bistable and excitable dynamics. These discrete models
are introduced in section 3. We first recapitulate the well known two state
model for the stochastic dynamics of an overdamped particle in a double well
system [10] and afterwards introduce a phenomenological discrete model for
excitable dynamics. In section 4 a theory to calculate the mean frequency
and effective diffusion coefficient in periodically driven renewal processes is
presented. These two quantities allow to calculate the mean number of syn-
chronized cycles. Finally in section 5 we apply this theory to investigate
synchronization in bistable and excitable systems.



2 Stochastic synchronization in periodically driven
systems

2.1 Synchronization in deterministic systems

Synchronization is a fundamental phenomenon found in nonlinear oscilla-
tory systems [12]. The most prominent example, known since long time ago
(Huygens, 1665), is the adjustment to a common frequency of two pendu-
lum clocks with slightly different frequencies, coupled via a common support.
This type of synchronization between two coupled systems is called mutual
synchronization. In the following we are interested in the synchronization of
a system to a periodic driving, called forced synchronization. In a synchro-
nized state the systems dynamics is entrained to the signal, i.e. the system
inherits the very same frequency of the signal (1 : 1 synchronization) or the
frequencies are locked with some rational n : m relation. This corresponds
to the motion of the system’s coordinates together with the signal phase on
a resonant torus. Depending on the signal amplitude and the difference be-
tween system frequency and signal frequency one observes different m : n
synchronization regions. These synchronization regions, exhibiting a tongue
like shape, are called Arnold tongues. The concept of synchronization has to
be extended and revised in order to cope with stochastic systems as will be
done in the following subsection.

2.2 Effective synchronization in stochastic systems

The influence of noise on a dynamical system may have two counteracting
effects. On the one hand if the underlying deterministic systems is already
oscillatory, like a limit cycle oscillator or a chaotic oscillator, one expects
these oscillations to become less regular due to the influence of the noise.
On the other hand oscillatory behavior can also be generated by the noise in
systems which deterministically do not show any oscillations. A prominent
example are excitable systems but also the noise induced hopping between
the attractors in a bistable system can be considered as oscillations [1].

Let us consider a stochastic system, for which it is possible to define a
cycle, i.e. some behavior which repeatedly happens. This can be for example
one turn of a limit cycle oscillator, the hopping from one attractor to the other
and back again in a bistable system or an excitation from the rest state to the
excited state, followed by a relaxation back to the rest state in an excitable
system. As in the case of deterministic systems, forced synchronization of
stochastic systems is also considered as an adaption of the cyclic motion to
the periodic driving. However due to the stochasticity one can never expect
perfect synchronization. Instead there is always a finite probability that an
additional or missing cycle of the system with respect to the signal happens.
The rarer these phase slips occur, the better is the synchronization. Thus



synchronization in periodically driven stochastic systems is not an all or none
notion but gradually varies from no synchronization to synchronization.

One possibility to quantify the quality of the synchronization is to consider
the mean number N,k of synchronized cycles of the system. The larger this
number, i.e. the rarer the phase slips happen, the better is the synchroniza-
tion. As in the case of deterministic synchronization one has to take different
frequency locking modes into account. m : n synchronization means that m
cycles of the system occur within n periods of the signal.

In order to obtain Nj,ex we introduce the random number Ny, (t) of cy-
cles performed by the system within the time interval (¢g,t). Denoting the
period of the signal by 7 and its frequency by v := %, the mean time Tjock
between two subsequent phase slips, defined as the time after which the the
difference between system cycles and signal periods has grown to 1, can then
be determined by [4]

( [Nty (to + Thoek) — %Tl;d‘ﬁ =1. (1)

In this definition different m : n synchronization modes are already accounted
for. Eq.(1) can be rewritten as

n
(Nio (to + Tiock)?) = (Nio (to + Tiock))” + [(Nio (to + Tiock)) — ETIOCkf =1

Defining the average frequency of the system as

o= i S (22)

and its effective diffusion coefficient by

_ (VR () = (Ngy (1)
Defr = tlggo 2t

(2b)

and assuming that Tioc is large compared with the signal period 7 one
obtains [4]

2Defleock + AV2TI%)ck =1 (3)

where Av := ¥ — v~ denotes the deviation between mean system frequency
and signal frequency. Eq. 3 reveals, that the mean time between phase slips
is determined by two effects, namely a drift part, caused by different frequen-
cies and a diffusion part which persists even if the mean frequency of the
system agrees with the signal frequency. This diffusive part part is due to the
stochastic nature of the system. Solving the quadratic equation for Tj,cx one
obtains

N 2
D"H[ 1+A_—Z—1].

Toc = A o
lock = A2 DZ;



Assuming the mean frequency of the system to be entrained by the signal,
i.e. Av — 0 the mean locking episodes are solely determined by the effective
diffusion coefficient

1

Tock =~ —=—.

lock 9 Dcff

On the other hand if the effective diffusion coefficient vanishes, as is the case
for deterministic systems, we have

Tllock ~ Av .
Stochastic m : n synchronization can thus be characterized as an adjustment
of frequencies, v &~ ;- and a reduction in the diffusivity of the process, i.e.
a minimal effective diffusion coefficient Deg. The mean locking time Tiock
still depends on the absolute time scale of the process. In order to avoid this
dependence, it is reasonable to consider the mean number of locked cycles

Niock = Tlock

which gives the average number of system cycles until the difference between
system cycles and signal periods has grown to 1. In terms of the Péclet number
Pe = 0/ Degt, Niock can be expressed as

1
A 2
Nioex = Pe <1 /14 PeZTZ> (4)

If the frequency difference vanishes, Av — 0 the mean number of locked
cycles equals half the Péclet number. Eq. (4) expresses Njock in terms of
two quantities of the periodically driven system, namely the mean frequency
v and its effective diffusion coefficient Deg. As an example we numerically
evaluated the mean frequency v number of synchronized system cycles Nigck
of an excitable FitzHugh-Nagumo system

bf=x—2°—y+V2DER) and ¢ = e(z+ag —ary — s(t)) (5)
subjected to a dichotomic periodic driving

A iftenT,(n+3)7T)
s(t) = { —Aifte[n+ %)T,Q(n +1)7)

Tuning the signal frequency we observe different regions of frequency locking,
accompanied by a high number N, of synchronized system cycles, indicat-
ing stochastic synchronization (Fig. 1).

The following sections are devoted to the calculation of the mean fre-
quency and effective diffusion coefficient in periodically driven bistable and
excitable systems. Our approach is based on a modeling of these dynamics
as periodic renewal processes, which is presented in the following section.
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Fig. 1. Synchronization in the excitable FHN system. The left figure shows the
relation between mean frequency v of the system and driving frequency v = %,
the effective diffusion coefficient Deg and the mean number of locked cycles Niock
according to eq. (4) as a function of the driving frequency f.

Right: For three different driving frequencies, corresponding to 1 : 1 (bottom),
2 : 1, (top) and no synchronization, we have plotted 20 realizations of the corre-
sponding number of cycles No(t) which is chosen to increase by 1 at each excita-
tion time(right figure). Parameters of the FHN system egs. (5): ap = 0.405, a1 =
0.5, € =0.001, D =1.0 x 107°, and a dichotomic driving s(t) = 40.015.

3 Discrete models of continuous stochastic dynamics

One possibility to simplify a continuous stochastic system is the reduction to
a description in terms of a few discrete states. The system’s behavior is then
specified by the transition times between these discrete states. For example
when investigating a neurons behavior, the important aspect are often only
the times when a spike is emitted and not the complex evolution of the
membrane potential [16]. In a double well potential system, depending on the
questions asked, it may be sufficient to know in which of the two wells the
system is located, neglecting the fluctuations in the wells as well as the actual
dynamics when crossing from one well to the other. In these cases a reduction
to a discrete description can be considered as an appropriate simplification.
We first review the two state description of bistable systems [10] and then
introduce a phenomenological discrete model for excitable dynamics.



3.1 The double well system — a discrete Markovian description

Let us consider a particle in a symmetric double well potential driven by white
noise and a signal s(t), Fig. 2. The dynamics of this system is described by

V(x)

left state 1 right state 2

I8
<19

Fig. 2. A bistable system as described by eq. (6). The reduced two state description
is illustrated by the two differently colored half planes.

the Langevin equation

b
&= —U'(z) + s(t) + V2DE®t), Uz) = —gx2 +7at (6)
where £(t) is white noise with (£(¢)) = 0 and ()&t + 7)) = (7). If we
consider the output (position) z(t) in the course of time (see Fig. 2) we
notice that the particle is jiggling most of the time in one of the two wells,
only occasionally jumping from one well to the other.

2 1) ,(2)
t; 11 t7<+)| t7(+'2 t&u
T T T T T

| | | | |
1.10° 2.10° 3.10° 4.10° 5.10°
t
Fig. 3. The output z(t) of a bistable system as described by eq. (6) witha=b=1
and D = 0.025. The reduced two state description is illustrated by the gray line.

In order to simplify the description on this system one neglects the fast
dynamics in the potential wells and considers only the transitions from one
well to the other which happen on a much slower time scale. Under the



assumption that the potential barrier AU between the two wells is large
compared to the noise strength D, implying that the relaxation in the wells is
fast compared to the timescale of the jumps between the wells, the transitions
can be considered as a rate process. Such a rate process has a probability per
unit time to cross the barrier, which is independent on the time which has
elapsed since the last crossing event. The resulting dynamics in the reduced
discrete phase space which consists just of two discrete states left and right
is thus still a Markovian one, i.e. the present state determines the future
evolution to a maximal extent.

The transition rates v(!) from the left to the right well and 7(?) from the
right to the left well, which are both equal for the symmetric double well
potential, are Kramers rates for the excitation over a potential barrier due
to white noise. They can be calculated as [7, 8]

7(1) - wow® AUD

wow® AU
exp(—
2

) and 4@ =2 aqp(-S0—) (@)

where wo, w® and w® are the frequencies (square roots of the modulus of
the second derivatives of the potential) at the potential barrier and the left
and right minimum respectively, while AU®) and AU®) are the potential
differences between the potential maximum and the left and right minimum
respectively. If the potential is modulated by a signal, which varies on a time
scale which is slow compared to the relaxation times in the wells and which
is sufficiently small such that AU® (¢) > D is satisfied at any time, the two
state description still constitutes a rate process, however with time dependent
rates

wo (H)w® (t) AU (t) )
2T D '
Let us consider the waiting time distributions w(¥ (7,t) to stay the time 7 in

state i, if it was entered at time ¢. For a driven rate process they are known
to be

yO(t) = exp(— (8a)

w%nwzw@@+ﬂwm—[ a2 (1), (9)

which in case of a time independent rate reduces to the well known exponen-
tial distributions

w®(7) = 41 exp(— 7).

For a periodic signal s(t) = s(t + 7) the waiting time distributions evidently
are also periodic with respect to the entrance time, w( (7, t) = w® (r,t+T).
Eventually, the distribution of the times needed for a full cycle 1 — 2 — 1 of
the driven system is given by the generalized convolution of the waiting time
distributions in state 1 and 2

wir,t) = / dr'w® (7 — 7t + YO (1), (10)
0



This time dependent waiting time distribution will be our starting point for
the calculation of the synchronization properties in the bistable system in
sections 4, 5.1.

3.2 Excitable dynamics — a phenomenological discrete model

In contrast to bistable systems an excitable system is monostable, i.e. its dy-
namics has a single stable fixed point called rest state. Small perturbations
of this rest state are damped. However sufficiently large perturbations, which
may occur due to noise or an external signal, lead to a strong change in the
system’s state before it relaxes again to the rest state. Modeling excitable dy-
namics on a continuous plane phase space, the resulting system has to be at
least a two dimensional non potential systems, which already points out some
difficulties. However excitable dynamics can also be modeled as a dynamics
on a circle [19] or as a one dimensional dynamics, with a superimposed thresh-
old and reset condition, like the integrate-and-fire or leaky-integrate-and-fire
model [17]. In this section we propose a different approach, modeling ex-
citable dynamics as a discrete state system. A prototypical system exhibiting
excitable dynamics is the two dimensional FitzHugh-Nagumo system (FHN)
which was independently proposed by FitzHugh [3] and Nagumo, Arimoto
and Yoshizawa [11] to describe the membrane potential of a neuron. The
FitzZHugh-Nagumo dynamics is governed by the Langevin equations

i=x—1°—y+s,(t)V2DE(t) (11a)
y=€(x+ao— a1y — +sy(t)) (11b)

where £(t) is white noise with (£(¢)) =0 and (((£)&(t 4+ 7)) = 6(7) and s,(t)
and s, (t) denote external signals entering either into the z or y dynamics.
The nullclines © = 0 and y = 0 together with a typical trajectory are shown
in Fig. 4. Due to the small parameter € in egs. (11) the z-dynamics is much
faster than the y-dynamics.

Let us look in more detail onto the behavior of the FHN system: From the
stable fixed point at the intersection of both nullclines, which is also called
rest state in the neuronal context, the system is excited by a sufficiently
large perturbation, leading to a fast transition onto the right branch of the
cubic z-nullcline. On the right branch the system assumes a high z-value,
which at the neuronal level represents a high membrane potential, This state
is called firing state. After having moved along the right branch the system
returns back to the left branch. There the output (z variable) assumes again
a low value like in the rest state, however the system cannot be directly re-
excited, it first has to relax back to the rest state. Therefore this state is
called refractory. A typical output z(t) of the noisy FHN system showing the
spiking behavior is presented in Fig. 5,

Fig. 6 shows the inter spike interval distribution for different constant
values of the signal acting additively on either the x or y dynamics. We
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Fig. 4. An excitable FHN system subjected to an external driving s,(t) acting on
the slow recovery variable y (left) or s.(t) acting on the voltage variable x (right)
as described by eq. (11). The signal applied to y moves the y-nullcline upwards and
downwards, thus moving the stable fixed point towards the excitation barrier and
back again. The signal applied to x moves the xz-nullcline upwards and downwards,
thus having a similar effect on the the excitation barrier.
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Fig. 5. Output z(¢) of the FHN system egs. (11) without signal s.(t) = s,(¢t) = 0.
Other parameters: ap = 0.41, a1 = 0.5, D = 0.0001 and ¢ = 0.01.

observe that the inter spike intervals are composed of two parts, namely an
approximately fixed, and in particular signal independent time, which can
be assigned to the motion along the excitation loop, i.e. the stable branches
of the cubic nullcline. The second component is an exponentially distributed
time, which accounts for the noise induced excitation from the stable fixed
point. The corresponding rate strongly depends on the external signal. As
for the double well system, we assume that for a sufficiently slowly varying
signal, this process remains a rate process, however with a time dependent
rate. Assuming the time needed to move along the excitation loop to be
distributed according to some waiting time distribution wieep(7) and denoting
the periodic excitation rate by y(t) we obtain the cycle time distribution, also
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Fig. 6. Logarithmic plot of the inter spike interval distributions of the FHN system
eq. (11) for different constant values of the external signal sy (t) (left) or sz (t)
(right) and two different noise levels. s,/ (t) = 0.01 (%), s5/4(t) = 0.0 (x) and
Sz/4(t) = —0.01 (4). Other parameters ap = 0.41, a1 = 0.5,D = 0.0002 and
e = 0.01.

called inter spike interval distribution,

T t+7
w(T,t) = /0 dr'y(t + 7) exp [— /t dt’*y(t’)]wloop(T’) (12)

+7/

We mention that the inter spike interval distributions for the FHN system
in the different dynamical regimes, including excitable behavior, were already
presented in [9]. The calculations were performed under the assumption of
a perfect time scale separation and linearization of the nullclines, leading
to complex expressions for the Laplace transforms of the waiting time dis-
tributions in terms of the parameters of the original FHN model egs. (11).
However our phenomenological model will be more amenable to further anal-
ysis of stochastic synchronization.

In the above considerations we silently assumed subsequent intervals to
be correlated only by the external signal and not due to the system dynamics
itself. In the undriven case this implies that the spiking times constitute a
renewal process, thus rendering subsequent inter spike intervals independent.
This assumption is justified for a sufficiently strong time scale separation
€ < 1. In this case each excitation happens approximately along the same
trajectory in phase space, and thus the information about the duration of the
previous inter spike interval is lost upon excitation. Therefore subsequent
inter spike intervals cannot be correlated. If we the system is periodically
driven, subsequent inter spike intervals are certainly correlated, as it is this
correlation which leads to the observed synchronization. However the cor-
relation is generated only by the periodic driving. To render this statement
more precise, let 7; and 7,41 denote two subsequent inter spike intervals and
t; the time when the first ends and the second starts. Then

(TiTig1) — (Ti)(Tix1) # 0



in general, i.e. subsequent intervals are correlated. However subsequent inter-
vals, conditioned on the time ¢; in between are independent,

(TiTig1lts) — (Tilti)(Tiga|ts) = 0.

The remaining part of this paper is devoted to the calculation of the mean
frequency © and the effective diffusion coefficient Deg as defined in eqs. (2) for
the discrete model of bistable and excitable systems. To this end we introduce
a general theory to calculate these quantities for periodic renewal processes
in section 4. This theory is then applied to the driven renewal model egs. (9),
(10) for the double well system and eq. (12) for the excitable system.

4 The effective diffusion coefficient and mean
frequency in periodically driven renewal processes

In order to calculate the mean frequency v of system cycles and the effective
diffusion coefficient Deg defined by eqgs. (2) we first consider the corresponding
instantaneous quantities

o(t) = lim i<Nt0(t)> and  Deg(t) = lim d (Nig(®)) — (Niw ()"

to——oo dt to——oo dt 2

For periodically driven renewal processes these quantities can be shown to
be periodic with the period of the driving. ¥ and Deg can then be obtained
by taking the period average,

1 /7 _ 1 7
U= ?/0 dtv(t) and Degr = ?/0 dt Deg(t) (14)

In the following we present a method, which relates v(t) and Deg(t) to the
time dependent cycle time distribution w(7,t), which governs the dynamics
of the system.

Let us consider the probabilities py(t) to have had k cycles up to time
t. Furthermore let ji(t) be the probability flux from state k to state k + 1,
i.e. the probability per time that the k + 15 cycle starts at time ¢. Taking as
initial condition that the first cycle started at time %o, i.e.

Jo(t) = 0(t — to), (15)

the relation between the probability fluxes ji(t) of the renewal process is
given by
t
Jk(t) = / dt' je—1 (" wt —t',t"), k>1. (16a)
to

Eventually the probabilities py(t) are related to the probability fluxes ji(t)
by

pr(t) = /t dt' je—1(t)z(t =t t"), k>1 (16Db)

to



where the survival probability

z(r,t) =1 —/ dr’'w(7’,t)
0

denotes the probability that the next cycle takes more time than 7, if the last
cycle was finished at time ¢. Based on the probabilities py(t) we can define
the moments of the number of cycles as

Ml Z K pr(t) (17)

These moments define the corresponding cumulants K,Ef)] (t) from which finally
the asymptotic periodic growth coefficients of the cumulants

sU(t) == lim — K, (t) (18)

are obtained. The first coefficient x['(t) is the instantaneous mean frequency
v(t) while s[I(t) is twice the instantaneous effective diffusion coefficient
Des(t). In principle they can be calculated from the solutions of egs. (16)
according to egs. (17) and (18) . However, in practice this is not feasible, as
one has to calculate an infinite sum over the pg(t) where each py, accord-
ing to egs. (16b) and (16a), is a k-fold integral involving the waiting time
distributions w(r,t) and the corresponding survival probabilities z(7,t).

To find a simpler relation between the periodic coefficients x[™(t) and the
time dependent waiting time w(r, t), which governs the microscopic dynamics,
we again construct a continuous embedding in the asymptotic limit ¢y — —oo.
Consider the continuous probability density P(z,¢) as an envelope of the
discrete probabilities pg (t). Thus, respecting the normalization, we adopt the
relation (cf. Fig. 7)

1

2

k+3%
pr(t) = /k dxP(z,t). (19)

We assume that asymptotically, i.e. when the pg(t) and P(x,t) approach
more and more a uniform distribution, this equation remains valid in the
course of time if the cumulants in both, the discrete and continuous setting
grow in the same way. To have the desired growth behavior of the cumulants
in the continuous description we assign a Kramers Moyal equation to the
evolution of the continuous probability density,

(o) 6n
Kl (¢
§: k() P 1) (20)

whose Kramers Moyal coefficients coincide with the periodic cumulant growth
coefficients ™ (t) of the discrete description [18].
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Fig.7. Schematic view of the discrete event dynamics px(t) and the continuous
description in terms of x.

Having related the discrete and continuous probability we can likewise
relate the probability current ji(t) of the discrete system to the probability
current J(z,t) of the continuous envelope description. According to the re-
lation between the discrete and continuous probability eq. (19), the discrete
probability current ji(¢) from k to k41 is equal to the continuous probability
current 7 (z,t) at = k + 3 (see Fig. 7),

1

jk(t)zj(k+§,t). (21)

The continuous probability current 7 (z,t) is related to the probability dis-
tribution P(z,t) by the continuity equation

0 0
and therefore according to eq. (20)
B e (_1)11 [n] on—1
I == 32 S0 g ). (23)
Thus from eq. (21) we deduce
. & (_1)11 (7] 871—1
t) = — Mt t 24
(0 == 3 S0 o P (24)

Having fixed the relation between the probabilities and probability fluxes
of the discrete renewal process and the continuous embedding, it is now pos-
sible to relate the coefficients ™ (t) appearing in the continuous description
(20) to the waiting time distribution w(7, t) of the renewal process, involved in
the microscopic dynamics (16a) and (16b). As we are considering the asymp-
totic behavior we have to pass to the asymptotic limit in egs. (16a) and (16b)
by shifting the initial time tg — —oo. This results in

pi(t) = /O S drjea(t—T)2(rt— 7). (25)



and
Jr(t) = /OOO drje—1(t — T)w(r,t — 7). (26)

Inserting eqs. (19) and (24) into the above eq. (25) we end up with
3 00
/ dAzP(z — Az,t) = —/ drz(r,t —7) (27)
,% 0
i (=1)
n!
n=1

with « = k. The probability P(x — Az,t — 7) can be expressed in terms
of the probability P(x,t) and its derivatives %P(m,t) by performing a
Taylor expansion of P(xz — Az,t — 7) around z,t¢ and converting the time
derivatives to derivatives with respect to the state x using the Kramers-Moyal
equation (20). This results in [14]

n n 8n71 1
:‘i[ ](t_T)W,P(x_§’t_T)

Pz — Az, t —7) =
2

& 9 [2] 9
P(z,t) +c; (7, A:c)%'P(a:, t)+ ¢ (T, AI)W'P(J:, t) + O(3) (28)

where O(3) denotes terms proportional to (%—mmp(x, t) with m > 3. The func-

tions cgl] (1, Az) and c?] (1, Az) are given by

cgl] (1,Azx) = / dr'kM(t — ') - Az,
0

and

2 T
c?] (1, Ax) = —A; — Aw/ dr' k1 (t—1")
0

1 T T T’
—= / dr'sP(t — ') + / dr' kMt — 1) / dr" kMt — 7
2 Jo 0 0

Equating the coefficients of P(z,t) and B%P(x,t) on both sides of eq.
(27), we end up with (v(t) = &l1(t) and Deg(t) = 2x12(t))

/000 dro(t —7)z(r,t —7) =1 (29a)

oo oo T , , 1
/0 drDeg(t — T)z(T,t — 7) = /0 dro(t — T)/O dr'v(t —mz(r,t —71) — 3
(29b)

These two expressions relate the asymptotic drift and diffusion properties
of a periodically driven renewal process as expressed by v(t) and Deg(t) to



its microscopic properties defined by the time dependent survival property
z(r,t) =1— [ dr’w(7’,t). From the periodic solution of these equations one
finally obtains the mean frequency v and effective diffusion coefficient Deg
by taking the period average according to eqgs. (14).

Equations which govern the higher cumulant growth coefficients " t), n>
3, can also be derived using this method [14] by evaluating the coefficients of
higher order derivatives of P(x,t).

4.1 System cycles involving driven rate steps

Consider one cycle of the system to consist of two independent steps. Exam-
ples of such systems include the discrete model for excitable systems, whose
cycles consist of an excitation step and the motion along the excitation loop,
as well as the bistable two state system, where a full cycle is composed of a
transition from left to right and a transition back from right to left again.
Denoting the distribution of the times needed for the first and second step
by w® (7,t) and w? (7,t) respectively the distribution of the cycle times is
given by the generalized convolution

w(T,t) = / dr'w® (r — 7't + ) w (7', 1). (30)
0

If we assume the second step to be a rate process with time dependent rate
(2 i
~E (1), ie.

t+1
w (1,t) = yP(t + 1) exp [ — / 'y ()] (31)

the general egs. (29) can be further simplified. To this end consider a time
dependent waiting time distribution w(7,t) and corresponding survival prob-
ability z(7,t) :== 1 — [ dr’w(7’,t). Then

d [ >
i), de(t—T)z(T,t—T)—f(t)—/O drf(t—7)w(r,t —7) (32)
and
d [ T /
], de(t—T)/O dr' f(t — m)z(r,t — 1) (33)

—f(t)/OOEle(t—T)z(T,t—T)—/Oolef(t—T)/()ZlT’f(t—T’)w(T,t—7').

For the special case of the waiting time distribution defined by egs. (30)
and (31) we additionally have

w(r,t—71) = 7(2)(t)z(7,t —-7)— 7(2) (t)Z(l)(T,t —7) (34)



where 2 (7,1) := 1 — [ dr'w (7/,1) is the survival probability of step 1.
Making the Ansatz

v(t) =7 ()qo(t) and  Dea(t) =v® (t)ai (1) (35)

one can show from egs. (29), using eqs. (32), (33) and (34) that the auxiliary
variables go(t) and g1 (t) obey

qo(t) + /000 dT’}/(2) (t—7)qgo(t — T)Z(l)(T, t—71)=1 (36a)
w®+ [ dn@a-DaOe-nOm -0 = 3 ra@) @60
0

+/ dT"y(2) (t—T7)qo(t—1) / dT’”y(Q)(t —7)qo(t — T/)Z(l)(’?', t—1).
0 0

If in addition the first step is also a rate process with a time dependent rate
@) i
~ (1) ie.

t+7
wM (1, 1) = vV (t + 1) exp [ - / dt’ﬂy(l)(t’)}
t

egs. (36) can be further simplified, finally leading to

Lao(t) = =[O + 1P O] ao(t) +2(0) (37a)
1)
L) = ~bOW +1@ 000 - 5L -2 0G0. (67

In the following section egs. (36) and (37) will be used to investigate syn-
chronization in excitable and bistable systems respectively.

5 Applications

5.1 Synchronization in a double well system

Consider the discrete model of the periodically driven double well potential
system. According to subsection 3.1 a cycle of this system consists of two
driven rate processes. Thus we can employ eqs. (35) and (37) in order to
evaluate the mean frequency and the effective diffusion coefficient. To be
more specific, we consider a symmetric double well potential with dichotomic
driving,

roif t € [n7T,(n+ l)T)
0= {2 o b ) .



and vice versa for v(?)(¢). In this special case, eqs. (37) can be solved analyt-
ically leading after some cumbersome algebra to [4]

1 (7
== / dtv(t) = vst + avtanh R (39)
7 Jo
and [2,13]
T
Deﬂ‘ = %/ dtDeg(t) (40)
0
Vgt 11 1 9 ov, 1 9
== [5 + 04(5 + cosh™ R)| + - [a(§ cosh™ R+ 1) — 1] tanh R

where we have introduced the mean frequency without driving vy := 1/ (% +

L
r1

(ro—r1)®
(ro+71)2
(ro+r1)

inner time scale and driving frequency R = *~=-. These results agree with
the results found independently in [2] using a different approach. Having
calculated the effective diffusion coefficient and the mean frequency we can
evaluate the mean number of locked cycles N, according to eq. (4).

The transition rates ro and 71 can be calculated according to egs. (7) for
the bistable Langevin dynamics eq. (6) with a dichotomic driving s(t) = £A.
In Fig. 8 we have plotted v and Nj,cx as a function of the noise strength D.
We observe a 1 : 1 synchronization region, where the frequency of the system
is locked to the driving and the number of locked system cycles Njocx becomes
very high. The maximum of Ny, is very pronounced leading to a more sensi-
tive measure of optimal synchronization than just considering the plateau in
the mean system frequency. The theoretical results according to egs. (39) and
(40) agree perfectly with simulations of the discrete Markovian model and
also the simulations of the underlying continuous Langevin dynamics reason-
ably agree within the range of validity of the rate approximation. Finally we
consider Nk as a function of driving frequency. This number, representing
some measure of stochastic resonance, shows a maximum as a function of
driving frequency, in contrast to spectral based measures of stochastic res-
onance, like the spectral power amplification (Fig. 9). The optimal driving
frequency is located between the frequency 1/ (% + %) of the adiabatically

and some ratio between

), a quantifier for the driving strength a =

slowly driven system and the frequency %(ro +71) of the infinitely fast driven
system.

5.2 Synchronization in the FHN model

One cycle of the excitable system was argued in subsection 3.2 to consist of
a signal independent time needed to move along the excitation loop, followed
by a rate excitation with signal dependent rate ~(¢). Thus eqs. (36) apply,
which however can no longer be solved analytically. Instead we have we have
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Fig.8. Mean frequency v (top) and number of locked cycles Nigex (bottom) of
the dichotomically periodically driven bistable system eq. (6) with a = b =1 (x
symbols) for different values of the driving amplitude A and a driving frequency
v = 0.001. The solid line corresponds to the theory egs. (39) and (40) with Kramers
rates 7o and r1 according to eq. (7) while the + symbols are simulations of the
discrete model.
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Fig. 9. Left: Locked cycles Niocx of the Markovian model as a function of driving
frequency v for different noise values. The maximum as a function of driving fre-
quency indicates a “bona fide” resonance. A = 0.15, other parameters as in Fig.
8. Right: Driving frequency (solid line) at which the number of locked cycles at-
tains its maximum and the mean frequency v = %(7‘0 + r1) of the infinitely fast
driven system, vo = 1/ (% + %) of the adiabatically slowly driven system vy, of
the undriven system A = 0 as a function of noise strength.

to resort to numerically methods in order to obtain the periodic solutions
qo(t) and q1(t) of egs. (36). This is most advantageously done in Fourier



space, leading to a infinite set of linear equations for the Fourier coefficients.
Truncating the system and solving the remaining finite set of linear equa-
tions numerically gives the desired results. Again we consider a dichotomical
driving, leading to an excitation rate

[ roifte[nT,(n+ 1)T)

(1) = { rift e [(n+ 2T, (n+ 1)T) (41)
We further assume a deterministic waiting time 7" needed to move along the
excitation loop (cf. Fig. 6), i.e. w(7) = §(7 — T). In Fig. 10 we have plotted
7/v and Njoek as a function of driving frequency. We observe various m : n
frequency locking regimes. The corresponding driving frequencies very much
depend on the excitation loop time 7. Namely n : 1 locking is observed if
the period of the driving is approximately between 2(n — %)T and 2nT while
1 : n locking is observed if the period of the driving is approximately between
1T and n+1/2T [13].

Compared with simulations of the two state model we find perfect agree-
ment. Fitting the time 7" on the excitation loop as well as the two excitation
rates ro and r; to the FHN system, also leads to a reasonable agreement
between theory and Langevin simulations of the FHN system.

5.3 Controlling molecular motors

Finally we apply our methods to investigate the control of molecular motors
by a periodic modulation of the fuel concentration. To this end consider a
simple two phase model of a molecular motor Fig. 11 [15]. The first phase
consists of the binding of some fuel molecule X, normally ATP, to the motor
protein. This step is a rate process with a rate v = ¢[X] proportional to the
concentration [X] of the fuel molecules. After binding of a fuel molecule a
stroke is triggered. Such a stroke is due to a conformational change of the
motor protein, which leads to the advancement on the track by one step-size.
The time needed for the stroke is assumed to be distributed according to
some waiting time distribution wstroke (7). As a quantifier for the regularity
of the motion of the motor protein we choose the Péclet number

Pe = i .
Deff

It gives the number of steps after which the variance of the number of steps
has grown to one. The higher the Péclet number the more regular is the
motion of the motor protein. In order to increase the regularity we consider
a periodic modulation of the binding rate v = ¢[X]. This can be obtained
by periodically varying the concentration [X] of fuel molecules or likewise, if
possible, the reactivity c¢ of the protein.

The resulting system has the very same dynamics as the discrete model
for excitable dynamics investigated in section 5.2, namely the triggering of a
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Fig. 10. Relation between mean system frequency v and driving frequency v (top)
and number of locked cycles Nioex (bottom) of the excitable model as a function of
driving frequency v. Lines correspond to the theory egs. (35) and (36). + symbols
are simulation data of the discrete system and circles correspond to simulations of
the FHN system. Parameters for the FHN system eq. (11): ap = 0.405, a1 = 0.5,
€=0.001, D = 107", s,(t) = 0, s,(t) = £A with A = 0.015. Parameters for the two
state model (theory and simulations) from simulations of the inter spike interval
distribution (cf. Fig. 6): T' = 2620, r1 ~ 0.0087 and r2 =~ 8.3 - 1078,

Fig. 11. One step of the Brownian stepper. The step is induced by the binding of a
fuel molecule X according to a rate process with a rate v(¢) which is proportional to
the concentration [X](¢) of the fuel molecules. Afterwards the motor molecule un-
dergoes conformational changes, thereby releasing the used fuel X* and advancing
by one step Length £.

stroke which is a rate process with periodically modulated rate followed by the
stroke whose time to perform is distributed according to some waiting time
distribution wstroke (7). We can therefore use egs. (35) and (36) to numerically

evaluate v and D.g in order to finally obtain Pe = fof.




In the following we consider I'-distributed stroke times with mean T and
variance T2 /n, i.e.

1 (m)" exp(—%).

wstrokc(T) = m ? T

(42)

We further assume a harmonic modulation of the fuel concentration [X],

[X(t)] _ [X]max "2|' [X]mm + [X]max 5 [X]mm
The Péclet number as a function of the modulation frequency is shown in Fig.
12. We observe that for optimal modulation frequencies, the regularity of the
motor can be strongly enhanced. The resulting Péclet numbers exceed the
Péclet number obtained by just applying a constantly high fuel concentration,
thereby reducing the stochasticity of each step.
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Fig. 12. Péclet number as a function of driving frequency (top, solid line) for the
molecular motor with a harmonically modulated fuel concentration (bottom right).
The stroke time was chosen to be distributed according to a I'-distribution eq. (42)
with n = 100. The fastest excitation time ([ X]max) " is 20 times smaller than the
mean stroke time T" while the slowest excitation time ([X]min) " is 5 times larger
than the mean stroke time 7. The dashed and dotted lines in the top plot show the
Péclet number for a constant excitation rate v([X|max) and v([X]min) respectively.



6 Conclusion

We have presented a method to calculate the mean frequency and effective
diffusion coefficient of the numbers of cycles(events) in periodically driven re-
newal processes. Based on these two quantities one can evaluate the number
of locked cycles in order to quantify stochastic synchronization. Applied to a
discrete model of bistable dynamics the theory can be evaluated analytically.
The system shows only 1 : 1 synchronization, however in contrast to spectral
based stochastic resonance measures the mean number of locked cycles has
a maximum at an optimal driving frequency, i.e. the system shows bona fide
resonance [6]. For the discrete model of excitable dynamics, the theory can
be evaluate only numerically. These systems show different n : m synchro-
nization regions, whose corresponding driving frequencies sensitively depend
on the time needed to move along the excitation loop.
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1 Phenomena

In nature, spatio-temporal patterns in excitable media occur in seemingly
unlimited variety. As early as 1946 Wiener and Rosenblueth [WR46] intro-
duced the concept of excitable media to explain the propagation of electrical
excitation fronts in the heart. Waves of electrical activity in the heart muscle
assist its rhythmic contractions. The presence of spiral waves can indicate
dangerous fibrillation. This is one of the motivations why the dynamics and
control of spiral waves are studied. Furthermore spiral waves are typical,
almost ubiquitous, patterns in excitable media; see [ZE06] in this volume.
Mathematically, self-organized spiral patterns are a striking phenomenon of
reaction-diffusion systems, in its own right, motivated by a large variety of
application areas.

Slime mold aggregation is another example. As long as food in form of
bacteria is present the slime mold cells live independently in the soil. As food
becomes rare they form a multicellular “organism”. This “organism” moves
in order to find appropriate conditions for production and dispersal of spores.
During the early phase of aggregation, chemotactic movement can proceed
in form of spiral waves [FL98].

Spiral waves also arise in the oxidation of carbon-monoxide on platinum
surfaces [BMO03]. In 1972 they have been dicovered by Winfree [Win72] in
the photosensitive Belousov-Zhabotinsky (BZ) reaction, see for recent inves-
tigations for example [ZBBT03,ZBB104,ZE04]. Both reactions are studied
in the SFB 555. The classical BZ reaction is a catalytic oxidation of malonic
acid, using bromate in an acidic environment. Experimentally it exhibits well
reproducible drift, meander and “chaotic” motions of the spiral wave and its
tip.

In several experiments and numerical simulations, transitions from rigidly
rotating spiral waves to other more complicated waves have been observed.
The dynamics near rigidly rotating waves and their transition to mean-
dering and drifting spirals has been studied extensively; see, for instance
[SS91,Bar94b,SS01]. The transition from planar meandering spirals to seem-
ingly three frequencies has been studied numerically in [PM95] by calculating
the Fourier spectrum of the waves. Analyzing the parameter space of the un-
derlying partial differential equation, different frequency branches have been



Fig. 1. Outward moving spiral wave (left) with different associated tip motions
(right: rigid rotation, drift and meander).

identified. These frequencies determine the coarse structure and geometry of
the pattern. The effect of periodic forcing on rigidly rotating spiral wave so-
lutions has been investigated experimentally in [NvORE93] for catalysis on
platinum surfaces. The periodic forcing has been realized via an externally
modulated temperature. Periodic forcing of a photosensitive variant of the
BZ reaction has been studied experimentally in [BE93b, ZSM94]. The forc-
ing is achieved by periodically changing light intensity. In both experimental
settings, meanders and resonant drifts occur.

Varying the light intensity enables effective control of the motion of spiral
waves, see [BBSE00,KGZM01,SZM93,ZE06]. Controlling the motion of spiral
waves is an important challenge, for example, for the defibrillation of cardiac
tissue. The elimination of spiral waves by multiple shocks of external current
has been investigated numerically in [PZMKO00].

Although the examples presented above are of very diverse nature they
generate astonishingly similar phenomena. We have chosen the photosensitive
BZ reaction as the main experimentally accessible paradigm in the SFB 555;
see [ZE0G6] in this volume. Therefore our paper aims at the mathematical
analysis of the dynamics of complex spatio-temporal patterns in nonlinear
excitable, spatially or temporally heterogeneous media, with the BZ reaction
in mind.

Depending on the space dimension different but related resulting dynam-
ics can be observed. One example are the emission centers of pulse chains in
one space dimension. In two space dimensions there are emissions of target
patterns and the phenomena of rotating, meandering and drifting spirals. In
three space dimensions, formally, these correspond to oscillating and drifting,
possibly twisted, filaments of scroll waves.

There are two alternative methods commonly used to model the dynamics
of spiral waves. The first one is a description by parabolic partial differential
equations (PDEs), specifically reaction-diffusion systems. This has been one



of the settings used by Wiener, originally, in [WR46]. The other method is
a description of the wave fronts by reduced (mean-)curvature flows of curves
and surfaces. This approach, known as kinematic theory, also dates back as
far as Wiener’s original paper [WR46]. The special case of an eikonal theory
assumes the normal propagation velocity of the wave front to be independent
of curvature, as stated in Huygens’ principle and in geometric optics. For more
detailed mathematical investigations, and partial justifications in a singular
perturbation setting, see also [KT92], [Kee92], [MZ91], [MDZ94], the survey
[Mik03], and the references there.

Either approach has advantages and disadvantages when tackling rotat-
ing, meandering and drifting spiral wave phenomena.

Reaction-diffusion systems encounter difficulties even for the seemingly
simple question of mere existence of rigidly rotating spiral waves. With the
technically demanding tool of spatial dynamics in the (logarithmic) radial
direction, this difficulty has been overcome for small amplitude waves in a
celebrated paper by Scheel [Sch98]. Subsequently, interesting consequences
have been derived; most notably a first classification of possible instabilities
of defect dynamics, relating to core and far-field break-up [SS04].

Moreover, under the assumption of pure point critical spectrum, a cen-
ter manifold description of the associated meandering, drifting, and reso-
nance phenomena has been achieved; see [FSSW96], [SSW99], and the sur-
vey [FS03]. We give a brief exposition in section 2.1. Specific calculations,
however, require disproportionate computational effort to account for the
two-dimensional time dependent problem in large (theoretically unbounded)
domains.

The unbounded domain causes difficulties, on the one hand, via continu-
ous spectrum which may - and does - interfere with the pure point spectrum
required for our bifurcation analysis. The unbounded domain is necessary,
on the other hand, to correctly incorporate the Euclidean symmetry of the
problem under translations and rotations. In section 2 below we will specif-
ically address competing and coexisting pinning and drifting phenomena.
Such phenomena are predicted for the light-sensitive BZ system, when full
Euclidean symmetry is broken towards a mere translational lattice symmetry,
by choosing a spatially periodic lighting.

Kinematic theory, the alternative approach sketched in section 3, has the
advantage of working with partial differential equations (PDEs) in a single
space dimension: a half line which extends from the tip, at s = 0, to the
Archimedean far-field s — —+o0o. Here arc length s parametrizes the wave
front. See (40) for a PDE for curvature k = k(t,s) as a function of time
t and arc length s. A description by curvature (¢, s), rather than position
(x(t,s),y(t,s)) of the wave front, has the advantage of incorporating Eu-
clidean equivariance into the description, a priori. Indeed, translated and
rotated wave fronts are described by identical curvature functions k(t, s). It
is therefore surprising, perhaps, that a consistent purely kinematic theory



which includes meandering and drifting phenomena has remained elusive, so
far. In section 3 we first derive existence and multiplicity results for rigidly
rotating Archimedean spirals, fairly directly, from a center manifold argu-
ment in the associated singular second order ordinary differential equation
(ODE) of the kinematic theory; see [FGT04, FGT06]. For periodic forcing
of the wave speed, we then overcome the meandering/drifting barrier of the
curvature-independent eikonal theory by modification of the tip dynamics,
only, following the presentation in [MDZ94]. Following [Jan06] we also de-
rive supersipral patterns, together with a strong stability property, in the
periodically forced eikonal case. In addition, we present super-superspirals
of higher order, caused by nearly resonant quasi-periodic forcing functions.
These eikonal results are based on constant velocity wave propagation, alone,
independently of the curvature of the wave front. Such an approach has been
suggested in [WR46], in the guise of wave fronts and Huygens’ principle, even
though the meandering/drifting effects which we now address were unknown,
then.

2 Reaction-diffusion spirals

2.1 Center manifold reductions

An important feature of dynamics and bifurcations of spiral waves is the Eu-
clidean symmetry SE(2) of the plane. The special Euclidean symmetry group
SE(2) consists of all planar translations and rotations. Barkley [Bar94a] was
the first to notice the relevance of this group for meandering spiral wave
dynamics. Indeed, let u(t,z), € R?, be any solution of a spatially homo-
geneous reaction-diffusion system. Let R denote any fixed rotation matrix,
and S € R? any fixed translation vector. Then u(t, R~ (x — 9)) is a solution
of the same reaction-diffusion system. Barkley therefore proposed, but could
not justify, that the dynamics of planar rigidly rotating or meandering spi-
rals is governed by an S E(2)-equivariant vector field. Phenomenologically, he
could then interpret the transition to meandering or drifting spiral waves as
a Hopf bifurcation. Indeed, he numerically verified the crossing of a pair of
simple eigenvalues of the linearization of rotating waves through the imagi-
nary axis. Similarly, Mantel and Barkley [MB96] described periodic forcing of
meandering spirals by periodically forced equivariant equations on the group
SE(2) itself. The mathematical tool to justify such reduced descriptions by
low-dimensional systems of ODEs, which was still missing at the time, is an
S E(2)-equivariant version of center manifold theory.

Center manifold theory has become an indispensable tool for the study of
ODEs. An equilibrium is called hyperbolic if the linearization of the vector
field at that equilibrium does not possess spectrum on the imaginary axis.
The local dynamics of ODEs near a hyperbolic equilibrium is determined by
that linearization. In particular there exist stable and unstable manifolds.



Their tangent spaces at the equilibrium are given by the stable and unsta-
ble eigenspaces of the linearization, which are the generalized eigenspaces
to eigenvalues with (strictly) negative and positive real parts, respectively.
These invariant manifolds contain all solutions which locally approach the
equilibrium exponentially fast in forward time and backward time, respec-
tively. The dynamics becomes much more interesting if the equilibrium is
non-hyperbolic, i.e., if the linearization possesses purely imaginary eigenval-
ues. Generically, conserved quantities, time reversibility, or parameters in
the system may lead to purely imaginary eigenvalues. These eigenvalues give
rise to a local center manifold. The tangent space of the center manifold at
the equilibrium is given by the center eigenspace, which is the generalized
eigenspace to the purely imaginary eigenvalues. Solutions on the center man-
ifold have only sub-exponential growth or decay. Furthermore all solutions
which stay bounded and small for all time are contained in the center man-
ifold [Van89]. Local center manifolds are not unique, in contrast to stable
and unstable manifolds. But center manifold theory simplifies the system.
It reduces the dimension and preserves the interesting solutions. One ap-
plication of center manifold theory is the Hopf bifurcation theorem. Under
generic assumptions the Hopf bifurcation theorem states that an equilibrium
with a simple pair of purely imaginary eigenvalues, at a specific parameter
value, possesses periodic solutions on a center manifold, for nearby parameter
values.

Center manifold theory extends to many infinite-dimensional systems, like
certain partial differential equations (PDEs). Center manifold reductions can
be obtained locally or globally. For local center manifolds of parabolic PDEs
see Vanderbauwhede and Iooss [VI92]. Dimension reductions via global center
manifolds for spatially inhomogeneous planar media have been achieved by
Jangle [Jan03, GJ05]; more details will be presented below.

The central question, which we will pursue in the present section, asks
for the consequences of symmetry breaking from full SFE(2)-equivariance
to a mere translational lattice symmetry. Experimentally this question is
motivated by the photosensitive BZ reaction; see [ZBB103,ZBB*04, ZE04,
ZBBE05, KMO05]. In these experiments, the excitability of the BZ medium
in a gel reactor depends sensitively on the intensity of light exposure. This
intensity can be varied, both spatially and temporally. For time indepen-
dent light intensity, for example, with slight spatial variation in form of a
checker board light-dark pattern, the spatial homogeneity of the underlying
reaction-diffusion system is broken to a mere lattice periodicity, spatially.
Mathematically, S E(2)-equivariance is thus perturbed to a mere lattice sym-
metry. This motivates our mathematical study of the possible consequences
of equivariance breaking perturbations for the dynamics of rotating wave pat-
terns.

But what are possible dynamic consequences of such an equivariance
breaking perturbation to a lattice group? As many authors before us, we



describe such consequences in terms of the tip motion of meandering spi-
rals. We would like to keep in mind, however, that the prominently visible
phenomenon of the tip motion only amounts to a visualization of the trans-
lational component of the SE(2) coordinates, which we will derive in section
2.2 via an associated center manifold reduction. The additional investment
towards a clean, mathematically well-founded framework is amply rewarded.
All ambiguities as to various ad-hoc definitions of the spiral tip, for exam-
ple, are going to disappear in our setting — along with the mystery of their
phenomenological equivalence.

Drifting versus pinning are the most prominent spiral tip motions in ge-
ometries with lattice symmetry. By pinning we denote tip motions which
come to rest, converging to a fixed spatial location, as time t — +oo. Drift-
ing, in contrast, indicates motions which are unbounded in the underlying
lattice geometry.

In practice, of course, drifting motions will simply sweep the spiral tip
to the domain boundary where the spiral will annihilate. Such boundary
annihilations - a highly desirable effect in the context of defibrillation - can
be understood as a cancellation with the anti-rotating mirror image spiral
after local reflection through the Neumann boundary condition. Below, we
do not pursue such modifications due to bounded domains.

Instead, we show below how pinning and drifting motions may coexist,
within the same center manifold of the same underlying system and at the
same parameter values. In fact an ever so slight variation of initial conditions
may kick the solution from drifting to pinning mode, or back. The respec-
tive initial conditions for these behaviors will be interwoven in a Cantor-like
structure.

More generally, we will address the question of realizing any flow on the
2-torus T? = R2?/Z?, which can and should be viewed as the space of tip
positions in the plane R? modulo the lattice periodicity Z2. The coexistence
of drifting and pinning motions then becomes a corollary to the realization
of Cherry flows on 2-tori, see [PdM82], by spiral tip dynamics in lattice
symmetries.

2.2 Center manifolds in unbounded domains

Chemical systems are traditionally modeled by reaction-diffusion systems on
suitable domains. As was explained above, our main modeling assumption
is that the domain is actually unbounded, that is, we consider governing
partial differential equations on the entire plane. This assumption may seem
unrealistic: neither experiments nor numerical simulations can be performed
on unbounded domains. In our particular context of spiral waves in the BZ
reaction, however, experiments indicate that spiral waves behave much as if
there were no boundaries. Therefore until boundary annihilation sets in —
typically within only one to two wavelengths from the boundary itself — we



consider reaction-diffusion systems:
Owu(t, ) = DAyu(t, z) + F(u(t, z)), u:[0,00) x R — RN, (1)

where 2 € R? denotes space, t > 0 is time, and v = u(t,z) € RY is the
concentration vector. The nonlinearity F : RV — RY is a C**2-function,
k > 1, and D is a constant diagonal matrix with strictly positive entries.

Under appropriate growth conditions on F there exists an « € [0,1)
such that F € Ck*2(X*, X), where X := L*(R%,R"). The fractional power
space X is an interpolation space which is more regular than L?(R? RY)
but less regular than the Sobolev space H?(R? RY) of functions u(t,-) with
square integrable second spatial derivatives. By Henry [Hen81], equation (1)
generates a C**2 semiflow ¢; on X®. Thus the solution to equation (1) at
time ¢ > 0 with initial condition ug is given by a function u = u(t,x) such
that u(t, ) = ¢¢(uo)-

Equation (1) exhibits the symmetry of the homogeneous BZ reaction,
namely equivariance under the Euclidean group SE(2) of all translations S
and rotations R in the plane. The group multiplication of (R;,S;) € SE(2)
is given by

(Rl,Sl)(Rg,Sg) = (RlRQ,Sl —l—Rng). (2)

The group action p : SE(2) — GL(X®) of the group SE(2) on the function
space of spatial profiles u(t, ) € X is defined by

(p(r,syu) (@) = u(R™} (z = 5)). (3)

Thus, an element g = (R, S) of SE(2) simply rotates and translates the
profile u. The seemingly strange inverses in (3) ensure, together with (2),
that pg, g, ¥ = pg, Pg,u. Given this bounded linear group action, equivariance
of the vector field in equation (1) can be stated as:

DA(pyu) + F(pgu) = py(DAu+ F(u)) for all g € SE(2),u € H>. (4)

The equivariance property (4) simply means: whenever u(t) € X® solves
reaction-diffusion system (1), then pgu(t) € X is also a solution, for any
fixed choice of g = (R, S) € SE(2). In terms of the semiflow ¢; this property
can be expressed as

bie(pgu) = pgi(u) for all g € SE(2). (5)

Substantial mathematical difficulties arise because the group action p is only
strongly continuous. Moreover the group SE(2) is non-compact due to its
translational component. We suppress these technicalities in the following.

Supported by experimental and numerical evidence, we assume there ex-
ists a rigidly rotating solution of (1). In other words, there exists u, € X
such that the time evolution of this initial condition is a pure rotation with
non-zero frequency wiy:

Gi(us) = PR, .,0)Us- (6)
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Fig. 2. Floquet multipliers y of D¢, (1) in the complex plane.

This assumption implies that ¢;(u,) is a time-periodic solution of (not neces-
sarily minimal) period 27 /w.. An element u, of our phase space X is called
a relative equilibrium if the time evolution ¢;(u.) lies inside the group orbit
pg(us). Hence the periodic solution of u, consists of relative equilibria.

Spectral analysis of the linearized semiflow along a periodic solution is
called Floquet theory. The eigenvalues p of the linearized period map are
called Floquet multipliers. A Floquet exponent is a complex ( such that
exp(f7) is a Floquet multiplier of the system, where 7 denotes the mini-
mal period. A periodic solution is hyperbolic if, and only if, it possesses only
the trivial Floquet multiplier 4 = 1 on the unit circle, and this multiplier has
algebraic multiplicity one. Otherwise it is called non-hyperbolic. In ODEs hy-
perbolic periodic solutions possess stable and unstable manifolds, similarly to
the case of hyperbolic equilibria. Non-hyperbolic periodic solutions possess
center manifolds.

We now return to our setting (1) and assume that p = 1 is a Floquet
multiplier of the periodic solution ¢;(u.), with three-dimensional generalized
eigenspace. The remaining spectrum we assume to lie strictly in the interior of
the complex unit circle. Due to Euclidean symmetry there exist at least three
eigenvectors of Dy /., (u«) corresponding to the eigenvalue 1, see Figure 2.
The eigenvectors are the three partial derivatives dyu, 0, u and 0, u, of the
solution ¢;(ux), at t = 0.

Our spectral assumption can also be expressed in a rotating coordinate
frame ( [Wul96], [SSW97]). Let

L:=DA —i—w*% + Dy, F(uy), (7)

where ai denotes the partial derivative with respect to the angular compo-
@

nent, i.e. % = 210y, — 20, . In a co-rotating coordinate frame, the relative

equilibrium wu, becomes an equilibrium. Eigenvalues of L are therefore Flo-
quet exponents of the periodic solution ¢;(u.). The equivalent spectral as-
sumption is basically that zero is a triple eigenvalue of L and the remaining



spectrum has negative real part, uniformly bounded away from the imaginary
axis.

The symmetry of equation (1), which causes the non-hyperbolic eigen-
value zero to be triply degenerate, gives rise to a three-dimensional invariant
manifold of ¢ (u.). This is the center manifold which coincides with the group
orbit of u,, namely SE(2)u, := {pgu«; g € SE(2)}. Thus the center manifold
of u, is simply the set of all translations and rotations of the initial rotating
wave u,. See [SSWI7] for this result and some generalizations.

2.3 Lattice symmetry

The main mathematical feature of the above invariant center manifold SF(2)u.,
is its normal hyperbolicity. An invariant manifold is called normally hyper-
bolic if the linearized dynamics in the normal directions are of faster expo-
nential rate than those in tangential direction. Normally hyperbolic invariant
manifolds persist under small perturbations [HPS77].

To account for static, lattice periodic light patterns in the photosensitive
BZ reaction, we add a symmetry breaking perturbation € H (u) to equation (1)
as follows:

us = DAu+ F(u) + eH (u). (8)

We assume that e is small and H € C**2(X® X) keeps only a transla-
tional lattice symmetry Z2, but breaks the rotational symmetry. Therefore
the semiflow ¢$ of the perturbed equation (8) is only lattice equivariant:

97 (p(0,5)0) = Pro,5)95 (w) for all § € Z7. (9)

For example H could be a superposition operator (H(u))(z) = h(z,u(x)),
where h : R? x RN — RN is a C*"2_function that satisfies mild growth
conditions. Translational equivariance then requires h(x + S, u) = h(x,u) for
all S € 72

In the photosensitive BZ reaction this corresponds to a lattice symmet-
ric lighting pattern of the BZ medium. We recall our fundamental question:
Which motions of the spiral tip can be realized by choosing an appropriate
perturbation H? According to equivariance condition (9) the lighting pat-
tern in the photosensitive BZ reaction can only be chosen freely on a unit
square of the underlying media. The function H is then determined on the
entire plane, by Z2-periodic extension. The main result below asserts, that
for every prescribed ODE motion of the perturbed spiral wave tip there is
a lighting pattern, represented by H, such that this prescribed motion can
be realized, to leading order in the perturbation parameter . An example
of an “illumination” functional H will be given such that, both, pinning and
drifting of the perturbed spiral tip, coexist.

We now state the center manifold theorem of the perturbed system:



Theorem 1 [Jan03] Assume the existence of a rotating wave solution .,
of the unperturbed system. Suppose 1 is a triple Floquet multiplier of the
linearized flow and the remaining spectrum lies strictly in the interior of the
complex unit circle. Then, for € sufficiently small, there exists a lattice- and
Sflow-invariant three-dimensional manifold M* C X. The manifold M°* is
a locally exponentially attracting manifold. Differentiability of ME is C*:1,
including dependence on the parameter €: the manifold can be represented by
maps with Lipschitz continuous k-th derivatives.

We briefly comment on the basic steps in the proof of theorem 1. For
homogeneous lighting of intermediate strength a rigidly rotating spiral wave
solution was assumed to be given by w.. The manifold M? is close to the un-
perturbed normally hyperbolic center manifold SE(2)u. given by the trans-
lations and rotations of the spiral wave u,. The existence of the manifold
M implies that the spiral shapes will stay close to that of u., even un-
der slightly lattice periodic lighting patterns which destroy the full Euclidian
equivariance. The symmetry breaking will cause the slightly deformed spirals
to move. Projecting the dynamics of M® onto the 3-dimensional reference
manifold SFE(2)u, yields the dynamics of the perturbed spirals, via the rota-
tional component R and the two translational components S of SE(2). The
rigid rotation of the unperturbed spiral u, is replaced by a slow modula-
tion of the rotation frequency. The translational component becomes time
dependent and is responsible for non-trivial tip dynamics.

The center manifold in theorem 1 is constructed by applying the method
of the graph transform. We give a brief summary here; for further background
see Shub [Shu87]. First we choose appropriate local coordinates in a neighbor-
hood of the group orbit. The neighborhood of the group orbit SE(2)u, is a
vector bundle over SE(2)u.,. Therefore every profile u € X sufficiently close
to the group orbit SE(2)u. can be written as the sum of an element of the
group orbit SE(2)u, and a small element of an infinite-dimensional subspace
V of X which corresponds to the stable eigenspace of the linearized flow.
See also Figure 4 below. Thus u has a shape close to (a translated or rotated
version of) the spiral wave solution u,. A section of the vector bundle is a
function mapping every element of SFE(2)u, to the complementary infinite-
dimensional stable eigenspace. The perturbed flow ¢%. applied to the graph of
a section will again be a section of the bundle due to normal hyperbolicity of
SE(2)u, if T is large enough. This graph transform, which maps sections to
sections, becomes a contraction on the space of Lipschitz-continuous sections
equipped with the metric induced by the sup-norm. Hence it has a unique
fixed point and the graph of the fixed point is the perturbed center manifold
ME.

Using graph transforms, M® automatically becomes time- and flow-in-
variant. Smoothness of the manifold M*® is a very delicate question and has
been settled in [Jan03].



As an example we state the two-component Oregonator model of the
photosensitive BZ reaction with external forcing, see for example [ZBB104]:

du 1 u—q

— =A “lu—u?— I(t))——

T u—i—g uU— U (fu+ ())u+q7 (10)
d—v—u—v

dt '

Here u corresponds to the concentration of the autocatalytic species, bromous
acid HBrOs, and v corresponds to the oxidized form of the catalyst. The
parameters € = 0.05, ¢ = 0.002, and f = 2.0 are fixed and I = I(t), induced
by external light intensity, describes the bromide production.

2.4 Spiral tip dynamics

Many definitions of spiral tips are in use. One of them considers the spiral
tip as “the” point of the spiral wave front with maximal curvature [BE93a].
A practical way to determine the tip position in an experiment is to look
at spiral wave fronts extracted from two consecutive frames of a digitized
recording. The intersection of these lines is also considered a tip position
[KGZMO1]. For several other definitions see [Zyk87,JSW89] and Figure 3.
In this section we clarify the mathematical relation — and equivalence —
of all this zoo of tip definitions; see (11)—(21) below. The main point is that
any tip function z* : X® — C should associate a tip position z*(u) to a
spatial profile u € X, such that shifted or rotated profiles u give rise to a
correspondingly shifted and rotated tip position z*. Any reasonable defini-
tion of a tip function z* will certainly have to satisfy at least this minimal
. i . 3

Fig. 3. “Tips” of spiral wave pattern in the BZ reaction: a) core center, b) maximum
curvature, ¢) rotation center, d) inflection point; see [MZ94].



condition of equivariance with respect to the Euclidean group SE(2). It turns
out, below, that any tip definition then gives rise to the same basic form of
the reduced ODE on a center manifold near the unperturbed reference spiral
wave shape SE(2)u,, as long as the tip faithfully represents the translation
action in SE(2).

We discuss the interpretation of the tip function z, for the spatially ho-
mogeneous, fully SFE(2)-equivariant case first. The modifications for the pho-
tosensitive case with lattice symmetry will be discussed in section 2.5 below.

(From [SSW97] we recall the existence of a center manifold M associated
to a rigidly rotating reference spiral, alias a relative equilibrium SE(2)u,;
see also (1)—(7) above. In fact, the center manifold M accounts for all so-
lutions which remain in a neighborhood of the relative equilibrium SFE(2)u.
for all positive and negative times. In particular, all bifurcations due to point
spectrum on the imaginary axis of the linearization L from (7) occur in the
finite-dimensional center manifold M. For simplicity of presentation, how-
ever, we then suppress the dependence of M, and of the flow on M, on any
extra bifurcation parameters.

To perform any specific calculations, and to clarify the zoo of possible
tip functions z*, we need good coordinates on M: coordinate free abstract
nonsense will not suffice here. Palais has constructed good coordinates near
group orbits of proper, but not necessarily compact, group actions. We apply
these coordinates to the group SE(2) and the reference group orbit SE(2)u.
of rigidly rotating waves. Let g € SE(2) and let v € V denote elements of a
local section V, transverse to the group orbit SE(2)u, in the center manifold
M. Clearly gv, or more precisely pgv, then cover a tubular neighborhood of
SE(2)u., see Figure 4. Notationally, we may let v = 0 correspond to u, itself
here.

In [FSSW96] the resulting ODEs in the center manifold M of a relative
equilibrium SE(2)u, were derived, in these Palais coordinates. Suppressing
extra parameters, again, the result is

(11)

Here a : V — alg(SE(2)) is a function from the section V' to the Lie algebra
of SE(2), and ¢(v) denotes a vector field on V. Anyway, please read on. To be
more specific, we rewrite (11) in terms of suitable coordinates g = (R, S) on
the Euclidean group SE(2). Using complex notation, we write g = (R, S) =
(e, 2). Here R = €', acting multiplicatively, denotes rotations of x € R? =
C. The translation component S = z € R? = C, acting additively, denotes
translations. In coordinates (o, z,v) € (R/27Z) x C x V, system (11) now



SE(2)u,

Fig. 4. The construction of local Palais coordinates (g,v) for a tubular neighbor-
hood of a group orbit SE(2)u..

demystifies and reads

& =w(v)
3= e (v) (12)
0 = (v).

with given functions (w,0): V — R x C.

How to interpret systems (11), (12)? First of all, let us interpret the
Palais coordinates (g,v) = (e!®,z,v) € SE(2) x V themselves. Obviously,
the definition of Palais coordinates implies that elements u;, us in the same
group orbit have the same component v. Therefore v parametrizes the shape
of spatial profiles, in our setting. Indeed, spatial profiles uy,us € X% which
have the same v-component differ only in g, viz. by a rotation and translation
of their spatial profiles:

us(w) = (pgur)(z) = ur(e™"*(z - 2)). (13)

The group coordinates g = (e'®, 2) then correspond to a translation of the
spatial profile by z, and a rotation by an angle a € R/27Z.

In Palais coordinates (g,v) = (e, z,v), systems (11), (12) have skew
product structure: the pure shape dynamics v = ¢(v) of the shape variable v
is autonomous, and is not influenced by the group coordinates g = (e'®, 2) of
rotation angle o and (complex) translation z. On the other hand, the shape
variable v acts as a forcing on the group variables (e'®, z).

We are now ready to clarify the role of tip functions z* : M — R2? = C.
We only assume equivariance

2% (pg(u)) = 92" (u) (14)

for any g € SE(2), u € M. In fact we reduce attention to the center manifold
M because all bifurcation phenomena must occur in M. We claim that we



may substitute z* = z*(u) for the translation component z in the Palais
coordinates (e'®,z,v), without changing the skew product structure of the
ODE (12) on the center manifold M.

Indeed, equivariance condition (14) on the tip function implies that

2* =2 (1) = 2" (p(eia o)) = (€', 2)2" (v) = €2 (v) + 2. (15)

This defines a transformation

(eiauzuv) = (eiauz*av) (16)
with inverse given explicitly by
2= 2" — e 2" (v). (17)

Thus the tip position z* may indeed be considered as the translation compo-
nent z of the Palais coordinates, directly, up to a coordinate transformation
(16). Let us calculate, briefly, the resulting skew product ODE component
for z*:

d . . ,
—z* = &(emz*(v) + 2) = ice'2*(v) + 2 (V)0 + £ =

= (1w ()" (v) + 2" (0)p(v) + o(v)) =: 0" (v)

(18)

with the obvious definition for the new function o* (v). Therefore the tip func-
tion z* satisfies a transformed ODE of the same structure as the translation
component z itself.

For illustration purposes, let us now interpret meandering and drift in
terms of the Palais coordinates (e'®, z,v). First note that the relative equi-
librium v = 0, which corresponds to the rigidly rotating spiral, becomes an
equilibrium ¢(0) = 0 of the shape ODE © = ¢(v) in (12). Indeed the group
orbit SE(2)u., which corresponds to one and the same shape variable v = 0,
contains the time orbit of the rigidly rotating spiral u.. Therefore

& = w(0)

. (19)
= eZ(W(O)tJra(O))U(o)
indicates a rigid rotation frequency w, = w(0) and a circular tip motion z(t);
see Figure 1.

Now assume the shape dynamics © = ¢(v) undergoes a Hopf bifurca-
tion from this trivial (relative) equilibrium v = 0, albeit with suppressed
parameters. Then v(t) will be periodic, say with “breathing” frequency w; of
the pure shape dynamics. Multiplying (12) by the nonzero Euler multiplier
wi/w) = 1 and redefining o(t) := o(v(t)) w«/w(v(t)) we obtain the tip
equation

2 =eWo(t) = e to(t). (20)



Obviously, o(t) has inherited minimal period 27/w; from the shape equation.
Fourier expansion of o(t) and direct integration of (20) implies that z(t)
undergoes a 2-frequency bounded meandering epicycle motion, unless the
frequencies

Wy = Mmuw1 (21)

are in integer resonance, for some m € N. In the latter case, nonvanishing
(—m)-th complex Fourier coefficients of o(¢) will provide an unbounded drift-
ing motion which is linear in ¢. Note that the rotation frequency w. must be
an integer multiple of the breathing frequency w; of the pure shape dynamics
0 = ¢(v), for drifting tip motion to occur. Both, meandering and drifting spi-
rals change their shape v(t) periodically and are therefore also called relative
periodic orbits.

By our above considerations, these meandering/drifting effects can be in-
terpreted as tip motions, directly. The results are universal, at the same time,
in the sense that the observed motions do not depend on the particular choice
of a tip function z*(u) from the large zoo of SE(2)-equivariant possibilities.

Nonautonomous time-periodic forcings with frequency w; can be treated
analogously. Indeed, w = w(t) and o = o(¢) then depend on time t directly
and our remarks on (20), (21) apply. We will return to this observation when
we describe the alternative kinematic approach, in section 3.

Some arbitrariness is still involved in the choice of the transverse Palais
section V' in Figure 4. This geometric arbitrariness can in fact be used to
further simplify the skew product form (11). Such an approach, which first
simplifies v = ¢(v) to Poincaré-Birkhoff normal form, and then redefines V'
to further simplify the cross term a(v), has been pursued in [FT98].

2.5 Reduced tip equations for the photosensitive system

As above, we consider an unperturbed reference spiral wave SFE(2)u, which
is rigidly rotating with constant frequency w,. In this section we adapt the
considerations of section 2.4 on the tip dynamics z*(¢), and the skew product
flow (12) in the center manifold M, to lattice periodic perturbations e H (u);
see (8). We recall that such perturbations account for slight, spatially periodic
but temporally constant, variations of light intensity in the photosensitive BZ
reaction.

Under the spectral assumptions of section 2.3, theorem 1, it is now possible
to reduce the perturbed dynamics to a three-dimensional center manifold M¢
which is modeled over the group SFE(2) itself. In Palais coordinates

&= wy +ey(a, z,€) (22)
2 =ch(a, z,¢).

As was justified in section 2.4, the angle o denotes the phase and z the
position of the spiral tip. The Palais section coordinate v € V is absent



here, because the critical spectrum is now three-dimensional, only, and is
accounted for by the three-dimensional group SE(2) itself. Therefore the
center manifold M€ is a graph over the group coordinates (e'*,z2) € SE(2).
A rigorous derivation of the reduced equation (22) has indeed been achieved
in [Geo03, Jan03], under the assumption that the unperturbed spiral wave
ux(+) is spectrally stable with the exception of a triple critical eigenvalue
due to symmetry; see theorem 1. Note that the nonlinearities v(«, z, &) and
h(a, z, €) obey the lattice symmetry relic of full Euclidean symmetry, namely

V(a2 +ke) =7(a, 2,¢) (23)
ha,z+k,e) = h(a, z,€)
for every angle a € S1, z € C = R? and integer k € Z? C R2. See also (9).
In fact (22) therefore induces a (nonautonomous) flow on the 2-torus
2 € C/Z?, by reinterpreting the angle o as the new “time”. This is possible
because &(t) # 0 for € sufficiently close to zero and all real ¢. Multiplying
(22) by the nonzero Euler multiplier 1/(ws + ev(a, z,€)) therefore provides
the nonautonomous tip equation

z=ch(a,z,¢) (24)

Here we have replaced h/(w. 4+ &7v) by a new function 7L, and we can consider
a as new time because & = 1. The lattice symmetry (9), (23) is inherited
by the new nonlinearity h. Therefore (24) indeed defines a nonautonomous
slow flow on the 2-torus 2z € T2 = R?/Z?. Passing to slow time t = ea, (24)
transforms to the rapidly periodically forced system 2z = E(t /€, z,€), where h
is 2m-periodic in its first argument o = t/e. Standard averaging procedures
then reduce (24) to the autonomous system

2= h(z,e), (25)

up to any finite order in ¢, with a suitably defined new vector field h, [SV85].
For example,

1 27

h(z,0) = — / h(a, 2, 0)da (26)

2m Jo
turns out to simply be the average of the nonautonomous vector field h over
its fast periodic forcing variable a = ¢/e — hence the name averaging for this
procedure. For more advanced results on averaging see for example [FS96]
or [GLO1, Gel02] and the references there.

As expected, one easily recovers the unperturbed spiral tip motion

A(t) =0 (27)

in equation (24), by setting e = 0. Of course, the precise form of h and h
in (24) and (22) depends crucially on the exact choice of the original PDE



perturbation H. We write h = h(z,¢e; H) in (22) to emphasize this important
dependence. In particular, the choice of H determines the vector field (22)
which itself determines the (averaged) spiral tip dynamics (25).

Expanding h(z,e) with respect to small € yields

h(z,e;H) = hi(z; H) +cha(z; H) + . .. (28)

We study the dependence of h; on H, because hy governs the dynamics (25)
of the perturbed spiral wave tip, to leading order in &. Therefore we consider
the map

L:Hw~ hi(H) (29)

where hi(H) = hy(-, H). For the perturbation H we choose any bounded
Ck+2_functional which satisfies the lattice symmetry. Then £ maps H into
the space of all vector fields h on R? of class C*¥ which satisfy

h(z + k) = h(2), (30)

for every z € C =2 R? and k € Z2.

The range of £ has an interesting interpretation: It represents the vector
fields of all possible motions of the perturbed spiral wave tip z(t), to leading
order in €. Indeed, a vector field h in the range of £ allows one to find a
function H with h = hy(H) and thus determines the motion of the spiral tip
to leading order; see (22).

The main result now states that the mapping £ is linear, continuous
and surjective; see [Geo03, GJ05]. Note that this result does not depend on
the particular coordinates which have to be introduced in order to obtain the
reduced averaged equation (25). Continuity and linear dependence of £ on the
function H is very intuitive: By slightly changing the light intensity pattern
one expects the motion of the spiral wave to change only slightly. Also a
superposition of two different light intensity patterns H; and Hs should result
in a superposition of the corresponding motions of the spiral tip positions,
at least to leading order. Although the surjectivity of £ may sound just as
reasonable, from a physical point of view, we have to keep in mind that h =
hi(H) for some H is the leading order term which governs the time averaged
dynamics of the perturbed spiral tip, see (28). From a mathematical point of
view it could happen, that certain changes in the light intensity pattern, and
thus in H, influence the spiral tip motion only in the second order terms of
(28) with respect to €. Moreover, local perturbations H (u)(z) = H(z,u(z))
which merely evaluate the pattern u(x) at any given point z, may not suffice
to ensure surjectivity of £. Within the larger class of functionals H, rather
than just functions, however, the strong property of surjectivity prevails.

We repeat that the construction of the functional H in [Geo03] involves
quantities such as the group orbit SFE(2)u, of the unperturbed spiral wave. In
particular, H will be a nonlocal functional, in general. Keeping in mind that
the experimentalist has only a few control parameters at hand, it remains a
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Fig. 5. Cherry flows: (a) irrational winding; (b) rational winding with stable and
unstable periodic drifts. Basins of A = pinning (grey), and drifting region (white).

challenging task to adjust the light intensity pattern in order to obtain the
desired spiral tip motion. For specific results in this direction see [ZBBT04,
ZE04,ZBBE05, KM05, ZE06], and our brief discussion in section 4.

Up to these difficulties, we have seen that there is a certain lattice pe-
riodic perturbation pattern, represented by a functional H, which realizes a
prescribed averaged tip motion (25).

2.6 Pinning versus drifting

It was shown in the previous section that every vector field of the perturbed
spiral tip motion can be realized, to leading order, by choosing an appropriate
pattern which is represented by a lattice periodic, nonlinear perturbation
functional H. We recall from (25) that the motion of the perturbed spiral
wave tip is governed by the averaged differential equation

Z = h(z,e) (31)

on the 2-torus z € C/Z?

We now consider a particular such vector field, where pinning of the per-
turbed spiral tip occurs, and coexists with drifting motions. This particular
flow on the torus is called the Cherry flow, see Figure 5(a) and, for further
background, [PdM82]. The Cherry flow features two equilibria, a saddle S and
a sink A. Every solution z(t) with initial tip position z(0) in the open grey
basin gets attracted to the sink A, eventually. The stable manifold W*(S) of
the saddle S marks the boundary of the basin of attraction of A and denotes
points which converge to S, eventually. For other initial values (white region)
the solution neither gets attracted to the saddle S nor to the sink: the spiral
keeps drifting.

We state an explicit example of such a vector field for z = (21, 22):

Z1 = c1 —sin(2mz1) + c2(1 — cos(27mz2)) (32)
Z9 = —sin(2mz2)



with constants 0 < ¢; < 1 and ¢y # 0. Because the vector field (32) is
1-periodic in 21,29, it indeed defines a vector field on the 2-torus.

Keeping in mind that the dynamics of (31) represents the motion of the
perturbed spiral wave tip, this example shows that there are indeed open sets
of initial positions z(0) for which the spiral tip z(¢) finally gets pinned to the
sink A. Coexisting are regions for which the spiral tip never gets attracted to
any specific point and undergoes a drifting motion on the 2-torus, which is
unbounded in R2. The regions are interwoven in a Cantor-like structure. It
should be mentioned that the drifting region has zero Lebesgue measure in
the above example; see also [Men91, MR92]. Zero Lebesgue measure implies
that almost every spiral tip eventually becomes pinned, but possibly after
a very long transient phase of drifting. In general, however, it seems that
drifting can also prevail on regions of positive Lebesgue measure.

At least in presence of periodic orbits on the 2-torus, drifting and pinning
can coexist with positive measure; see Figure 5(b). Indeed the pinning region
of the attracting equilibrium (A) is now trapped between two unstable peri-
odic orbits. The unstable periodic orbits also bound the basin of attraction of
a stable periodic orbit. The stable periodic orbit signifies stable unbounded
drift of the spiral tip across the lattice periodic perturbation pattern.

3 Kinematics

3.1 Curves and tips

The kinematic approach to the propagation of planar excitation waves ideal-
izes the wave front location to be given by a one-dimensional curve

z=Z(t,s) e R?=C. (33)

The curve Z is parametrized by arc length s at any given time ¢. The basic
modeling assumption is then the hypothesis that the curve Z(¢, s) moves in
normal direction n := ¢Z, with a normal velocity U € R which depends on
the curvature

kn = —Zgs. (34)
We abbreviate this modeling assumption as
U="U(tr), (35)

where the explicit dependence on t allows for external forcing. We will obtain
rigidly rotating curves as well as meanders and drifts in this setting.
In the mathematical literature, the special case of a power law dependence

U=U(k) =—k", (36)

with 8, k > 0 has attracted much attention under the name of “curve shorten-
ing”; see for example [GH86, Ang90, Ang91, FM02] and the references there.



Closed convex curves Z, for example, shrink to a point in finite time, for
0 = 1, and become asymptotically circular before they disappear. A cel-
ebrated generalization of this fact to convex surfaces under mean curva-
ture flow was obtained by [Hui93]. Much excitement has been caused in the
mathematical community, recently, by Perelman’s contributions relating flows
of compact three-dimensional manifolds under their Ricci curvature to the
Poincaré conjecture [PerO6a, Per06b, Per06c|.

Due to their parabolic PDE nature, curvature flows have a smoothing
effect on the curves Z(t,-). Curvature flows are therefore also used in image
processing to smoothen ragged boundaries [MS95, CM01, Mik01]. Of partic-
ular interest in image processing is the case § = 1/3, which is in addition
affine equivariant: initial curves which are affine images of each other retain
this property under their evolution (36).

As we have noted in the introduction, experimental evidence for a kine-
matic description of excitable wave fronts is rich. Based on hyperbolic wave
equations and the Huygens principle, [WR46] recommend the eikonal ap-
proach of geometric optics: waves propagate at a constant normal speed

U(t, k) = c(t), (37)

which does not depend on the curvature of the wave front. In section 3.3
below, we will describe meander and drift of spirals under this very restrictive
assumption. More general affine linear dependencies

Ul(t, k) = c(t) — D(t)x, (38)

albeit with constant coefficients ¢, D, have been proposed by several authors,
both for BZ systems ( [TK88,MZ91]) and for surface waves in catalysis (
[ITY98,Mer92]). Motivated by the photosensitive BZ reaction we modify these
models to include time dependent coefficients ¢(t), D(t) which account for
external forcing.

In section 2 we have seen how rigid rotations, meanders, and drifts are
closely tied to equivariance with respect to the Euclidean group SFE(2) of
planar rotations and translations. We therefore prefer to not describe our
curvature flows in terms of the position vector Z(t, s) € C, directly. Instead,
we work with the curvature scalar

k= k(t, s), (39)

which eliminates the SE(2)-action. Indeed, curves Z;(t,s) and Zs(t,s) are
Euclidean images of one another, under some fixed (R,S) € SE(2), if and
only if their curvature functions x coincide. Therefore the parametrization by
k can be viewed as a particularly suitable choice of a Palais shape coordinate
v, in the terminology of section 2.4; see (11), (12) and Figure 4.

An important modification to the standard approaches concerns our treat-
ment of the spiral tip. Traditionally, waves in excitable media are thought



of as arising from a singular perturbation cycle in the reaction term. This
view point readily identifies a “front” and “back” for the wave. Serious dif-
ficulties obstruct joining these curves in the sense of matched asymptotic
expansions [Kee92]. Instead, we merge “front” and “back” to be represented
by a single curve. In other words, we view the excitation excursion as a single
narrow pulse phenomenon, rather than a widely separated succession of first
a front and then a back transition. The problematic core junction of front
and back is then distilled into a single point, say s = so(t), where the pulse
curve z = Z(t,s) terminates, or rather initiates. The above curvature flow
then accounts for the dynamics of Z(t,s), for s > so(t). It is natural to call
the end point s = sg(t) of the curve its ¢ip. Certainly, such a definition is
compatible with our discussion of tip choices in section 2.4. Moreover, the
tip location can be seen as a degeneracy point of the singular perturbation
excitable cycle, see [FMO00] or, in the terminology of Winfree [Win01], as a
phase singularity.

But what is the proper dynamics of the tip itself? Based on experimental
evidence, we make the following three modeling assumptions:

(T1)  the normal velocity of the tip is given by U(¢, k), as everywhere else;
(T2) the tangential velocity of the tip is given by a function G(¢);
(T3)  the curvature at the tip is given by a function ko(¢) > 0.

Here (T1) is just a continuity assumption. Assumptions (T2), (T3) are based
on observations of initial conditions which prepare an excitable cycle across an
interval, in the x-plane, which terminates at two endpoints. The interval then
propagates, while the two end points extend and curl inward to produce a pair
of spiral-antispiral cores. See [RGST96,ZE00, BBSE00]. Careful examination
of such experiments should reveal the values of G and kg, quantitatively.
For a theoretical attempt at a derivation of tangential speeds G(t) of spiral
tips see also [Pis06]. Although the more general case G = G(t, k) could be
incorporated, we assume G, kg to depend on ¢, only, for simplicity and for
lack of experimental detail and mathematical derivation, alike.

Summarizing our discussion we arrive at the following PDE description
of the dynamics of excitable media waves:

ki + Ut K)ss + (:s /OS kU(t, n)da)s +G(t)ks =0 (40)

for s > 0, with the boundary condition
Kk = ko(t) at s =0. (41)

Here the Dirichlet boundary condition (41) follows from modeling assumption
(T3). The drift term Gk, in (40) arises from (T2) when we normalize the tip
to occur at s = 0 instead of so(t). Likewise the integral term accounts for
reparametrization by arc length, which is necessary as the propagating curve
extends or contracts. See [Mer92, MDZ94, BT96] for detailed derivations.



In section 3.2 we discuss rigidly rotating wave solutions for autonomous
velocity functions U = U(k); see also [MDZ94,11Y98] for earlier partial
analysis of the affine case U(k) = ¢ — Dk. In section 3.3 we discuss the
k-independent, but forced, eikonal case U = U(t) = ¢(t) to obtain meanders,
drifts and superspiral patterns in the kinematic setting.

3.2 Rigidly rotating spirals

In this section we discuss stationary solutions x = k(s) of the curvature
flow (35) for autonomous normal velocity functions U = U (k) and constant
ko > 0, G # 0. More precisely we solve (40), (41) for relative equilibria, alias
rotating waves k = k(s), in the integrated form

U(k)s + H/O kU(k)do + Gk = w (42)

k(0) = Ko

with some suitable real integration constant w. In (60), (61) below, we will see
that w is in fact the rotation frequency of the rotating Archimedean spiral
given by the solution x(s) of (42). Differentiating (42) with respect to arc
length s and using (42) itself to eliminate the integral term, we obtain the
G-independent equation

Ks

U(k)ss + — (w—U(k)s) + KU =0 (43)

with parameter w.

Our discussion of (43) follows the global and rather complete existence,
multiplicity, and bifurcation analysis in [FGT04, FGTO06]. This analysis as-
sumes U’ (k) # 0 and invertibility of the relation U = U(x) between normal
velocity and curvature by an inverse function

K = D(U). (44)

Mimicking the affine case U(k) = ¢ — Dk, for which I'(U) = (¢ — U)/D, we
assume I" € C* satisfies I"(U) < 0 for all U, and I'(c) = 0 for some ¢ > 0.
This allows us to rewrite (43) as a second order equation of Lienard type,

Uss + %Us(w —Uy)+I'?U =0, (45)
with singular behavior at U = ¢ where I'(U) = 0. The eikonal case U (k) = ¢,
where such an inversion is not possible, will be addressed in section 3.3.

Our alert reader will have noticed how we “forgot” the Dirichlet boundary
condition k(0) = ko in passing from (42) to (45). In fact we will supplement
(45) by the Neumann boundary condition

Us(0) = w — Gko, (46)



which readily follows from (42). We now give a bifurcation result for the
special case G = 0; see [FGT06, Theorem 1.1] in terms of the bifurcation
parameter w > 0 in (45), (46). We comment on the general case of nonzero
G and the translation to the original problem (42) at the end of this section.

Theorem 2 [FGTO06, center manifold] Under the above assumptions on the
normal velocity U = U(k) as a function of curvature k, all solutions U =
U(s) of (45), (46) with bounded normal velocity U and nowhere vanishing
curvature, for all values of the rotation frequency w > 0, are contained in the
bifurcation diagram of Figure 6.

U©)
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Fig. 6. A global bifurcation diagram of rotating Archimedean spirals with rotation
frequency w > 0 and normal tip velocity U(0).
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More precisely, there exists a strictly decreasing sequence wi > wg >
-\ 0 and associated functions UX(w), for 0 < w < wy,, with the following
property. A C3-solution U = U(s), s > 0 of the curvature equation (45), (46)
as above exists if, and only if, the tip velocity U(0) and the derivative Ug(0)
at the tip s = 0 satisfy

U(0) € {U, W), UJ (W)}, Us(0)=w (47)

for some positive integer n.

The associated curves z = Z(t,s) = rexp(ip) are right winding, left rotat-
ing spirals which are asymptotically Archimedean, for s — oo. The tip Z(t,0)
rotates on a circle of radius p = |U(0)/w|. The asymptotic wave length of the
Archimedean spiral in the far field r — oo is given by 2mc/w.

The functions w +— UF(w) possess the following properties, for every
n € N:



(i) the union of the graphs of UX forms a C3-curve, with nonvanishing cur-
vature at w = wy,;
(ii) UF(w) =0, and UF(w) — +c for w \,0;

(ii)  for all angular rotation speeds 0 < w < w,, we have the strict ordering

U (w) > U () >...>U (w)>0>U, (w)>...>U; (w) > U] (w);
(48)

see Figure 0.

The results of theorem 2 are based on a center manifold analysis after
regularization of the degenerate pendulum system (45). Rewriting (45) as a
system for U and V' := U,, and multiplying the right hand side by the Euler
multiplier k = I'(U) to eliminate the vanishing denominator I'(¢) = 0, we
obtain

U=I-V

: (49)
V=-Ty Viw-V)-T%U.

Equilibria sit at U = 0 and at U = ¢, where I' = 0, each together with
V' = 0. Under our assumptions I'y < 0 < w the equilibrium at (U, V) = (0,0)
is an unstable node or focus. The equilibrium at (U, V) = (¢,0), in contrast,
possesses one zero eigenvalue and one negative eigenvalue. Finite-dimensional
center manifold analysis, much in the spirit of section 2.1 above, produces a
center manifold M which is given as a graph

V= d(w,U) = 51”[](0)2(0 —UP 4. (50)

near U =¢, V = 0.

It turns out that all solutions of theorem 2 must lie in this center manifold,
under just the boundedness and sign conditions imposed there. As an easy
consequence all such solutions are asymptotically Archimedean in the far field
s — 4o00. Indeed this follows directly from the first order ODE

US:V:Q(w,U):EFU(C)Q(C—U)S—F... (51)
Substituting ks = Iy (c)-Us+... and (I'y(c) - (c— U))3 +oe= I3 =43
for U near ¢ and for small x, we obtain
¢ 3
s = —— 52
K wﬂ + (52)

in the far field k — 0. For s — 400 this of course implies

_ s . _ (w2
k(s) = as +..., with a (20> . (53)



The asymptotics (53) for the curvature x readily identifies Archimedean
spirals. Indeed, arc length parametrization of the position vector z = Z(t, s)
in (33) implies that we can write the unit vector Zs(t, s) in the form

Zs(t, s) = exp(—iw(t, 8))Zs(t, 0) (54)

for a suitable real angle variable w(t, s). Recalling the definition kiZs = —Z,
of curvature, from (34), we observe that

w(t,s):/ iZSS/ZSda:/ kdo. (55)
0 0

In the present case, where x does not depend on t, we obtain the explicit
expansion
w(s) = 2as'/? + ... (56)

for s — 400, from (53). Elementary integration of (54), once again, provides
the explicit expansion

Z(t,s) = Z4(1,0) - (ésl/%*m”z v ) (57)

Writing Z = r exp(ip) in polar coordinates (r,¢), expansion (57) readily
identifies Z to be asymptotically Archimedean with

lim — = -~ = ——. (58)

In particular, this also determines the asymptotic wave length in the far
field to be 2mc/w, as claimed. The minus sign in (58) indicates that the
Archimedean spiral Z is indeed right winding in outward direction.

We now show that the rotation speed w of the rigidly rotating spiral
Z(t,s) = exp(iwt)Z(s) indeed coincides with the integration constant w in-
troduced in (42) above. The normal velocity U is given by the scalar product
with the normal vector n, in complex notation and polar coordinates, as

U= (Zy,n) = (i0Z,iZs) = @Re(Z - Zs) = &rrs. (59)

We now argue in the far field s — oo, where U — ¢ and k = I'(U) — 0. In
particular, (59) implies

Slirgo rrs = c/w, (60)
and 75 — 0 because r — oco. On the other hand, (rp;)? +r2 = 1 holds for arc
length parametrization, and implies limg_ o, r¢ps = £1. Therefore the right
winding ¢s < 0 and the asymptotics (58) imply that

d
lim rrs = lim ré cps = c/w. (61)

§—00 §— 00



Together, (60) and (61) prove w = @ is the rotation frequency, indeed.

We conclude this section with some remarks on the relation of our bifurca-
tion analysis of (45) with the original problem (42). Expressing the left center
manifold M of the equilibrium (U, V) = (¢, 0) of (49) by V = §(w,U), as in
(50), the bifurcation diagram of Figure 6 is the solution set of the equation

w=&(w,U(0)). (62)

Indeed V(0) = Us(0) = w — Gkp = w for G = 0, by (46). The different

(a)
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Fig. 7. Archimedean spiral (b) for I'(U) = 1 — 2U, w = 0.05. For the underlying
center manifold in the plane (U, V) = (U,U’) see (a).

branches of the bifurcation diagram correspond to the different intersection
points of the line V = w with the center manifold M in the phase portrait
of Figure 7(a). The original boundary condition

k(0) = Ko = I'(U(0)) (63)

can easily be satisfied: we only have to rescale the vertical U-axis of Fig-
ure 6 by the diffeomorphism I" to represent kg. The horizontal w-axis then
provides all rotation frequencies, if any, of rigidly rotating wave solutions
with prescribed Dirichlet boundary condition x = k¢ at the spiral tip. As
a caveat, we add that some of the rigidly rotating spirals in the global bi-
furcation diagram of Figure 6, although asymptotically Archimedean in the
far field r, s — oo, turn out to be self-intersecting. See [FGT06] for further
discussion.
For nonzero G, similarly, the relevant bifurcation diagram corresponds to
the solution set of
w—G -T'(U(0)) =&(w,U(0)), (64)

again with U(0) = I'"'(kg) and with & representing the various branches
V = &(w,U) of the same center manifold M of (49). We omit a detailed
analysis of this case. Instead, we note how G affects the angle v at which the



spiral emanates from the circle of its tip motion. An elementary trigonometric
calculation at the tip shows

tany = —U(0)/G = —T"" (ko) /G. (65)

The spiral therefore emanates perpendicularly if, and only if, G = 0.

3.3 Eikonal meanders and drifts

We return to Wiener and Rosenblueth [WR46] in this section to study the
propagation of spirals under periodically forced normal velocity

U=U(t,k)=c(t) >0; (66)

see (35), (37). We review [MDZ94] and present new results from [Jan06].
Under the modeling assumptions (T1), (T2), (T3) of section 3.1 we obtain
meandering and drifting motions of the spiral tip. For simplicity of presen-
tation, we assume the normal velocity U to not depend on curvature. Dif-
ferently from section 3.2, where the resulting equation (40) for our curva-
ture flow was essentially parabolic, we now obtain an eikonal equation famil-
iar from geometric optics. Throughout this section we consider the case of
positive tangential tip velocity GG, where the tangential tip motion extends
the curve. Unlike [MDZ94] we do not impose restrictive assumptions like
G(t) = Go(t) — vko(t), v = const > 0. As we will see, spiral wave solutions
then correspond to smooth regular solutions of the resulting nonlinear hy-
perbolic equation. We will have to consider growing solutions, however, and
their response to periodic forcing.
Equation (40) now becomes

e+ et) (s /0 ) Hdg)s 4 G(t)rs =0, (67)

again with Dirichlet boundary condition k(t,0) = ko(t) > 0 at s = 0. As in
our discussion (54)—(58) of resulting spiral shapes Z(t, s), we introduce the
negative tangent angle w = fos kdo, and rewrite (67) as

wy + (c(t)w + G(t))ws = G(t)ko(t)

w(t,0) = 0. (68)

Note how the boundary condition ws(t,0) = £(t,0) = ko(t) follows from (68),
for G(t) # 0. We are interested in time-periodic forcing functions ¢(t), G(t),
ko(t). The characteristics of the nonlinear hyperbolic balance law (68) satisfy

§ = c(tyw + G(t)

W = G(t)ro(t) (99
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Fig. 8. Characteristics of (68) in ¢ >0, s > 0 for G > 0.

with ~ = d/dt, t > 0, s > 0. In the following we discuss the case of positive
¢, G, kg. For other signs see section 4.

In case G(t) > 0, for all ¢, the characteristics at the boundary s = 0, where
w = 0, are pointing inwards towards s > 0. We can therefore propagate the
Dirichlet boundary data (68) to obtain the explicit solution

w(t, s(t, to)) = /t G(1)ko(T)dT, at
. (70)

T

¢
s(t,to) = / (G(r) +er) / G(7')ro(7')ar')dr,
to to
parametrized by 0 < to < t. Note that (¢,t9) — (¢, s(t,t0)) is a diffeomor-
phism onto its image, because ¢,G, ko > 0. Hence (70) indeed defines w
uniquely in the region 7 above the characteristic so(t) := s(t,0); see Fig-
ure 8. Moreover, T-periodicity of G and &g implies s(t + T, to+T) = s(t, o),
and therefore T-periodicity of the solution w holds in 7:

w(t+T,s) =wlt,s), for s < so(t). (71)

Below the characteristic so(t), only, the initial conditions w(0, s)= [; (0, 0)do
are relevant.
To avoid shock solutions, we assume

ws(0,8) = k(0,s) > 0. (72)

It is easy to see that this condition, which prevents shocks to occur, locally,
propagates globally. Indeed we only have to differentiate (68) with respect to
s. We then observe that y := ws propagates along the same characteristics
(69) as w itself, and satisfies § = —c(t)y? with ¢ > 0.

We conclude that any solution w(t,s) coincides with the unique periodic
solution of (68), as soon as so(t) > s, independently of the initial condition.
This is a very strong stability statement of finite time convergence, uniformly
on bounded subsets s. For further details see [Jan06].



To render our convergence statement more quantitative and, at the same
time, exhibit the Archimedean spiral character of our solutions, we now ad-
dress the asymptotics of the characteristic so(t). We claim

_ 2 1z 1/2
To(s)_(i<C> <GKO>> sY2 4 (73)

for the inverse function 7y := s, ', where (-) denotes time average over period
T.

Indeed, fot a(t)dr = (a)t+... for any periodic function a. The remainder
is bounded periodic. Applying this simple observation to so(t) = s(t,0) in
(70), twice, we obtain

so(t) = = (c) (Gro) t2 + ... (74)

N =

with a remainder of order ¢. This proves (73).

To exhibit the Archimedean spiral character of the T-periodic solution w,
we evaluate w(t, s) along characteristics as in (70). Because w(t + kT, s) =
w(t, s), it suffices to restrict attention to the fundamental band 74(s) < ¢ <
70(s)+ T, where 0 < ty < T. The relevant asymptotics of w is therefore given
by

w(t,s) = w(to(s),s) +...=(Gro) 10(s) + ...

1/9 (75)
= (2(Gro) / (&))" ?s1/2 + ...

with bounded remainder. Extending the above estimate to include s-deriva-
tives we obtain the curvature asymptotics

1/2
K(t, s) = ws(t,s) = (% (Gko) / <c>) sTY2 . (76)

By the curvature analysis of section 3.2, (53)—(61) this shows that our periodic
solution w(t, s) represents a periodically fluctuating Archimedean spiral of
time independent asymptotic (average) rotation frequency

W = <Gli0> (77)

and asymptotic wavelength 27 (¢) / (Gkg) in the far field.

It may be worth interpreting the characteristic front so(¢) in the Archi-
medean spiral geometry. Let r(t) = r(t,so(t)) denote the distance of the
characteristic point on the spiral from its origin. For large s, ¢, we then have
a radial propagation speed 7 of the stability zone which is given by

1d, . ()
s’ —rr—rrsso—l—...—T(Gnoﬂ—i—... (78)



Here we have used (74) and, for the asymptotically rigidly rotating spiral,
also (61). Moreover we have omitted the term rr; which is zero under rigid
rotation. With (77), integration of (78) yields

F={c)+... (79)

This perhaps intuitive result asserts that the stable core region of the spiral
synchronizes the far field at the average radial speed of propagation of the
spiral itself. For further details see [Jan06].

What is the resulting tip dynamics, then? In the notation of section 3.2,
let z(t) = Z(t,0) denote the tip position and exp(ia(t)) := Z4(t,0) the tip
tangent. Then

& = G(t)ro(t)

s iy (80)

Z=e"(ic(t) — G(1)).
Indeed, 2 results from the normal and tangential velocities ¢ and G which are
rotated by « into the appropriate coordinate frame. Since the normal velocity
¢(t) is identically constant along the curve, the only contribution to the angle
change da comes from the extension of the curve by an arc of curvature
radius 1/kg at the tip and of length Gd¢. This provides the equation for a.
It is perhaps helpful to compare this derivation with the rigidly rotating case
of (46), where the rotation frequency w — alias & — was given by the sum of
Gro and the now vanishing term Us(0).

Comparing with section 2.4 we see how the tip dynamics (80) takes on
the skew product form (12). Indeed we only have to assume the variable v to
be T-periodic, as Hopf bifurcation had caused it to be there, and our current
tip dynamics (80) fits right in. Defining w, := (Gko), the analysis (20), (21)
of meanders and drifts applies with

a(t) := (ic(t) = G(t)) (Gro) /(G (t)ro(t)) (81)

of frequency wy = 27 /T.

In summary, we have shown that the periodically forced eikonal flow (67)
exhibits Archimedean spirals with very strongly stable meandering and drifting
tip motions, if the normal velocity c(t), the tangent tip speed G(t), and the
tip curvature ko(t), are all positive [PGP93, MDZ94, Jan06].

As mentioned in the introduction, meandering and resonant drift of spiral
waves in the photosensitive BZ reaction can be achieved experimentally by
a periodically changing light intensity [BE93b,ZSM94]. The Doppler effect
imposes superspiral structures in the case of spiral wave dynamics other than
rigid rotation. These superspiral structures have been observed in experi-
ments; see for example [PAV191, LOPS96, BOF97,Z000, OSL00]. See [SS01]
for a mathematical analysis based on linearized analysis and eigenfunctions.

Numerical evidence for superspirals in the kinematic theory has first been
presented in [PGP93]. The normal velocity U and the tangential tip velocity
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Fig. 9. Meandering superspiral for § = 1.1 (left) and drifting spiral for § = 1 (right)
with tip dynamics in the close-up view (top) and Doppler effect (bottom). Forcing
is at frequency 1, near-resonant to the rotation frequency .

7

G have been assumed to be curvature dependent and a meandering tip trajec-
tory was prescribed, a priori. Superspiral patterns have then been observed,
numerically, via a stepwise reconstruction of the spiral wave shape.

In our setting of curvature independent but time dependent normal ve-
locity U = U(t) = ¢(t), as in (66), the analysis of the eikonal equation (67)
reveals superspirals if the normal velocity c(t), the tangent tip speed G(t) or
the curvature at the tip ko (t) are positive and time periodic near resonance.
To be explicit, we choose for example ¢(t) = 1 + ¢ sin(t), G(t) = 6 ¢(t) and
ko(t) = 1/c(t) with e = 0.3 and 6 = 1.1 or 6 = 1. Note that § = Gk denotes
the rotation frequency of the spiral, via & = 4 in (80), and the forcing fre-
quency is fixed to be 1, via the term sin(¢). Then equations (67) and (80) can
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Fig. 10. Drifting superspiral: Meandering and drifting spiral with tip dynamics in
the close-up view (left) and Doppler effect (right).

be solved analytically. For resulting tip motions and superspiral patterns see
Figure 9.

Even for periodic functions ¢(t), G(t) and ko(t) more complicated tip
motions and superspiral structures of higher order can be prescribed. Choose
for example ¢(t) = 142 e sin(t)+3 e sin(1.1 t), G(t) = ¢(¢)/5, ko(t) = 1/G(t)
with & = 0.15. The rotation frequency is thus fixed at 1, because & = Gkg = 1.
The near resonant component of ¢(t) with forcing frequency 1.1 is expected to
produce a superspiral, as in the left part of Figure 9. The resonant component
of ¢(t) with frequency 1 superimposes a linear drift with an associated Doppler
effect on, both, the spiral and the superspiral as in the right part of Figure 9.
We choose initial conditions z(0) = 0 for the tip position and «(0) = 0 for
the tip tangent angle. Solving equation (80) yields exactly:

alt) =t
2081 3 9 . 1 . 3 3
z1(t) = ~1400 ~ 30 t— B sin(0.1¢) — R sin(t) + 0 sin(2 t) + 28 sin(2.1 t)
9 3 3
+ 20 cos(0.1t) + cos(t) + 200 cos(2t) + 110 cos(2.1¢)
125 3 9 3 3
29(t) = 56 100 t— 20 sin(0.1 t) 4 sin(t) + 200 sin(2 t) + 110 sin(2.1 t)
— 2 cos(0.1 ) + £ cos(t) — 2= cos(2 ) — - cos(2.1¢)
7 cos(O. F cos 10 8 5g Cos(2.11).

(82)

An explicit expression for the evolution of the curve Z(t,s(t,to)) along the
characteristics can be derived from (70); for a visualization see Figure 10. The
two different Fourier frequencies 1 and 1.1 of the forcing in ¢(t), indeed, cause
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Fig. 11. Control of the spiral wave dynamics: Tip dynamics (left) induced by con-
trol function A(t) (right).

superimposed meandering and drifting tip dynamics, see the tip trajectory in
Figure 10. In the far field we recognize the superspiral structure induced by
the meandering of the tip, which is drifting due to resonance. Similar obser-
vations apply to quasi-periodic superspirals supported by an incommensurate
2-frequency forcing. Superspirals of infinite order can then be achieved, due
to the resulting arbitrarily small difference frequencies. For further analysis
see [Jan06].

Can the tip dynamics be designed, arbitrarily? Linearly dependent nor-
mal and tangential tip velocities, ¢(t) = const - G(t), and a constant tip
curvature kg admit rigid rotation, only. This follows by integration of (80),
independently of the choices for ¢(t), G(t). For ko(t) = 1/G(t), on the other
hand, we can prescribe the spiral path, arbitrarily. For example, choose
c(t) =1—0.1sin(n/2 h(t) — t), G(t) = 0.2 — 0.1 cos(w/2 h(t) —t). At any
time ¢, the control function h(t) assigns a tip drift which superimposes the
rotational dynamics. For a control function h(t) as sketched in Figure 11, we
obtain a desired “SFB”.

4 Concluding remarks

We first comment on several aspects of eikonal meanders; see section 3.3.
Specifically we mention the relation to tip control experiments [ZBBT04,
ZE04, ZBBEO05, KM05, ZE06], discuss the occurrence and interpretation of
shock waves, the role of the signs of G and kg, possible generalizations to
dynamics of scroll wave filaments in three dimensions, and the role of diffusion
and viscous regularization in the sense of section 3.2. We then return to the
reaction-diffusion view point of section 2 and discuss the chances of a reduced
eikonal description of autonomous meanders by relative Hopf bifurcation in
the Euclidean group SE(2).

To describe control of tip motion, in the spirit of [ZBBT04,ZE04,ZBBE05,
KMO05, ZE06], we return to the tip dynamics

(83)



as derived in (80); see also (20), (21). Our derivation did not depend on time
periodicity of ¢, D, kg, of course. Control of z can now be effected as follows.
By external lighting, the triple A := (¢, G, ko) € {Xo, A1} is set to two different
values \gp and A1, depending on time. Mostly A = Ao with corresponding rigid
rotation of (e, z). When the wave front passes a sensor point zg, lighting is
changed to A1, briefly, and then resumes Ag. As (a, z) pass through their \g
cycle, a small offset dz is thus effected during each period. The offsets add
up to a superimposed drift

dz

L) (34)

on a slow time scale 7. Here f(z) := exp(ir + B¢ + ag) for polar coordinates
z = exp(ip). Indeed, f reflects the asymptotically Archimedean character of
the spiral expressed by Gkor + cp = const., with values A\g; see also (58).
The constant ag measures the resulting offset between lighting Ag and A;.
Similarly, triggering lighting at several sensor positions zj superimposes to a
slow drift

Y (Ce (55)
k

with correspondingly richer possibilities for control. Alternatively, and more
efficiently, active control can be based on the temporal pattern of sensor
signals, within one period, to explicitly reconstruct — and control — position
z(t) and phase a(t) of the spiral tip.

Balance laws (68) are known to exhibit shock waves, i.e. solutions w with
discontinuities of the (negative) tangent angle w at shock positions s(t).
See Figure 12 and, for some qualitative remarks, also [Pis06]. The Rankine-
Hugoniot condition specifies the shock speed $(t) to satisfy

: 1 [w?]

s—G+2c[w], (86)
where [w] = wy — w_ measures the jump of w from the left value w_ to the
right value w4 at the discontinuity. The Lax entropy condition requires [w] <
0, for positive c. See for example [Lax73,Smo94] and the references there. In
(72) we have excluded shocks, imposing the initial condition ws > 0. At col-
lision of spirals, however, shocks may occur; see Figure 12. Indeed (54) then
indicates a jump in the tangent direction Z(t,s) = exp(—iw(t, s))Zs(t,0) of
the joined spiral-antispiral curve Z(t, s) at the interface of the two counter-
rotating spirals. The interface evolves according to the Rankine-Hugoniot
condition (86) until the shock strength [w] has decayed to zero and the solu-
tion regains regularity.

In section 3 above we have imposed positive sign conditions ¢, G, kg > 0.
Other combinations of signs are of course conceivable. We only mention the
case ¢, G < 0 < kg briefly. Reversing time, ¢ — —t, then converts the char-
acteristics to the previous ones of section 3.3; see (69). Therefore asymptot-
ically Archimedean spirals still exist, as a periodic response to the periodic
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Fig. 12. Collision of spirals and shocks in solutions w of balance laws (68).

forcing by ¢, G, ko. However, they now rotate backwards compared to the
previous case. Moreover, these spirals are now extremely unstable, just as
they were extremely stable before. Indeed, any perturbation in the far field
now propagates inwards at negative radial velocity 7 = {(¢) + ..., see (79),
and destructively reaches the spiral tip after some finite time. Afterwards
the Archimedean spiral disappears and the initial conditions reign. This may
account for far-field break-up of spiral waves.

The eikonal approach of section 3.3 suggests generalizations to scroll wave
dynamics in three space dimensions. For beautiful experimental results based
on computer tomography see [BS06]. For numerical simulations in an ex-
citable media reaction-diffusion setting see [FMO00], for example, and the
references there. For experimental and numerical investigations of chemi-
cal turbulence of scroll waves see [AKMS04, ASM06, MS06]. Indeed we may
consider an embedded oriented surface S in R3, called a scroll wave, with
one-dimensional boundary curve 7, called a filament. Of course, the surface
S generalizes our rotating planar curve Z(t, s), and the curve v corresponds
to the tip z of Z. We may then propagate S and its boundary - with speed ¢
in the (oriented) normal direction. The propagation of the boundary curve
will also occur with speed G along the outward tangent of S, and with pre-
scribed sectional curvature of S. Several variants of mean or Gauss curvature
flows may also be invoked to generalize the curvature dependence of normal
velocity to the surface S, see also [Mik95, ASMO06]. As a result, meandering,
drifting, and even colliding scroll wave filaments should be observed.

Eikonal curvature flow precludes relative Hopf bifurcation. Indeed the re-
sulting tip dynamics

G = GIQO
C ey (87)
z=¢€"(ic— Q).
of (80) generates purely exponential dynamics of (exp(iar),z) € SE(2) with
circular motion, for Gkg # 0. This excludes meanders and drifts. At present,
it is unknown whether the curvature dependent normal velocities U = U (k)
of section 3.2 are able to remedy this modeling difficulty. It only seems clear
that affine linear dependencies U(k) = ¢ — Dk as in (38) will not remedy
the problem, as long as D > 0 remains small. Indeed small D act as a
viscous regularization in (40) and, analogously, for the balance law (68). For



monotone solutions wys = £ > 0 which are regular, however, small positive D
act as a regular perturbation which should not be strong enough to produce
meanders and drifts which are absent for D = 0.

An easy remedy for this problem would be the introduction of additional
“hidden” variables which influence the dynamics of the curve, notably via c,
D, G, or kg. A modification of GG or kg at the tip alone, for example, might
be sufficient. Specifically we may introduce a hidden scalar variable v at the
tip, alone, together with some hypothetical interaction dynamics

ko = g(ko,v)

0 = h(ko,v) (88)

which undergoes Hopf bifurcation as a (suppressed) parameter is varied. Here
Ko = ko(t) is supposed to provide the Dirichlet boundary condition (41) for
the curvature PDE (40). The resulting periodic fluctuation ¢ (t) would then
drive and synchronize the Archimedean spiral, globally, into meandering and
drifting motions.

For the moment, a coupling like (88) remains speculation. Only reaction-
diffusion systems as studied in section 2 provide a modeling description which
is based on reasonably “first” principles. The mathematically proper ap-
proach to autonomous meanders and relative Hopf bifurcation, which are
present in the reaction-diffusion setting, would then be a derivation of re-
duced systems like (88), (40), (41) from reaction-diffusion systems which
model excitable media. The relevant techniques, vaguely, are to include sin-
gular perturbation theory. But details still require much future effort.
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1 Introduction

Cells translate extracellular signals in intracellular responses, such as changes
in metabolic activity or the expression of specific genes. The signaling sub-
stances bind to receptor proteins in the cell membrane, which transmit the
incoming information into the inner of the cell using diffusible messengers.
Ca?* ions serve as a ubiquitous second messenger that control the activity of
several key proteins that convey the desired cellular response. In unstimulated
cells, the cytoplasmic Ca?t concentration is kept low by the action of Ca?*t
pumps (~ 100 nM, which is orders of magnitude below typical Ca?* content
of drinking water). Due to the energy-consuming transport of Ca?* across
the cell membrane and into an intracellular compartment, the endoplasmic
reticulum (ER), large concentration gradients are generated. The binding of
a hormone to its receptor at the plasma membrane initiates a signaling cas-
cade that finally activates Ca?* channels in the ER membrane, triggering
Ca?* release.

Interestingly, the presence of a constant external signal produces periodic
increases in the intracellular Ca®* concentration ([Ca?*]..). This phenomenon
of Ca2T oscillations has been intensively studied experimentally as well as
theoretically in the last twenty years and the molecular key players have
been identified. However, one of the central questions, namely the nature of
the oscillatory mechanisms, is still controversial. On the one hand, it has
been argued that the Ca?t oscillations are generated by Ca?t feedbacks
on the Ca?* channels. These channels are fast activated at low and slowly
inhibited at high Ca?* concentrations. On the other hand, recent studies
have shown that inositol-1,4,5-trisphosphate (IP3), the molecule activating
the Ca?t channels, also oscillates in time, indicating that the oscillatory
mechanism may lie in the signaling cascade.

We will first introduce the biological system and briefly review previous
work. Then an approach to identify the oscillatory mechanism(s) is developed.
Chiefly, it consists in perturbing the IP3 dynamics by introducing an IPg3
binding protein into the cell. The realization of this experiment shows that



oscillations in the IP3 signaling cascade are essential for [Ca?*]. oscillations.
Finally, we speculate on the physiological role of the proposed oscillatory
mechanism. In particular, we show that it enables the frequency encoding of
the hormone stimulus and facilitates cell-cell communication.

2 Background

Cells are composed of different intracellular compartments embedded in the
cytoplasm, and are bounded by the plasma membrane. One of this compart-
ments, the endoplasmic reticulum (ER), acts as intracellular store for Ca?*
ions. In a resting cell the Ca?T concentration in the cytoplasm ([Ca?*].) is
kept low (~ 100 nM) and in the ER high (~ 20 uM) by active transport
through the ER and plasma membrane. Binding of agonist to its receptor
at the the plasma membrane activates phospholipase C (PLC). This enzyme
is responsible for the production of the second messenger IP3, which can
freely diffuse in the cytoplasm. IP3 activates Ca?" channels located in the
ER membrane, the IP3-receptors (IP3R), and causes an outflow of Ca?* into
the cytoplasm increasing its concentration by about 10 fold (~ 1 uM). In a
multitude of cell types one does not observe a simple increase of [Ca®*]. to a
new steady state but a sequence of [Ca?*t]. spikes, [Ca?*]. oscillations. The
strength of the extracellular stimulus is encoded primarily in the frequency
of the [Ca?*], oscillations, which increases with the degree of stimulation.
For example, in rat hepatocytes, the periods of [Ca?*]. oscillations range
over one order of magnitude, from above 250 sec for low concentrations of
hormones, such as vasopressin and noradrenalin, to about 30 sec for higher
hormone doses [?]. Cells can be coupled with their next neighbors via chan-
nels, gap junctions, that allow for the diffusion of small molecules. In the liver,
one observes that cells which are uncoupled oscillate with different periods,
whereas they oscillate with equal period when coupled. This coordination be-
comes manifest as repetitive intercellular waves initiating from specific sites
in the liver [?,7].

A long-standing question has been whether the oscillations are generated
by the cellular Ca?T transporters and channels themselves or whether they
originate upstream in the signal transduction machinery, between hormone
binding to its receptor and the activation of Ca?* fluxes. It has been pro-
posed that the periodic release of Ca?t ions from the ER can be brought
about through the regulatory properties of the IP3R [?,?,?,?]. Mathematical
models have demonstrated how fast activation and delayed inhibition of the
IP3R by cytoplasmic Ca?" can drive repetitive Ca* spiking [?,7,?]. In these
models, IP3 is required to initially open the IP3R and sensitize the channel
toward feedback activation by cytoplasmic calcium. Therefore, Ca?* oscilla-
tions can occur when IP3 concentration is held at a constant value. However,
models based on a simple description of the IP3R dynamics generally produce
[Ca?T].. oscillations with short periods (~ 10-60 sec) and, thus do not repro-
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Fig.1. Interactions between Ca?' transport processes and IP3 metabolism. The
solid, and dashed arrows indicate transport/reaction steps and activations, respec-
tively. The model variables are bold faced: IP3, cytoplasmic IP3; Ca(cyt), free cy-
toplasmic Ca’™; Ca(ER), free Ca?" in the ER; IP3R., active conformation of the
IPsR. Reproduced from [7].

duce the long inter-spike intervals observed experimentally. Recently, it has
become possible to monitor IP3 changes in intact cells. These experiments
have shown that the IP3 concentration is highly dynamic and can oscillate
together with cytoplasmic calcium [?,?,7?,?]. There exist both positive and
negative feedbacks of Ca?* on IP3 metabolism which could mediate fluctua-
tions in cellular IP3 levels. The principal positive feedback is the activation of
IP3 production via a Ca?* sensitive PLC [?,?]. The principal negative feed-
back acts through Ca?* dependent degradation of IP3 via phosphorylation
by the IP3 3-kinase (IP33K) [?,7?,7]. All described interactions are shown in
Fig. 1.

It is presently not clear what effects such feedbacks have on Ca?* oscilla-
tions. Importantly, it is not known which of the feedbacks is predominant and
whether the involvement of these Ca?t-dependent feedbacks on IP3 serves a
physiological role. For the identification of Ca?* feedbacks on IP3 we suggest
to perturb the IP3 turnover time. This will first be illustrated using a sim-
ple model that allows to derive analytical results. Then a detailed model is
presented and the results of slowing the IP3 turnover with an IP3 binding
molecule are compared to experimental data. The physiological role of Ca?*
feedbacks on IP3 will be studied with respect to how an IP5-Ca?t oscillator
(i) generates long-period oscillations that underlie the efficient frequency-
encoding of the hormone dose, and (ii) may favor the coordination of Ca?*+
signals in a multicellular system.



3 Identification of feedbacks on IP;

In order to understand the role of IP3 oscillations we proposed to perturb
the system by modifying the turnover time of IP3. The turnover time can be
accelerated by over-expressing IP3 degrading enzymes or slowed by expressing
IP3 binding molecules (see section 3.2). We will first show, for a general model
that captures the main properties of the Ca?*-IP3 oscillator and which allows
the derivation of analytical results, that slowing the turnover time of IP3 is
the method of choice to unravel the Ca2t-IP5 feedback structure. In the
second part, we present experiments with an IP3 binding protein and use a
detailed model to simulate its effects.

3.1 General properties of Ca?t-IP3 oscillators

A simple model for coupled Ca?t-IP3 oscillations contains three variables
(see Fig. 1): cytoplasmic and total calcium concentration ¢ and z, and the
IP3 concentration p. Here we assume that the (in)activation of the IP3R by
Ca?t and IP; is fast compared to other processes. The Ca?* concentration
in the ER s is related to the total concentration by s = (z — ¢)/8, where 8
is the ratio of effective cytoplasmic volume to effective ER volume. The time
changes of the three variables are described by

dc dz d

= = f(ezp), T = g(), and 2 = w(ep). 1)
The functions f(c, z,p) and g(c) include the transport fluxes of cytoplasmic
Ca?T across the ER and plasma membrane, w(c, p) the production and degra-
dation of IP3. For realistic functions f, g and w the existence of a limit cycle
must generally be shown numerically. However, the local stability properties
of the steady state give an idea. One can show that, due to the Ca?* trans-
port across the plasma membrane, there is a unique steady state (¢, z,p) [7].
Therefore, changes in stability of the unique steady state are likely to be
connected with an Hopf bifurcation and the birth/death of a limit cycle.
Generally, if the steady state is unstable it is to be expected that the trajec-
tories move toward a stable limit cycle. Note that a stable limit cycle and a
stable steady state can coexist. Our analysis can make no predictions in this
regard.

In the following we will focus on how the IP3 dynamics can contribute to
destabilizing or stabilizing the steady state and so possibly generate or abolish
Ca?* oscillations. The goal is to find the appropriate strategy to unmask the
importance for Ca®* oscillations of Ca?T feedbacks on IP3 metabolism in (1).
The local stability of the steady state is determined by the Jacobian

fe fz fo
J=|g. 00 |. (2)
we 0wy



The subscripts denote the partial derivatives at the steady state e.g. f. =
aof
Bc l(¢,2,p)

The properties of the IP3R gating and of the transport processes allow to
fix the signs of some of the terms

e f. >0, the Ca?t concentration in the cytoplasm increases when the total
concentration increases.

e f, >0, an increase in IP3 causes the opening of the IPsR and outflow of
Ca?* from the ER into the cytoplasm.

e g. <0, a high Ca?T concentration in the cytoplasm favors the transport
of Ca®*t outside the cell.

e w, < 0, IP3 is degraded proportional to its concentration.

The sign of w, is positive when Ca2?* activates IP3 production (positive
feedback), negative in the presence of Ca?* dependent degradation of IP3
(negative feedback), and vanishes in the absence of feedbacks of Ca®" on IP3.
When accelerating the IP3 dynamics, e.g. by overexpressing IP3 metabolizing
enzymes, w. and w, increase in magnitude without changing sign. Conversely,
slowing the IP3 dynamics, e.g. by expressing an IP3 binding protein, decreases
we and wy,.

The stability of the steady state is determined using the Routh-Hurwitz
criterion which states that the Eigenvalues of the Jacobian have all negative
real parts when

ag = fzgcwp
ay = _fzgc - fpwc + fcwp
ag = —fc — Wp

az = a2a1 — ag

are all positive. Due to the previous assumptions ag > 0. The other terms
simplify when the TIP3 dynamics is fast compared to the other processes
Wp, We > 1, then a1 =~ —fpw. + fowp, and az = —w,. When the IP3 dy-
namics is slow wp,w. < 1, then a; = —f,g. and az ~ —f.. We compare
three models: positive feedback, negative feedback and absence of feedbacks
of Ca?t on IP;. If the three models have an identical steady state then the
partial derivatives, except of course w. and w,, are identical for the three
cases considered. Depending on the magnitude of the positive feedback of
Ca?t on the IP3R and on the transport processes that remove Ca?* f. can
be either positive or negative; both cases will be discussed.

The stability properties of the steady state when f. > 0 are summarized
in Table 1. If the system can oscillate in the absence of Ca?* feedbacks on the
IP3 metabolism, i.e. the steady state is unstable, slowing the IP3 dynamics
does not stabilize the system, i.e. abolish the oscillations, in either positive
or negative feedback models. Overexpressing the enzyme IP33K, which cor-
responds to accelerating the IP3 dynamics in the negative feedback model,
can stabilize the steady state and so may abolish the oscillations.



If f. >0

IP3 dynamics ap a1 a2 az stability
no feedback, w. =0 + £+ + — unstable
positive feedback, w. > 0

slow dynamics + + — — unstable

fast dynamics 4+ — + — unstable
negative feedback, w. < 0

slow dynamics 4+ — — — unstable

fast dynamics + + + =+ stable/unstable

Table 1. Stability properties of the steady state when f. > 0 in a model without
feedback, positive or negative feedback of Ca?" on IP3. In the negative feedback,
for fast IP3 dynamics, the steady state is stable when fw. — fewp, < 0.

If fo <O
IP3 dynamics ap a1 a2 az stability
no feedback, w. =0 + 4+ + + stable

positive feedback, w. > 0

slow dynamics + + + + stable

fast dynamics + + + £ stable/unstable
negative feedback, w. < 0

any dynamics + 4+ + + stable

Table 2. Stability properties of the steady state when f. < 0. For fast IP3 dynamics
and in the presence of Ca?" activation of IP3 production the steady state is unstable
when fpwe — fewp > 0.

The stability properties of the steady state when f. < 0 are summarized
in Table 2. When the steady state is stable in the absence of feedbacks,
the presence of positive feedback on IP3 can destabilize the system and so
generate oscillations. For this to occur the IP3 dynamics must be sufficiently
fast and f,w. — fewp, > 0. In the last formula one recognizes that the mutual
activation of IP3 and Ca?®T, fyw., needs to be strong compared to processes
responsible for the clearance of Ca?t and the degradation of IP3, which enter
fewp. Slowing of the IP3 dynamics stabilizes the system, and so abolishes the
oscillations. The presence of negative feedback does not affect the stability of
the steady state and so may not give rise to Ca* oscillations.

These conclusions are independent of specific expressions for the rates. In
particular, they show that slowing the IP3 dynamics may unmask a critical
role of positive feedback of Ca?t on IP3 in the oscillatory mechanism. The
slowing of the IP3 dynamics is predicted to cause a transition from oscillatory
to non-oscillatory behavior.



Reference parameters

Positive feedback

IP3 dynamics parameters:

IP3 dephosphorylation rate constant, ksp 1/s
Half-activation constant of PLC, Kprc 0.2 uM
Ca’" transport and structural parameters:

Ratio of volumes ER/cytosol, 3 0.185
Maximal SERCA pump rate, Vierca 0.9 uM/s
Half-activation constant, Kserca 0.1 uM
Maximal PMCA pump rate, Vpm, 0.02 uM/s
Half-activation constant, K, 0.12 uM
Constant influx, v 0.004 uM/s
Stimulation-dependent influx, ¢ 0.002/s
IPsR parameters:

Maximal rate of Ca%t release, k1 1.11/s
Ca** leak, ko 0.0203/s
Ca?" binding to activating site, K, 0.08 uM
Ca** binding to inhibiting site, K; 0.4 uM
IP3 binding, K, 0.13 uM
Characteristic time IP3R inactivation, 7. 6s

Table 3. Parameters are taken from literature [7, 7,7, 7, ?]. The maximal rate
of PLC, Vprc, is a stimulation-dependent control parameter. The half-activation
constant of PLC, Kprc, is used to tune the positive feedback of Ca?t on IP5. See
also [?].

3.2 A detailed model for Ca2*-IP3 interactions

In a detailed model we consider the three variables mentioned before (Ca?*
and IP3 in the cytoplasm, ¢ and p, and total Ca?* concentration z) and ad-
ditionally the activity state of the IP3R, denoted by r. The positive feedback
model is described in detail in [?]. Here we give a summary of the rate ex-
pressions used. According to Fig. 1 the time changes in the four variables are
given by

dc

E = f(C, Z, P, T) = Urel — Userca T Vin — Vout (3)
dz
E = g(C) = Vin — Vout (4)
dp
i w(e,p) = vpLo — Usp (5)
d

i’ = h(C) = VUrec — Vinac- (6)

dt



Where

—_<k( <P )+k> (= —c(1+8))/8

p—
Ko+cK,+p
2
c
_Vsercam (7)
and
- ®)
Vin — Vout = Vo + ¢VPLC - ‘/;)77’7,7
K2, +c2
For the IP3 dynamics we take
BEK, \ ' 2
- =1+ —L_ Verc——— — k . 9
VPLC — UsP ( + x, +p)2> ( PLC KZ,o 1 5Pp) (9)

The latter equation includes the effect of an IP3 binding molecule, the IP3
buffer. We assume that binding of the buffer to IP3 is fast compared to other
processes. Using a rapid-equilibrium approximation one obtains the first term
of Eq. 9, where B is the IP3 buffer concentration. The parameter Kpr¢
characterizes the sensitivity of PLC to Ca?T and is used to tune the strength
of the positive feedback. For the IP3R, we assume that their activation by
Ca?T and IPj is fast, whereas the inactivation is slow [?]

1 K;,+c
rec = Vinae = — (1 — . 10
tree =t = = (1= (10)

This equation indicates that for high Ca?* the fraction of activable receptors
r decreases with a characteristic time 7,.. The parameter values are listed in
Table 3.

3.3 Expression of an IP3; buffer suppresses Ca?*t oscillations

To test experimentally the model predictions made in section 3.1, we used a
molecular IP3 buffer which consists of the N-terminal ligand binding domain
of rat type 1 IP3R linked to enhanced green fluorescent protein (EGFP-
LBD). Chinese hamster ovary (CHO) cells were transiently transfected with
EGFP (control) or EGFP-LBD then challenged with submaximal and maxi-
mal ATP concentrations. The subsequent [Ca?*t]. responses were monitored
using a fluorescent probe, fura-2. EGFP fluorescence was utilized to distin-
guish transfected from non-transfected cells in a given field of view and to
estimate the intracellular concentration of the transgene.

The addition of low ATP concentrations elicited periodic [Ca®*]. spikes
in > 85% of the CHO cells expressing EGFP (Fig. 2A, B) or non-expressing
cells from cultures transfected with EGFP-LBD (not shown). The presence
of EGFP-LBD had a dose-dependent effect on the agonist dependent Ca?*



oscillations in CHO cells (Fig. 2A). High levels of EGFP-LBD expression
correlated with a loss of repetitive [Ca?*].. spiking and the appearance of low
amplitude [Ca?*], increases (Fig. 2A, B). Moreover, EGFP-LBD expression
significantly slowed the rate of [Ca?*]. rise (Fig. 2C; p < 0.01) and signifi-
cantly broadened the width of the [Ca®*], spike (Fig. 2D; p < 0.05) compared
to EGFP expressing cells.

According to the theoretical results, section 3.1, the disappearance of
Ca?t oscillations after slowing the IP3 dynamics, may indicate that IP3 os-
cillations, driven by positive feedback of Ca?* on IP3 production, are in-
volved in this system. We performed simulations using the detailed model
for the Ca?T-IP3 oscillator with positive feedback of Ca?* on IP3 (section
3.2). The concentration of the IP3 buffer and the degree of stimulation are
varied by changing B and the maximal rate of IP3 production Vprc (Eq. 9).
Without IP3 buffer (B = 0) the model exhibit Ca?* oscillations where the
frequency increases with increasing stimulation (Fig. 2E, Control). At high
concentrations of IP5 buffer (Fig. 2E, B = 13 uM), the model exhibits single
transients (for lower agonist dose), and repetitive truncated spikes (for high
agonist dose). Both responses closely resemble the experimentally observed
patterns in cells expressing high amounts of EGFP-LBD. The Ca2" oscilla-
tions at lower concentrations of IP3 buffer (Fig. 2F) exhibit a broadening of
the individual spikes, which is very similar to the experimental observation
in cells expressing low amounts of EGFP-LBD. Also the observed decrease of
the rate of Ca?* rise is reproduced by the model (not shown). These results
are corroborated by a more detailed analysis of the theoretical system. A
detailed model with negative feedback through Ca?* dependent degradation
of IP3 mediated by IP33K could not account for any of the experimental
findings (see [?]).

4 Physiological role of Ca2t feedbacks on IPj3
metabolism

4.1 The wide range of oscillation periods is due to interactions
of IP3 and Ca?t dynamics

The experiments with the IP3 buffer indicate that Ca2* feedback on PLC
plays a crucial role in the oscillatory process. To elucidate the possible physi-
ological role of this feedback we varied its strength. This is done by changing
the sensitivity of PLC for Ca?* (i.e. changing Kprc, see Eq. 9). For Kprc
being much lower than the basal [Ca®*]., PLC is always saturated with Ca?*
and its activity is independent of variations in [Ca?*].. In particular, by set-
ting Kprc = 0 positive feedback will effectively be eliminated. This model
with constant IP3 concentration shows fast calcium oscillations with a pe-
riod of 10-15 sec (Fig. 3A, dashed line). Introducing positive feedback by
setting Kprc > 0 causes oscillations with long periods at low stimulation.
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The IP3 buffer concentration B is increased as indicated. An increase in ATP
(arrowheads) is simulated by an increase in the maximal activity Vprc of PLC,
Eq. 9 . (F) We also observe a significant increase in spike width as shown in D.
Parameters listed in Table 3. All rates have been slowed by a factor of 10. In
(E) Vprc = 0.125, 0.2, 0.4 pM/s. Initial condition at Vprc = 0.05 uM/s. In (F)
Vere = 0.2 uM/s. Reproduced from [?].

The frequency encoding of the stimulus becomes very pronounced when the
sensitivity of PLC to changes in [Ca?T], is just above basal [Ca?t]. (Fig. 3A,
solid lines, Kprc = 0.1 and 0.2 pM). This indicates that positive feedback of
Ca?t on IP3 may serve a physiological role by greatly enhancing the range
of frequency-encoding of the agonist stimulus and promoting long period os-
cillations.
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Fig. 3. Frequency encoding of agonist stimulus. (A) Oscillation periods observed
at different stimulation strengths (varying Vprc). Increasing the half-saturation
constant of PLC for CaH7 Kprc, from 0 (no functional positive feedback) to 0.2 pM
(functional feedback) greatly enhances frequency encoding. (B) Control coefficients
for the oscillation period of Ca®T exchange across the ER membrane (C, solid line)
and plasma membrane (Cpm, dash-dotted line), IP3 metabolism (Cj, dashed line),
and IPsR dynamics (Cy, dotted line). A positive period control coefficient signifies
that a slowing of the corresponding process increases the period. Parameter as in
Table 3 except 7 = 12.5 s, vo = 0.0004 uM/s, ¢ = 0.004, ksp = 0.66/s. Reproduced
from [7].

We also quantified the relative control of the IP3 dynamics and the other
processes present in the model on the oscillation period. To this end, we used
the following sensitivity measure

7 0T .
C; = %gﬂ for i =er, pm, p, r (11)

which we refer to as period control coefficients (see also [?]). The C; set the
change of the oscillation period T in proportion to the change in a characteris-
tic time 7; of an individual process i. We analyzed the control of the following
processes: IP3 metabolism, the IP3R dynamics, Ca?t transport across the ER
membrane, and Ca?t transport across the plasma membrane. A positive pe-
riod control coefficient implies that a slowing of the respective process (i.e.
increase in 7;) raises the period. At any point, the period control coeflicients
sum to unity, Cp + C, + C¢r + Cpp, = 1, so that each coefficient quantifies
the relative contribution of a single process to the oscillation period [?].
The control coefficients were calculated for various levels of stimulation.
Because these levels correspond to different oscillation periods, we can plot
the C; against the period (Fig. 3B). There are several notable features. The
control is distributed mainly between the IP3 dynamics (dot-dashed line),
IP3R dynamics (dotted line), and the fluxes through the ER membrane (solid
line). The fast oscillations are dominated by the exchange fluxes through the
ER membrane and the IP3R dynamics. Interestingly, there is an overall ten-
dency that the IP3 dynamics is more relevant for slow oscillations indicating
its role for long-period oscillations. We also found a rather counter-intuitive



behavior at intermediate periods where acceleration of the IP3R dynamics
would result in a slowing of the oscillations (C, < 0).

This quantification of period control reveals that no process can be sin-
gled out as a unique period controlling factor. Depending on the oscillation
mechanism and the reference period, the IP3 turnover, the ER Ca2* fluxes
and the IP3R dynamics can all exert strong control.

4.2 Intercellular coupling

In the intact liver, cells can communicate with their neighbours by diffusion of
small molecules through intercellular channels (gap junctions). This is a pre-
requisite for a coordinated response to the external stimulation, where one ob-
serves repetitive Ca?t-waves propagating through a large number of cells [?].
Isolated liver cells, conserving gap-junctional coupling with one or two of their
neighbours, show upon stimulation synchronous (1:1 phase-locked) [Ca?T]..
oscillations. If the gap-junctional coupling is disrupted each cell oscillates in-
dependently and the oscillation frequencies can differ by a factor of up to
two [?]. There are indications that this is due to variations in the amount
of agonist receptors and so in the maximal IP3 production rate. In models
whithout feedbacks of Ca?* on IP3 (i.e. IP3 is not oscillating), intercellular
diffusion of Ca?* alone is sufficient to account for the coordinated response
observed in coupled cells [?,?]. For this the gap-junctional Ca?* permeability
must be higher than a critical value. When IPj3 is not oscillating its intercel-
lular diffusion smooth out the differences between cells. This decreases the
value of the critical Ca?* gap-junctional permeability and, if the Ca2t per-
meability is to low, allows coordination for a limited number of spikes [?,7].

In vivo, the theoretically estimated Ca?* gap-junctional permeability nec-
essary for intercellular coordination may not be attained as Ca?" is strongly
buffered in the cytoplasm so that its permeability is reduced by a factor of ~
10-20 [?]. Our results show that Ca?" exerts feedback on IP3 by activating
its production, and we were interested how this influences the response to
hormone of coupled cells.

We present the results for two coupled cells. The equation for IP3 and
Ca?t dynamics in the first cell changes to

de
d_tl = f(e1, 21,p1,71) + Yelc2 — 1) (12)
dz
d_tl =g(c1) +7ele2 — 1) (13)
dp
d_tl = w(c1,p1) +Yp(P2 — p1)- (14)

The gap-junctional diffusion rate constant of Ca?t and IP3 are denoted re-
spectively by 7. and 7,. The subscripts 1 and 2 indicate the concentrations



in the first and second cell respectively. The symmetric expression is used for
the second cell.

The permeability for Ca**, ~., and IP3, 7,, are parameters which are
difficult to measure. We use them as control parameters together with the
maximal production rate Vpr o of IP3. For two identical cells one can identify
four different coupled oscillatory modes. The stimulatory region and stability
of these modes is shown in Fig. 4A. Only two modes, regular synchronous
(diamonds) and regular asynchronous (triangles) oscillations (Fig. 4B and
C respetively), were found to be locally stable. We were not able to find a
parameter combination where the two types of irregular asynchronous oscil-
lations (squares and circles in Fig. 4A) are stable. These oscillatory modes are
characterized by different amplitudes in the two cells (Fig. 4D-E). Interest-
ingly, for two identical cells stable regular asynchronous oscillations have not
been observed in a similar model without feedback on IP3 [?]. In the region
near the first hopf bifurcation HBy;, opaque diamands, we found oscillations
with very long interspike intervals characteristic for canards [?].

It turns out that the stable asynchronous oscillations crucially depend on
the IP3 and Ca?* coupling. In Fig. 5 we systematically varied the two per-
meabilities 7, and 7. and looked whether, by changing Vprc, one could find
regular asynchronous oscillations. Only when the Ca?t permeability is low
is this oscillatory mode stable (region a). For larger Ca?" permeabilities the
regular asynchronous oscillations are unstable (region b) or even completely
disappear (region c).

If the Ca?*-IP3 oscillators are not identical the possible collective dynam-
ics becomes more complicated. We were interested in the parameter region
where synchronous oscillations are observed, as this is the behavior observed
for hepatocytes duplets [?]. The oscillations in the two cells are of course not
identical but their phase difference is locked and the spike ratio is 1:1. The
two cells differ in their intrinsic frequencies due to differences in their IPg
production rate Vprc. As shown in Fig. 6 stable synchronous solutions are
obtained either by increasing the IP3 or Ca?" intercellular permeability. We
will denote by critical permeability the permeability over which the oscilla-
tions are synchronous. One notices that if the difference between cells is small
(Vprc1 = 0.8 uM/s and Vproe = 1 uM/s) the critical IP3 permeability is
always lower than the critical Ca?* permeability. This relation inverses when
the difference between cells is larger (Vprc1 = 0.8 uM/s and Vpree = 1.5
uM/s). This may be due to the fact that for the second case cells oscillate
faster so that the amplitude in IP3 oscillations is reduced, making it more
difficult for the first cell coupled via IP3 diffusion to sense the oscillation fre-
quency in the second cell. Despite this variation in sensitivity toward Ca%*
or IP3 coupling one should keep in mind that Ca?* is strongly buffered so
that its effective permeability is about 10 to 20 times lower. Therefore, for
low gap-junctional coupling the synchronisation of Ca?* oscillations is more
likely to be carried by IP5 diffusion than by Ca?*t diffusion.
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Fig.4. Two identical cells are coupled via intercellular diffusion of IP3 only
(yp = 0.2/s, ve = 0). (A) Maxima of the [Ca®"]. oscillations as function of the
stimulus. One can distinguish between three types of coupled oscilatory behaviors:
Regular synchronous oscillations (diamond, see B), regular asynchronous oscilla-
tions (triangle, see C), two branches of irregular asynchronous oscillations (circles
and square, see D and E respectively). Regular (a)synchronous have stable and
unstable branches (filled and opague symbols, respectively), irregular asynchronous
oscillations have only unstable branches (opague symbol). (B) Regular synchronous:
no phase difference and equal amplitude. (C) Regular asynchronous: 7 /2 phase dif-
ference and equal amplitude. (D) and (E) Irregular asynchronous: phase difference
> /2, different amplitudes. In B-E Vprc = 1.55 uM/s. Parameter as given in
Table 3 except Vpm = 0.18 uM/s, ¢ = 0.084, vo = 0.0072 pM/s, 7. = 12.5 s,
k5p = 0.66/8.
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Fig. 5. Two identical cells coupled via intercellular diffusion of IP3 and Ca**. De-
pending on the strength of Ca®>* and IP3 coupling regular asynchronous oscillations
as shown in Fig. 4C can be found. In region a this oscillatory mode is stable for
certain values of Vprc (see Fig. 4A), in region b it is unstable for any values of
VpLc, and in region c this oscillatory mode is not present. Parameters as in Fig. 4.

5 Conclusions

We have shown, by combining theoretical and experimental analysis, how it
is possible to elucidate the feedback structure underlying hormone induced
Ca?* oscillations. IP3 oscillations appear to play an important dynamic role
for the Ca2* oscillations. This result is also supported by a recent work of
Sneyd et al. [?] where they perturb the system by releasing small amounts of
IP5. Here, we concentrated on a positive feedback system, Ca?t activation of
IP3 production via PLC. The physiological relevance of this interaction may
lie in its ability to support efficient frequency encoding of the stimulus and
in improving the coordination of cells coupled by intercellular diffusion.

Two other feedbacks of Ca?t on IP3 metabolism have been proposed,
both of which are negative. The already mentioned Ca?t activation of IP3
degradation, via IP33K, and PKC induced inactivation of agonist receptors
[7,?]. Modelling of these two feedbacks show that both can improve frequency
encoding of the stimulus. However, one cannot identify them by perturbing
the IP3 turnover as we have done for the positive feedback of Ca?* on IPs.
Thus to asses their role in Ca?* oscillations it is necessary to develop new
theoretical and experimental approaches.
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Fig. 6. Two cells which differ in their PLC activity are coupled. Uncoupled the
cells oscillate with their own period (27, 18.8 and 11.6 sec for Vprc = 0.8, 1 and
1.5 uM/s respectively). The region of synchornous, 1:1 phase-locked oscillations de-
pends on the intercellular permeabilities for Ca>* and IP3 (. and =y, respectively).
Parameters as in Fig. 4.
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Abstract. We review stabilization of deterministic chaotic as well as noise-induced
spatio-temporal patterns in spatially extended nonlinear systems by time-delayed
feedback control. Different control schemes, e.g., a diagonal control matrix, or global
control, or combinations of both, are compared. Specifically, we use two models of
nonlinear charge transport in semiconductor nanostructures which are of particular
current interest: (i) superlattice, (ii) double-barrier resonant-tunneling diode.

1 Introduction

Over the past decade control of unstable states has evolved into a central
issue in applied nonlinear science. This field has various aspects comprising
stabilization of unstable periodic orbits embedded in a deterministic chaotic
attractor, which is generally referred to as chaos control [1], stabilization of
unstable fixed points, or control of the coherence and timescales of stochastic
motion. Various methods of control, going well beyond the classical control
theory [2, 3], have been developed since the ground-breaking work of Ott,
Grebogi and Yorke [4]. One scheme where the control force is constructed
from time-delayed signals [5] has turned out to be very robust and universal
to apply. It has been used in a large variety of systems in physics, chemistry,
biology, and medicine [6], in purely temporal dynamics as well as in spatially
extended systems. Moreover, it has recently been shown to be applicable
also to noise-induced oscillations and patterns [7—9]. This is an interesting
observation in the context of ongoing research on the constructive influence
of noise in nonlinear systems [10-12].

In this review we focus on modern semiconductor structures whose struc-
tural and electronic properties vary on a nanometer scale. They provide an
abundance of examples for nonlinear dynamics and self-organized pattern
formation [13-15]. In these nanostructures nonlinear charge transport mech-
anisms are given, for instance, by quantum mechanical tunnelling through
potential barriers, or by thermionic emission of hot electrons which have
enough kinetic energy to overcome the barrier. A further important feature
connected with potential barriers and quantum wells in such semiconduc-
tor structures is the ubiquitous presence of space charges. This, according to



Poisson’s equation, induces a further feedback between the charge carrier dis-
tribution and the electric potential distribution governing the transport. This
mutual nonlinear interdependence is particularly pronounced in the cases of
semiconductor heterostructures (consisting of layers of different materials)
and low-dimensional nanostructures where abrupt junctions between differ-
ent materials on an atomic length scale cause conduction band discontinu-
ities resulting in potential barriers and wells. The local charge accumulation
in these potential wells, together with nonlinear transport processes across
the barriers have been found to provide a number of nonlinearities in the
current-voltage characteristics.
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Fig.1. A semiconductor element operated in a circuit with load resistor R and
capacitor C, and applied bias voltage Up.

In the case of negative differential conductance, the current I decreases
with increasing voltage U, and vice versa, which normally corresponds to an
unstable situation. The actual electric response depends upon the attached
circuit which in general contains - even in the absence of external load resis-
tors - unavoidable resistive and reactive components like lead resistances, lead
inductances, package inductances, and package capacitances. These reactive
components give rise to additional degrees of freedom which are described
by Kirchhoff’s equations of the circuit. If, for instance, a circuit is considered
which contains a capacitance C' parallel to the semiconductor device, and a
load resistance Ry, and a bias voltage Up in series with the device (Fig. 1),
then Kirchhoff’s laws lead to

Uo = RpIp(t) +U(t) (1)
dUu
Iy(t) =1(t) + C—. (2)
dt
Hence the temporal behavior of the voltage is determined by the circuit
equation
au(t 1 (Uy—-U

dt C Ry,

If a semiconductor element with negative differential conductance is operated
in a reactive circuit, oscillatory instabilities may be induced by these reactive




components, even if the relaxation time of the semiconductor is much smaller
than that of the external circuit so that the semiconductor can be described
by its stationary I(U) characteristic and simply acts as a nonlinear resis-
tor. Self-sustained semiconductor oscillations, where the semiconductor itself
introduces an internal unstable temporal degree of freedom, must be distin-
guished from those circuit-induced oscillations. The self-sustained oscillations
under time-independent external bias will be discussed in the following. Ex-
amples for internal degrees of freedom are the charge carrier density, or the
electron temperature, or a junction capacitance within the device. Eq.(3) is
then supplemented by a dynamic equation for this internal variable. It should
be noted that the same class of models is also applicable to describe neural
dynamics in the framework of the Hodgkin-Huxley equations [16].

Two important cases of negative differential conductivity (NDC) are de-
scribed by an N-shaped or an S-shaped j(F') characteristic, and denoted by
NNDC and SNDC, respectively. However, more complicated forms like Z-
shaped, loop-shaped, or disconnected characteristics are also possible [15].
NNDC and SNDC are associated with voltage- or current-controlled insta-
bilities, respectively. In the NNDC case the current density is a single-valued
function of the field, but the field is multivalued: the F'(j) relation has three
branches in a certain range of j. The SNDC case is complementary in the
sense that F' and j are interchanged. In case of NNDC, the NDC branch is of-
ten but not always - depending upon external circuit and boundary conditions
- unstable against the formation of nonuniform field profiles along the charge
transport direction (electric field domains), while in the SNDC case current
filamentation generally occurs, i.e., the current density becomes nonuniform
over the cross-section of the current flow and forms a conducting channel. The
elementary structures which make up these self-organized patterns are sta-
tionary or moving fronts representing the boundaries of the high-field domain
or high-current filament. These primary self-organized spatial patterns may
themselves become unstable in secondary bifurcation leading to periodically
or chaotically breathing, rocking, moving, or spiking filaments or domains,
or even solid-state turbulence and spatio-temporal chaos.

Chaotic oscillations should be avoided for a reliable operation of semicon-
ductor devices. Therefore there is need for control of those. The important
aspect of chaos control [1] is the emphasis of noninvasive control methods
together with the observation that chaos supplies a huge number of unstable
states that can be stabilized with tiny control power [4]. A particularly simple
and efficient scheme uses time—delayed signals to generate control forces for
stabilizing time periodic states [5] (time—delay autosynchronization, TDAS,
or Pyragas method). Within this approach, an intrinsically unstable periodic
orbit is stabilized using a feedback loop which couples back the difference
of an output variable at the actual time ¢t and the same variable at a de-
layed time ¢t — 7. This scheme is simple to implement, quite robust, and has
been applied successfully in real experiments, e.g., [17]- [27]. An extension



to multiple time-delays (extended time-delay autosynchronization, ETDAS)
has been proposed by Socolar et al [28], and analytical insight into those
schemes has been gained by several theoretical studies [29]- [36] as well as
by numerical bifurcation analysis [37]. Such self-stabilizing feedback control
schemes (time—delay autosynchronization) with different couplings of the con-
trol force have also been applied to spatio-temporal patterns resulting from
various models of semiconductor oscillators [38]- [46]. They should be easy
to implement in practical semiconductor devices.

Time-delayed feedback control has also been applied to purely noise-
induced oscillations in a regime where the deterministic system rests in a
steady state. It has been shown that in this way both the coherence and
the mean frequency of the oscillations can be controlled in simple mod-
els [7-9,47,48] as well as in spatially extended systems [49-51].
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Fig. 2. a) Superlattice exhibiting domain formation. The associated current density
(j) versus field (F) characteristic shows negative differential conductivity (NDC).
The low-field domain corresponds to sequential tunnelling between equivalent levels
of adjacent quantum wells (low-field peak of the j(F) characteristic), while the high-
field domain corresponds to resonant tunnelling between different levels of adjacent
wells (high-field peak). b) Schematic potential profile of the double barrier resonant
tunneling structure (DBRT). Er and E,, denote the Fermi level in the emitter, and
the energy level in the quantum well, respectively. U is the voltage applied across
the structure.

In the following, we use two paradigmatic models of semiconductor nanos-
tructures which are of great current interest [15], see Fig. 14:

(i) Electron transport in semiconductor superlattices shows strongly non-
linear spatio-temporal dynamics. Complex scenarios including chaotic mo-
tion of multiple fronts have been found under time-independent bias condi-
tions [52], showing signs of universal front dynamics [53,54]. Unstable periodic
orbits corresponding to travelling field domain modes can be stabilized by
time delayed feedback control. A novel control scheme using low-pass filtering



and allowing for control loop latency has been developed [46]. Noise-induced
front patterns have also been found [55].

(i) Charge accumulation in the quantum-well of a double-barrier resonant-
tunneling diode (DBRT) may result in lateral spatio-temporal patterns of the
current density and chaos [56]. We demonstrate that unstable current den-
sity patterns, e.g., periodic breathing or spiking modes, can be stabilized
in a wide parameter range by a delayed feedback loop. We will compare
the control domains of different control schemes, relating them to their Flo-
quet spectrum [45]. Delayed feedback control of noise-induced patterns is also
demonstrated [50,57].

2 Chaos control of domains and fronts in superlattices

Semiconductor superlattices [58] have been demonstrated to give rise to self-
sustained current oscillations ranging from several hundred MHz [59, 60] to
150 GHz at room temperature [61]. In any case, a superlattice constitutes a
highly nonlinear system [15,62-64], and instabilities are likely to occur. In-
deed, chaotic scenarios have been found experimentally [65-67] and described
theoretically in periodically driven [68] as well as in undriven systems [52].
For a reliable operation of a superlattice as an ultra-high frequency oscillator
such unpredictable and irregular conditions should be avoided, which might
not be easy in practice.

Here we focus on simulations of dynamic scenarios for superlattices under
fixed time-independent external voltage in the regime where self-sustained
dipole waves are spontaneously generated at the emitter. The dipole waves are
associated with travelling field domains, and consist of electron accumulation
and depletion fronts which in general travel at different velocities and may
merge and annihilate. Depending on the applied voltage and the contact
conductivity, this gives rise to various oscillation modes as well as different
routes to chaotic behavior [52,54].

We use a model of a superlattice based on sequential tunneling of elec-
trons. In the framework of this model electrons are assumed to be localized
at one particular well and only weakly coupled to the neighboring wells. The
tunneling rate to the next well is lower than the typical relaxation rate be-
tween the different energy levels within one well. The electrons within one
well are then in quasi—equilibrium and transport through the barrier is inco-
herent. The resulting tunneling current density J—m-t+1(Fm, Rm, 1) from
well m to well m+ 1 depends only on the electric field F;,, between both wells
and the electron densities n,, and n,,; in the wells (in units of cm~2). A
detailed microscopic derivation of the model has been given elsewhere [62]. A
typical result for the current density vs electric field characteristic is depicted
in Fig. 14 in the spatially homogeneous case, i.e. n, = ny,4+1 = Np, with
donor density Np.



In the following we will adopt the total number of electrons in each well as
the dynamic variables of the system. The dynamic equations are then given
by the continuity equation

dn,
e% =Jn-1-m — Jmoms1 form=1,...N (4)

where N is the number of wells in the superlattice, and e < 0 is the electron
charge.

The electron densities and the electric fields are coupled by the following
discrete version of Gauss’s law

ereo(Fn — Fn—1) = e(ny, — Np) form=1,... N, (5)

where €, and ¢y are the relative and absolute permittivities, and Fy and Fiy
are the fields at the emitter and collector barrier, respectively.

The applied voltage between emitter and collector gives rise to a global
constraint

N
U==> Fud, (6)
m=0
where d is the superlattice period.
The current densities at the contacts are chosen such that dipole waves
are generated at the emitter. For this purpose it is sufficient to choose Ohmic
boundary conditions:

JQ_,l = O'FQ (7)

JN—>N+1:0FN_ (8)

where o is the Ohmic contact conductivity, and the factor ny/Np is in-
troduced in order to avoid negative electron densities at the collector. Here
we make the physical assumption that the current from the last well to the
collector is proportional to the electron density in the last well. It is in prin-
ciple possible to use a more realistic exponential emitter characteristic [69]
or calculate the boundary conditions using microscopic considerations, but
the qualitative behavior is not changed.

In our computer simulations we use a superlattice with N = 100 periods,
Alp 3Gag.7As barriers of width b = 5nm and GaAs quantum wells of width
w = 8nm, doping density Np = 1.0x 10 em ™2 and scattering induced broad-
ening I' = 8meV at T = 20K. If the contact conductivity o is chosen such
that the intersection point with the homogeneous N—shaped current density
vs. field characteristic is at a sufficiently low current value, accumulation and
depletion fronts are generated at the emitter. Those fronts form a travelling
high-field domain, with leading electron depletion front and trailing accumu-
lation front. For fixed voltage U eq. (6) imposes constraints on the lengths of
the high-field domains and thus on the front velocities. If N, accumulations
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Fig. 3. (a) Positions where accumulation and depletion fronts annihilate vs. voltage
at o =0.5 £27'm™'. The greyscale indicates high (black) and low (white) numbers
of annihilations at a given well. (b) Time differences between consecutive maxima
of the electron density in well no. 20 vs. voltage. Time series of length 600 ns have
been used for each value of the voltage.

fronts and N4 depletion fronts are present, the respective front velocites v,
and vy must obey vg/v, = N,/Ng. Since the front velocities are monotonic
functions of the current density [70], this also fixes the current. If the accumu-
lation and depletion fronts have different velocities, they may collide in pairs
and annihilate. With decreasing contact conductivity, or increasing voltage,
chaotic scenarios arise, where the annihilation of fronts of opposite polarity
occurs at irregular positions within the superlattice [52], leading to complex
bifurcation diagrams.

In Fig. 3(a) a density plot of the positions (well numbers) at which two
fronts annihilate is shown as a function of the voltage. We see that for low
voltage the annihilation takes place at a definite position in the superlattice



with a variation of only a few wells. This distribution broadens for increasing
voltage in characteristic bifurcation scenarios reminiscent of period doubling,
leading to chaotic regimes. We note that in the chaotic regime periodic win-
dows exist. A one-parameter bifurcation diagram is given in Fig. 3(b), ob-
tained by plotting the time difference At between two consecutive maxima of
the electron density in a specific well. Chaotic bands and periodic windows
can be clearly seen.

300 310 320 330 340 350
t [ns]

320 30 350

3
t [ns]

Fig. 4. Control of chaotic front dynamics by extended time-delay autosynchroniza-
tion. a) Space-time plot of the uncontrolled charge density, and current density J
vs. time. b) Same with global voltage control with exponentially weighted current
density (denoted by the black curve). Parameters as in Fig. 1, U = 1.15 V, 7 = 2.29
ns, K =3 x 107Vmm?/A, R =0.2, a = 10%s~".

The transition from periodic to chaotic oscillations is enlightened by
considering the space-time plot for the evolution of the electron densities
(Fig. 16(a)). At U = 1.15V chaotic front patterns with irregular sequences of
annihilation of front pairs occur.

We shall now introduce a time-delayed feedback loop to control the chaotic
front motion and stabilize a periodic oscillation mode which is inherent in
the chaotic attractor [46,71]. As a global output signal which is coupled



back in the feedback loop, it is natural to use the total current density
J = ﬁ Zr]x:o Jm—m+1. For the uncontrolled chaotic oscillations, J ver-
sus time (grey trace in Fig. 16(a)) shows irregular spikes at those times when
two fronts annihilate. Note that the grey current time trace is modulated
by fast small-amplitude oscillations (due to well-to-well hopping of depletion
and accumulation fronts in our discrete model) which are not resolved tem-
porally in the plot. They can be averaged out by considering an exponentially
weighted current density (black curve in Fig. 16(b)), which corresponds to a
low—pass filter:

J(t) =« /Ot J(t)e = qy, (9)

with a cut-off frequency a.

The information contained in the low-frequency part of the current (Fig. 16(a),
black curve) is then used as input in the extended multiple-time autosyn-
chronization scheme. The voltage U across the superlattice is modulated by
multiple differences of the filtered signal at time ¢ and at delayed times ¢t — 7

U(t) = Up + Uc(t) (10)
Ue(t)y ==K [J(t) = J(t —7)] + RU(t — T) (11)

=—K Y R [J(t—vr) = J(t— (v + 1)7)]
v=0

~K |J(t)-(1-R) i RF1YJ(t — kr)
k=1

where Uj is a time-independent external bias, and U, is the control volt-
age. K is the amplitude of the control force, 7 is the delay time, and R is
a memory parameter. A sketch of the whole control circuit is displayed in
Fig. 5a. Such a global control scheme is easy to implement experimentally. It
is non-invasive in the sense that the control force vanishes when the target
state of period 7 has been reached. This target state is an unstable periodic
orbit of the uncontrolled system. The period 7 can be determined a priori
by observing the resonance-like behavior of the mean control force versus 7.
The result of the control is shown in Fig. 16(b). The front dynamics exhibits
annihilation of front pairs at fixed positions in the superlattice, and stable
periodic oscillations of the current are obtained.

In Fig. 5(b) the control domain is depicted in the parameter plane of R
and K. A typical horn-like control domain similar to the ones known from
other coupling schemes [42] is found. Control is achieved in a range of values
of the control amplitude K, which is widened and shifted to larger K with
increasing memory parameter R. Typically, the left—-hand control boundary
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Fig. 5. a) Control circuit including the low-pass filter with cut-off frequency « and
the time-delayed feedback loop (K) and its extension to multiple time delays (R).
b) Control domain for global voltage control. Full circles denote successful control,
small dots denote no control. Parameters as in Fig. 16.

corresponds to a period—doubling bifurcation leading to chaos for smaller
K, while the right-hand boundary is associated with a Hopf bifurcation.
The shape of our control domain and its size resemble the results obtained
analytically for diagonal control schemes where observables are measured
and controlled locally. In particular we do not observe the influence of other
branches of the Floquet eigenvalue problem, which might reduce the size of
the control domain severely [72]. Thus our control scheme is of similar control
performance as local control.

In order to investigate the effect of the low-pass filtering on the frequency
spectrum of the system, it is helpful to consider the transfer function formal-
ism in the frequency domain for the ETDAS control scheme both with and
without an additional low-pass filter.

In the frequency domain Eq. (11) reads

Uu(w) = —KT(w)J (), (12)
where T'(w) denotes the transfer function which can be calculated as
T(W) = TETDAS (W)T‘low—pass (W) (13)

Terpas(w) is the transfer function of the ETDAS control scheme [20] given
by

1— e—in

- ¢ 14
1— Re—iwr (14)

Terpas(w)



and Tjoy—pass(w) is the transfer function of the low-pass filter:

1
1+i%’

ﬂow—pass(w) = (15)

The shape of |Trrpas(w)| is displayed in Fig. 6(a) for different values
of R. As discussed by Sukow et al [20], the transfer function drops to zero
at multiples of the frequency of the unstable periodic orbit (UPO), i.e., 77 .
The notches at these frequencies become narrower for larger R. Due to the
notches, the frequency of the UPO does not contribute to the control signal,
so that the control force vanishes if stabilization is successful. The steeper
notches for larger R indicate that the ETDAS feedback is more sensitive to
frequencies different from the one to be controlled, so that more feedback is
produced for these unwanted frequencies, which makes the control scheme
more efficient.

The maximum value of |Trrpas(w)| approaches unity for R close to 1 and
the plateaus become flatter. Therefore, intermediate frequencies generate a
smaller response for larger R and thus are less likely to destabilize the system.

The combined transfer function |T'(w)| for ETDAS and low-pass filtering
is displayed in Fig. 6(b). As in Fig. 6(a), there are notches at multiples of
the frequency of the UPO, which become narrower for increasing R. The am-
plitudes of frequencies larger than the cut-off frequency « are reduced and
thus are only minor contributions to the feedback response. This is impor-
tant to notice in order to understand how the low-pass filter improves the
controllability of the system.

Consider a control signal that inhibits frequency components above the
frequency of the unstable periodic orbit, wy = 27/7. As discussed above,
the ETDAS transfer function becomes zero at multiples of wy so that these
frequencies are stabilized since no feedback is generated. The harmonics of a
small deviation from wq are given by m(wg + €) = mwpy + me with an integer
number m. It is likely that special harmonics of the deviation coincide with
one of the notches. In this case, ETDAS would generate a control force that
stabilizes wo + € and not only the desired frequency of the UPO wy. Inserting
a low-pass filter overcomes this effect because higher frequency components
are suppressed in the control signal.

Another way to understand the influence of the low-pass filter is to take
a look at frequencies which should be destabilized, i.e., suppressed by the
control scheme. For this discussion see Fig. 7, which depicts the transfer
function of the ETDAS method for R = 0.2 with and without a low-pass
filter (a7 = 1) as the dashed and solid line, respectively. The circles and
dots indicate an unwanted frequency w; and its first three harmonics. Let us
discuss first the case without a low-pass filter (solid line and black dots). Here
we find that the third harmonic (4w;) is almost located in the middle of a
notch of the transfer function. Thus it will enter the generation of the control
force with a high spectral weight so that the control scheme accidentally
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Fig. 6. (a) Absolute value of the ETDAS transfer function for different values of
R =0 (TDAS), 0.2, 0.4 0.6, 0.8. (b) absolute value of the ETDAS transfer function
including a low-pass filter with fixed a7 =1 for the same values of R as in (a).

stabilizes its fundamental frequency wi. This effect can be overcome by an
additional low-pass filter as shown by the dashed curve and the circles. Again
the third harmonic is located near a minimum of the transfer function, but
since the notch is not so steep due to the low-pass filter, the spectral weight
of the harmonic is smaller. Therefore the component of the control force that
supports the fundamental frequency w; is reduced.

For a better understanding of the influence of the low-pass filter on the
semiconductor superlattice, let us consider the Fourier power spectra of the
global current density in the case with and without low-pass filter. Panels (a)
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Fig. 7. Absolute value of the transfer function of the ETDAS method with and
without low-pass filtering for R = 0.2: The solid line and black dots correspond
to the case without a low-pass filter, the dashed line and the circles to the case
with a low-pass filter (ar = 1). The leftmost dot and circle depict an unwanted
frequency w1, the three rightmost dots and circles at 2wi, 3wi, and 4w the first
three harmonics.

and (b) of Fig. 8 depict the Fourier power spectra of the global current density
J in the absence of a control scheme, i.e., K = 0, for both the unfiltered and
filtered version of J where the red curve corresponds to J and the blue curve
corresponds to its filtered counterpart. The parameters of the superlattice
are as in Fig. 16 and the cut-off frequency of the filter is set to a = 1GHz.
Panel (b) is an enlargement of panel (a) to give details of the spectra in the
range of 0 to 2GHz.

The spectra in panel (a) do not show sharp peaks, but a large band of
frequencies indicating that the stabilization is not successful. In the spectra,
there are some local maxima visible. Next to a maximum at about 0.5GHz
[see panel (b)], there are additional local maxima at 10GHz and 20GHz,
which can be identified with the high frequency of the well-to-well-hopping
of the charge fronts and its first harmonic. As expected, the two spectra are
similar in the range of low frequencies [see panel (b)], but the amplitudes of
high frequency components are reduced in the filtered version of J. From this
it can be predicted that an additional control voltage according to Eq. (11)
will control the low frequency dynamics, which is subject of stabilization, and
will not be sensitive to the disturbing high frequency parts.

In fact, panels (c) and (d) of Fig. 8 show exactly this result in the presence
of ETDAS control with a low-pass filter (o« = 1GHz). The red and blue curves
in the diagram refer again to the original unfiltered current density and its
filtered counterpart, respectively. Panel (d) shows again an enlargement of
panel (c) in the range of 0 to 2GHz.

Distinct peaks are visible in each spectrum. Panel (d) shows that these
peaks belong to the fundamental frequency fy = 77! = 0.437GHz and its
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Fig. 8. Fourier power spectra of the global current density J: The red and the blue
curve correspond to the system with and without low-pass filter (cutoff frequency
a = 1GHz), respectively. (a) and (b) display the case of the absence of a control
scheme, i.e., K = 0. (c¢) and (d) show the case of ETDAS control via the applied
voltage for K = 3 x 107°Vmm?/A, R = 0.2, and 7 = 2.29ns. (b) and (d) are
enlargements of (a) and (c) in the range of 0 to 2GHz, respectively.

harmonics. Thus, the control is successful. It can be seen from the spectrum
of the unfiltered J in panel (c) that high frequencies are still present in the
system as frequency components in the range of 10GHz, which corresponds
to the well-to-well-hopping process of the fronts in the device (see also grey
curve in the J vs. t plot of Fig. 16), but the oscillations are successfully
stabilized because the control scheme is not sensitive to the disturbing high
frequencies. This can be seen in the spectrum of the filtered current den-
sity. The frequencies of the well-to-well-hopping process of the electrons are
strongly reduced. Since the control force is generated from the filtered J,



there are no high frequency contributions in U, which might destabilize the
system.

In conclusion, time-delay autosynchronization represents a convenient and
simple scheme for the self-stabilization of high-frequency current oscillations
due to moving domains in superlattices under dc bias. This approach lacks
the drawback of synchronization by an external ultrahigh-frequency forcing,
since it requires nothing but delaying of the global electrical system output
by the specified time lag.

3 Control of noise-induced oscillations in superlattices

Noise is an inevitable feature of physical models. Theoretical and experimen-
tal research has recently shown that noise can have surprisingly constructive
effects in many nonlinear systems. In particular, an optimal noise level may
give rise to ordered behavior and even produce new dynamical states [11].
Well-known examples are provided by stochastic resonance [73,74] in period-
ically driven systems, and by coherence resonance [10,75,76] in autonomous
systems. In spite of considerable progress on a fundamental level, useful ap-
plications of noise-induced phenomena in technologically relevant devices are
still scarce. Here we will demonstrate that noise can give rise to oscillating
current and charge density patterns in semiconductor nanostructures even if
the deterministic system exhibits only a steady state, and that these space-
time patterns can be controlled by the time-delayed feedback scheme applied
to purely deterministic chaotic front patterns in a superlattice in the previous
section.

We develop a stochastic model for the superlattice approximating the
random fluctuations of the current densities by additive Gaussian white noise
& (t) with

(Em@) =0, (En®)&m () = 0(t —t')dmm, (16)
in the continuity equation (4):
edz—tm =dJm-1-m + Dfm(t) — Jm—mt1 — D§m+1(t)v (17)

where D is the noise intensity. Since the inter-well coupling in our super-
lattice model is very weak and the tunneling times are much smaller than
the characteristic time scale of the global current, these noise sources can
be treated as uncorrelated both in time and space. Charge conservation is
automatically guaranteed by adding a noise term &,, to each current den-
sity Jym—1—m. The physical origin of the noise may be, e.g., thermal noise,
1/f noise, or shot noise due to the randomly fluctuating tunneling times of
discrete charges across the barriers. The latter is Poissonian and can be ap-
proximated by D = (eJy,—1m/A)Y/? [64,77] which increases with decreasing
current cross section A; thus this type of noise dominates for small devices. In



the following we summarize the global effect of noise by a constant D. Note
that the results coincide very well with those obtained for current-dependent
shot noise.
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Fig. 9. Bifurcation diagram in the (o, U) plane. Thick and hatched lines mark the
transition from stationary to moving fronts via a Hopf or a saddle-node bifurcation
on a limit cycle, respectively. The inset shows a blow-up of a small part of the
hatched line revealing its saw-tooth-like structure. Dark and white correspond to
stationary and moving fronts, respectively, where the numbers denote the positions
of the stationary accumulation front in the superlattice. Upper inset shows the
frequency f of the limit cycle which is born above the critical point (marked by a
cross in the lower inset) as function of U.

We choose the control parameters U and o such that the deterministic
system exhibits no oscillations but is very close to a bifurcation thus yielding
it very sensitive to noise. The transition from stationarity to oscillations in
the system may occur either via a Hopf or via a saddle-node bifurcation on
a limit cycle as depicted in the bifurcation diagram of Fig. 9. The different
nature of these two bifurcations is reflected in the effect noise has in each case.
The local character of the Hopf bifurcation is responsible for noise-induced
high frequency oscillations of strongly varying amplitude around the stable
fixed point. We try to characterize basic features of these oscillations such as
coherence and time scales. The need to be able to adjust these features as
one wishes will lead to the application of the time-delayed feedback scheme



as introduced for the deterministic system in Sect. 2. But first we will be
looking at the other dynamical regime [55], slightly below the global saddle-
node bifurcation on a limit cycle (cross in the lower inset of Fig. 9).

There the scenario is quite different. As seen in Fig. 9, keeping o fixed and
increasing the voltage U, a limit cycle of approximately constant amplitude
and increasing frequency is born. This happens through the collision of a
stable fixed point and a saddle-point. Plotting the frequency of these oscilla-
tions ws the bifurcation parameter U, we obtain the characteristic square-root
scaling law (upper inset of Fig. 9) that governs a saddle-node bifurcation on
a limit cycle. At the critical point U,.;; the frequency of the oscillations
tends to zero. This corresponds to an infinite period oscillation and therefore
this bifurcation is also known as saddle-node infinite period bifurcation or
SNIPER [78,79]. We now prepare the system at the stable fixed point, which
corresponds to a stationary accumulation front (Fig. 10(a)), and introduce
noise. As the noise intensity is increased, the behavior of the system changes
dramatically (Fig. 10(b)): the accumulation front remains stationary only for
a while, until a pair of a depletion and another accumulation front (i.e., a
charge dipole with a high-field domain in between) is generated at the emit-
ter. As is known from the deterministic system, this dipole injection depends
critically upon the emitter current [54]. Here it is triggered by noise at the
emitter (we have in fact verified that the same scenarios occur if noise is ap-
plied locally only to the wells near the emitter). Because of the global voltage
constraint, Eq. (6), the growing dipole field domain between the injected de-
pletion and accumulation fronts requires the high field domain between the
stationary accumulation front and the collector to shrink, and hence that ac-
cumulation front starts moving towards the collector. For a short time there
are two accumulation fronts and one depletion front in the sample, thereby
forming a tripole [80], until the first accumulation front reaches the collector
and disappears. When the depletion front reaches the collector, the remaining
accumulation front must stop moving because of the global constraint, and
this happens at the position where the first accumulation front was initially
localized. After some time noise generates another dipole at the emitter and
the same scenario is repeated.

There are two distinct time scales in the system. One is related to the
time the depletion front takes to travel through the superlattice. The other
timescale is associated with the time needed for a new depletion front to be
generated at the emitter. These two time scales are also visible in the noise-
induced current oscillations, see Fig. 11(a). The time series of the current
density are in the form of a pulse train with two characteristic times: the
activation time, which is the time needed to excite the system from this
stable fixed point (time needed for a new depletion front to be generated
at the emitter) and the excursion time which is the time needed to return
from the excited state to the fixed point (time the depletion front needs
to travel through the device). Low noise is associated with large activation
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Fig. 10. Noise-induced front motion: Space-time plots of the electron density for
(a) D=0 (no noise), (b) D = 0.54s'/2/m?, (c) D = 2.0As*/?/m?. Light and dark
shading corresponds to electron accumulation and depletion fronts, respectively.
The emitter is at the bottom. Parameters: U = 2.99V, o = 2.08210124882 'm ™!,
other parameters as in Sect. 2.

times and small, almost constant, excursion times, while as the noise level
increases activation times become smaller and at sufficiently large D vanish.
At low D the spike train looks irregular, and the interval between excitations
(mean interspike-interval (T')) is relatively large and random in time. At
moderate noise, the spiking is rather regular therefore suggesting that the
mean interspike-interval does not vary substantially. Further increase of noise
results in a highly irregular spike train with very frequent spikes.

To get deeper insight into the effect noise has on the time scales and
coherence of the system we determine the interval between two consecutive
excitations and calculate the mean interspike-interval (T'). In Fig. 11(b) (top)
the decrease of (T') as a function of D is shown thus demonstrating that the
mean interspike-interval is strongly controlled by the noise intensity especially
at lower values of the latter. This is very important in terms of experiments,
where noise can induce oscillations by forcing stationary fronts to move. The
corresponding spectral peak frequency f shows a linear scaling for small
D. As a measure for coherence we use the normalized fluctuations of pulse
duration [10]

(T%) = (T)*)/?

fr ="

(18)
This quantity, as seen in Fig. 11(b) (bottom), is a non-monotonic function
of D, exhibiting a minimum at moderate noise intensity. This is the well
phenomenon of coherence resonance and is strongly connected to excitability.

Next we prepare the system in the vicinity of the lower bifurcation line
in Fig. 9, slightly below a Hopf bifurcation marked by the small rectangle in
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Fig.11. (a) Three noise realizations of the current density J(¢). From top to bot-
tom, D = 0.8, D = 2.0 and D = 5.04s'/2/m?. (b) Mean interspike-interval (top)
and its normalized fluctuations Rr (bottom) vs noise intensity. The inset shows the
peak frequency vs. D.

Fig.9 [49]. In the absence of noise the only stationary solution is a stable fixed
point which now corresponds to a stationary depletion front near the emitter,
associated with a stationary current density flowing throughout the device
(Fig. 12(a), top). In the phase space it corresponds to a stochastic oscillation
around the stable fixed point. With increase of the noise intensity (D > 0),
the current density starts oscillating in a rather regular way around the steady
state (Fig. 12(a), middle). At larger noise intensities, the dynamics changes
significantly (Fig. 12(a), bottom). Current oscillations become sharply peaked
and spiky, and the average current is shifted towards larger values. In the
spatiotemporal picture (omitted here), no significant front motion is observed.
At low noise intensities the depletion front as a whole starts to ”wiggle”
around its deterministically fixed position. At higher noise intensities the
depletion front exhibits a slightly more asymmetric motion and occasionally
the onset of a tripole oscillation may be observed without, however, further
development.

Although noise in this case fails to induce significant front motion, the
associated current oscillations exhibit interesting features in dependence upon
the noise intensity. To quantify the regularity of these oscillations a suitable
and widely used measure is the correlation time t.,, given by the formula [81]:

1

ter = 515 / [o(s) ds, (19)
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Fig. 12. (a) Current density times series. From top to bottom: D = 0, D = 0.1 and
D = 0.5As'/2/m?. (b) Correlation time vs D (upper plot). Lower plot: main and
secondary spectral peak of the power spectral density S(27 f) vs frequency f for in-
creasing noise (from top to bottom: D = 0.3, D = 0.5 and D = 1.04s/% /m?). Inset
shows basic period Ty vs noise intensity D. Parameters: U = 1V, ¢ = 0.26602 'm~!.

where 1(s) is the autocorrelation function of the current density signal J(¢),

P(s) = ((J () = (It = 5) = (), (20)

and (0) is its variance. Additionally we may consider the Fourier power
spectral densities (shortly referred to as spectra) for different values of noise
intensities D. They provide qualitative understanding of how the noise level
affects basic characteristics of noise-induced oscillations (Fig. 12(b), lower
panel). We see that an increase of the noise level broadens the spectral peak
and suppresses secondary ones. At the same time the position of the main
spectral peak, corresponding to the basic frequency of the oscillations, is
almost unchanged. This is confirmed by the inset of the same figure, where the
dependence of the basic period Ty (the inverse of the frequency at which the
spectral peak is centered) of the noisy oscillations versus the noise intensity
is presented. This basic period is close to the period of self-oscillations above
the Hopf bifurcation.

Next we are interested in the effect of time-delayed feedback on the co-
herence and time scales of the noise-induced oscillations. We will apply the
scheme proposed by Eq. (10) but with R = 0 and cut-off frequency o = 1
GHz. A natural choice for 7 is the basic period of the Hopf oscillation (or
integer multiples of it). As seen in Fig. 13(b) the application of control in-
deed improves the coherence of the current signal, since the main peak in the
power spectrum becomes narrower. This improvement may also be expressed
through the correlation time (Fig. 13a), where in the controlled system it



acquires larger values especially at higher noise intensities. In order to study
the influence of control on the time scales of the system, the parameter to be
varied will be the time delay 7. Calculating spectra for increasing 7 it was
found that additional peaks appear, while the main (most pronounced) peak
moves towards lower frequencies. Plotting the period of the resulting main
peak as a function of 7, we see that Ty(7) has an almost piecewise linear,
oscillatory character (Fig 13¢) in agreement with [7,8]. Therefore, while the
position of the main peak of the spectrum does not depend on the noise level
in the case without control, it is indeed possible to shift its position by the
proposed time-delayed feedback scheme.
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Fig.13. (a) Correlation time of controlled system with K = 3 x 107Vmm?/A,
a =107, and 7 = 2.5ns (broken line) and (solid line) for uncontrolled system
(K = 0). (b) Spectra with (black) and without control (gray) for D = 0.5As'/2 /m?.
(c) Basic frequency Tp vs time delay .

To conclude, noise-induced front motion and oscillations have been ob-
served in a spatially extended system. The former are induced in the vicinity
of a global saddle-node bifurcation on a limit cycle where noise uncovers a
mechanism of excitability responsible also for coherence resonance. In another
dynamical regime, namely below a Hopf bifurcation, noise induces oscillations
of decreasing regularity but with almost constant basic time scales. Applying
time-delayed feedback enhances the regularity of those oscillations and allows
to manipulate the time scales of the system by varying the time delay 7.



4 Chaos control of spatio-temporal oscillations in
resonant tunneling diodes

Next we consider a double-barrier resonant tunneling diode (DBRT), which
exhibits a Z-shaped (bistable) current—voltage characteristic [15]. We include
the lateral re—distribution of electrons in the quantum well plane (z coor-
dinate) giving rise to filamentary current flow [82,83]. Complex chaotic sce-
narios including spatio-temporal breathing and spiking oscillations have been
found in a simple deterministic reaction—diffusion model [56]. We extend this
model to include control terms, and obtain the following equations [45] where
we use dimensionless variables throughout:

% = f(a,u) + % <D(a)%> — KF,(z,t) (21)
i% = é (Up —u—rJ) — KF,(t) (22)

Here wu(t) is the inhibitor and a(z,t) is the activator variable. In the semi-
conductor context u(t) denotes the voltage drop across the device and a(z,t)
is the electron density in the quantum well. The nonlinear, nonmonotonic
function f(a,u) describes the balance of the incoming and outgoing current
densities of the quantum well, and D(a) is an effective, electron density depen-
dent transverse diffusion coefficient. The local current density in the device is
jla,u) = 3(f(a,u)+2a), and J = 1 fOL jdz is associated with the global cur-
rent. Eq. (22) represents Kirchhoff’s law of the circuit (3) in which the device
is operated. The external bias voltage Uy, the dimensionless load resistance
r ~ Ry, and the time-scale ratio ¢ = R;,C/1, (where C is the capacitance
of the circuit and 7, is the tunneling time) act as control parameters. The
one—dimensional spatial coordinate x corresponds to the direction transverse
to the current flow. We consider a system of width L = 30 with Neumann
boundary conditions d,a = 0 at x = 0, L corresponding to no charge transfer
through the lateral boundaries.

Egs. (21),(22) contain control forces F, and F, for stabilizing time peri-
odic patterns. The strength of the control terms is proportional to the control
amplitude K, which gives one important parameter of each control scheme.
In the semiconductor context these forces can be implemented by appropriate
electronic feedback circuits [41].

The dynamics of the free system, i.e. K = 0, develops temporally chaotic
and spatially nonuniform states (spatio-temporal breathing or spiking) in ap-
propriate parameter regimes [56], see Fig. 14. For any value of L the system,
due to the global coupling, allows only single spikes at the boundary of the
spatial domain [84]. In the semiconductor context the time and length scales
of our dimensionless variables are typically given by 3.3 picoseconds (tunnel-
ing time) and 100 nanometers (diffusion length), respectively. Typical units
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Fig. 14. Spatio-temporal breathing patterns of the DBRT: electron density evo-

lution, phase portrait, and voltage evolution for (a) ¢ = 7.0: periodic breathing,

(b) € = 9.1: chaotic breathing (r = —35, Uy = —84.2895, K = 0). Time t and

space = are measured in units of the tunneling time 7, and the diffusion length [,

respectively. Typical values at 4K are 7, = 3.3 ps and [, = 100 nm [45].

of the electron density, the current density, and the voltage are 10'%cm™2,
500 A/cm?, and 0.35mV, respectively. A characteristic bifurcation diagram
exhibiting a period-doubling route to chaos is shown in Fig. 15.

We are concerned with controlling unstable time periodic patterns u,(t) =
up(t +7), ap(x,t) = ap(x,t + 7) which are embedded in a chaotic attractor.
For that purpose we apply control forces F, and F, which are derived from
time—delayed differences of the voltage and the charge density. For example
we may choose F,, = Fyr with the voltage feedback force

Fo(t) = u(t) —u(t —7) + RE(t — 7) (23)
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Fig. 15. Chaotic bifurcation diagram of the resonant tunneling diode. The maxima
and minima of the voltage oscillations are plotted versus the time-scale parameter
€.

(extended time—delay autosynchronization).

Here we concentrate on the question how the coupling of the control forces
to the internal degrees of freedom influences the performance of the control.
For our model we consider two different choices for the control force F,.
On the one hand we use a force which is based on the local charge density
according to

Foc(z,t) = a(z,t) — a(z,t = 7) + RFoc(z,t —7) . (24)

whereas on the other hand we propose a construction which is only based on
its spatial average

L
Faolt) = % /0 (e, ) — alw.t — 7)]do + REgo(t —7) . (25)
We call the choice F;, = Fioc a local control scheme in contrast to the global
control scheme F, = Fg, which requires only the global average and does
not depend explicitly on the spatial variable. The second option has con-
siderable experimental advantages since the spatial average is related to the
total charge in the quantum well and does not require a spatially resolved
measurement.

In general the analysis of the control performance of time—delayed feed-
back methods results in differential-difference equations which are hard to
tackle. Stability of the orbit is governed by eigenmodes and the corresponding
complex valued growth rates (Floquet exponents). There exists a simple case
(which we call diagonal control) where analytical results are available [30,85],
namely for F, = Floc and F,, = Fy. It is a straightforward extension to a



spatially extended system of an identity matrix for the control of discrete
systems of ordinary differential equations (cf. [29]). Fig. 16 shows successful
control of a chaotic breathing oscillation after the control force is switched
on.

In Figure 17 the regime of successful control in the (K, R) parameter plane
and the real part of the Floquet spectrum A(K) for R = 0 is depicted. The
control domain has its typical triangular shape bounded by a flip instability
(A = 0, Imaginary part {2 = /1) to its left and by a Hopf (Neimark-Sacker)
bifurcation to its right. Inclusion of the memory parameter R increases the
range of K over which control is achieved. We observe that the numerical
result fits very well with the analytical prediction.

To confirm the bifurcations at the boundaries we consider the real part of
the Floquet spectrum of the orbit subjected to control. Complex conjugate
Floquet exponents show up as doubly degenerate pairs. The largest nontrivial
exponent decreases with increasing K and collides at negative values with
a branch coming from negative infinity. As a result a complex conjugate
pair develops and real parts increase again. The real part of the exponent
finally crosses the zero axis giving rise to a Hopf bifurcation. Our numerical
simulations are in agreement with the analytical result.

Let us now replace the local control force F, = Fjoc by the global con-
trol F, = Fg,o. Fig. 18 shows the corresponding control regime and Floquet
spectrum. The control domain looks similar in shape as for diagonal control,
although the domain for the global scheme is drastically reduced. The shift in
the control boundaries is due to different branches of the Floquet spectrum
crossing the (A = 0)-axis.

Finally, we note that the period-one orbit can be stabilized by our control
scheme throughout the whole bifurcation diagram including chaotic bands
and windows of higher periodicity, as marked by two solid lines in Fig. 15
for diagonal control. Thus our method represents a way of obtaining stable
self-sustained voltage oscillations in a whole range of operating conditions,
independently of parameter fluctuations.

5 Noise-induced spatio-temporal patterns in the DBRT

In the previous section we discussed the possibilities to control deterministic
chaotic oscillations in the double barrier resonant tunneling diode (DBRT).
Now we will study the effects of noise in this system and investigate whether
we can control noise-induced spatio-temporal oscillations by the same method
of time-delayed feedback [50,57].
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Fig. 16. Diagonal control in the DBRT, where the control force is switched on at
t = 5000. (a) Voltage u vs. time, (b) Supremum of the control force vs. time, (b)
Phase portrait (global current vs. voltage) showing the chaotic breathing attractor
and the embedded stabilized periodic orbit (black cycle). Parameters: r = —35,
€=9.1,7="7389, K=0.137, R=0.

We use the same model equations (21) and (22). First we will consider
the system without control (K = 0), but with two additional noise sources:

da(z,t) 0 da
T = f(av u) + % (D(a)g) + Daf(x,f) (26)
du(t)

1
== (Up —u—rJ)+ Dyn(t)



0 0.25 0.5 0.75 1 1.25

0 0.2 0.4 0.6 0.8 1
K

Fig. 17. Top: Control domains in the (K, R) parameter plane for diagonal control
of the unstable periodic orbit with period 7 = 7.389. Large dots: successful control
in the numerical simulation, small grey dots: no control, dotted lines: analytical
result for the boundary of the control domain according to [85]. Bottom: Leading
real parts A of the Floquet spectrum for diagonal control in dependence on K

(R =0).

where £(z,t) and n(t) represent uncorrelated Gaussian white noise sources
with noise intensities D, and D,,, respectively:

€z, 1)) =) =0  (z€l0,L]),
(E(x, )2’ 1)) = 6(z — 2")d(t — 1), (27)
(n(n(t")) = o(t —t').

Here we concentrate on the effects of external noise modeled by the additional
noise voltage D,7(t) in the current equation. This term is easily accessible in
a real circuit and the noise intensity D,, can be adjusted in a large parameter
range using a noise generator in parallel with the supply bias, as realized
experimentally, e. g., in [86]. In typical dimensional units of ekgT /e [56] D,, =
1 corresponds to a parallel noise voltage of 2mV at temperature T' = 4 K.
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Fig. 18. Same as Fig. 17 for global control (Bottom: R = 0.7)

Internal fluctu ations of the local current density on the other hand, e.g., shot
noise [77], can not be tuned from the outside. Therefore in the following we
keep this value fixed at a small noise amplitude of D, = 10~%, corresponding
to a noise current density of the order of 50mA/cm?, which is within the
range of Poissonian shot noise currents.

In the noise-free case, D,=D, = 0, one can calculate the null isoclines of
the system. These are plotted in Fig. 19 using the current-voltage projection
of the originally infinite-dimensional phase space. There are three curves, the
null isocline @ = 0 (i.e., the load line) and two null isoclines @ = 0, one
for a reduced system, including only spatially homogeneous states, and one
for the full system. We call the system spatially homogeneous if the space
dependent variable a(x,t) is uniformly distributed over the whole width of
the device, i.e. a(x,t) = a(t) for all x € [0, L], otherwise it is called spatially
inhomogeneous.

In Fig. 19 one can see the Z-shaped current-voltage characteristic of the
DBRT (solid curve), and the inset represents our special regime of interest
for the following investigations. We fix € = 6.2 slightly below the Hopf bifur-
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Fig. 19. Current-voltage characteristic of the DBRT model. The null isoclines for
the dynamical variables u (which is the load line, dash-dotted) and a in the case
of a homogeneous a(z) (solid) and in the case of inhomogeneous a(z) (dotted) are
shown. The inset shows an enlargement, where I and H mark the inhomogeneous
and the homogeneous fixed points of the system, respectively. Uy = —84.2895,
r = —35. Other parameters as in [45,57].

cation, which occurs at enopr ~ 6.469 (cf. Fig. 15). In this regime we have
a stable, spatially inhomogeneous fixed point marked T’ in Fig. 19, which
is determined by the intersection of the load line with the nullcline @ = 0
for inhomogeneous a(x,t). The neighboring intersection of the load line with
the homogeneous nullcline (marked "H’) defines another, spatially homoge-
neous fixed point which is a saddle-point. It is stable with respect to com-
pletely homogeneous perturbations but generally unstable against spatially
inhomogenous fluctuations.

Finally, the system (26) has a stable homogeneous fixed point which is
characterized by negative voltage u and almost zero current density J. This
point corresponds to the non-conducting regime of the DBRT, which is be-
yond the scope of the present study.

In Fig. 20 one can see the rather rapid transition of the deterministic
system from the slightly perturbed homogeneous fixed point (H) to the inho-
mogeneous filamentary one (I). This illustrates that for the given parameters
the only stable solution, apart from a trivial, non-conducting fixed point, is
an inhomogeneous steady state.

To quantify the degree of (in)homogeneity we use the measure of the
absolute spatial variation v(t) of a(z,t) defined by

v(t):/OL

For completely homogeneous states a(z,t) = a(t) the absolute spatial vari-
ation equals zero and the larger v(t) grows, the more inhomogeneous the

Oda(x,t)

ox

‘ dz. (28)
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Fig. 20. Transition from the homogeneous initial state to the spatially inhomo-
geneous fixed point due to a small spatially inhomogeneous perturbation in the
noise-free case. (a) charge carrier density distribution a(z,t), (b) Time series v(t)
(dashed) and u(t) (solid). At ¢ = 0 the system is prepared in the homogeneous fixed
point u(0) = 266.47, a(z,0) = 10.02 with a very small initial random perturbation.
System parameters: Uy = —84.2895, r = —35, ¢ = 6.2, D, = D, = 0.

spatial charge carrier density distribution a(z,t) appears. In Fig. 20(b) the
spatial variation of v(t) tends towards a fixed value of approximately 2.6,
indicating the inhomogeneity of the corresponding fixed point.

In the following we will investigate the behavior of the system under vari-
ation of the noise intensity D,,. Note that this noise term does not have any
space dependent influence upon a. Now we initialize the system at the inho-
mogeneous fixed point and simulate it with different noise intensities D,,. The
results can be seen in Fig. 21. While for small noise the system exhibits rather
small oscillations around the inhomogeneous fixed point (topmost panel),
with increasing noise intensity a transition to completely homogeneous os-
cillations occurs (bottom panel). For intermediate values of D, one can see
the competition between the inhomogeneous and the spatially homogeneous
modes (middle panel).

Let us now quantify the spatial and the temporal ordering of the system.
We call the system spatially coherent if the space dependent variable a(x,t) is
uniformly distributed over the whole length of the device. To reveal whether
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Fig. 21. Spatio-temporal patterns a(z, t) induced by different noise intensities D,, =
0.1,1.0,2.0. At t = 0 the system is prepared in the spatially inhomogenous steady
state I’ and with the parameters of Fig. 19. The system is then simulated with
D, =10"* and D, as indicated. Uy = —84.2895, r = —35, ¢ = 6.2.

a particular state of the system is spatially homogeneous or not we use the
simple measure of the absolute spatial variation defined in eq. (28) above.

The temporal ordering of the system, on the other hand, can be measured
by the correlation time [81],

1 o0
boor = = / 0 (s)| ds, (29)
7= Jo

where ¥(s) = ((u(t) — (u)) (u(t — s) — (u))), is the autocorrelation function
of the variable u(t) and 02 = ¥(0) is its variance.

By calculating the temporal mean values of v(t) for different D,, we can
characterize the shape of the dynamics in dependence on the noise intensity.
In Fig. 22(a) these values are plotted versus the noise intensity and one can
see that the mean value of v monotonically tends towards zero with increas-
ing noise, indicating an increase in spatial coherence. The error bars in this
plot show the standard deviation. In fact they reflect an essential feature
of this transition, namely the competition between spatially inhomogeneous
and homogeneous modes for intermediate values of D,,. The larger the stan-
dard deviation of v is, the more “mixed” the dynamics appears. Fig. 22(b)
offers the same information showing the variance of v versus D,,. For noise
close to zero only slight oscillations around the inhomogeneous fixed point
with almost fixed spatial profile of a(x, t) lead to a vanishingly small variance
of v. With increasing noise more and more frequently the system tends to
a homogeneous state. The variance exhibits a maximum around D, = 1.3,
indicating maximum fluctuations of the system between homogeneous and
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Fig. 22. Spatial and temporal ordering of the dynamics in dependence of noise
intensity D, for D, = 0.001. (a) Time-average of the order parameter v(t) defined
in eq. (28), error bars correspond to the standard deviation. (b) Variance of the
parameter v (corresponding to the square of the error bars from a)), (c) Correlation
time (eq. (29)).

inhomogeneous modes. Thus, this value could be treated as a boundary be-
tween predominantly filamentary and predominantly homogeneous behavior.
For even larger noise intensity the homogeneous mode is getting more and
more dominant and therefore the variance of v again falls off towards zero.

On the other hand, the correlation time versus noise intensity in Fig. 22(c)
shows that the temporal coherence of the system in contrast to the spatial
ordering decreases rapidly with increasing noise.

In summary, noise induces oscillations in the system, which would other-
wise rest in its inhomogeneous fixed point. With growing noise intensity the
dynamics changes from small inhomogeneous oscillations which are quite co-
herent in time to spatially homogenous oscillations which on the other hand
appear very irregular in time.

In order to control the noised-induced patterns, we will now use the
method of time-delayed feedback which was previously applied successfully in
deterministic chaos control of this particular system [45] as well as for control
of noise-induced oscillations in simple models [7-9] without spatial degrees
of freedom.



The voltage u is easily accessible in a real experiment. Therefore, as a
simple and adaptive method of control we add the time-delayed feedback
only to the voltage variable u in eq. (26):

aaE;;a t) — f(CL,U) + % (D(CL)%) +Da§(xvt)
du(t) (30)

= é (Up —u—rJ)+ Dyn(t)
— K [u(t) —u(t —7)]

dt

By varying the control amplitude K we can adjust the strength of the control
force; 7 is the time delay of the feedback loop.
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Fig. 23. Correlation time vs. feedback strength K for r =5 and 7 =7. D, = 0.1,
D, = 107*. Averages from 100 time series of length 7' = 10000, parameters as in
Fig. 21.

To get a first impression whether or not this control force is able to change
the temporal regularity of the noise-induced oscillations we fix D, = 0.1,
D, = 107%, as in the upper panel of Fig. 21, and calculate the correlation
time in dependence of the feedback strength K for two different delay times 7.
From Fig. 23 one can see that the qualitative result depends strongly upon the
choice of the delay time. While for 7 = 7 the control loop strongly increases
the correlation time with increasing K, it is on the other hand able to decrease
it significantly for 7 = 5. The difference in regularity for different values of
7 and K also shows up in the corresponding spatio-temporal patterns and
voltage time series (Fig. 24), where (b) is clearly more regular than (a).

The role of the appropriate choice of the control delay 7 becomes even
clearer if we keep K fixed and calculate the correlation time in dependence of
7. The result is plotted in Fig. 25(a) where one can clearly see the oscillatory
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Fig. 24. Spatio-temporal patterns a(x,t) and voltage time series u(t) for different
values of the control strength K and delay time 7: (a) 7 = 4.0, K = 0.4, (b) 7 = 13.4,
K=01.D,=0.1, D, = 10~* and other parameters as in Fig. 21.

character of the correlation time under variation of 7, which is characterized
by the presence of “optimal” values of 7, corresponding to maximum regu-
larity, and “worst” values of 7 which are related to minimum regularity of
the noise-induced dynamics. At the same time it is shown that the control
with K = 0.1 produces no effect at all upon the correlation time if the noise
is too large (lower curve for D, = 1.0).

The fact that noise-induced oscillations take place in the vicinity of the
spatially inhomogeneous fixed point gives us a hint that some properties of
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Fig.25. (a) Correlation time (eq. (29)) for two two different noise intensities in
dependence of the feedback delay 7. (b) Real parts of the eigenvalues A; of the
linearized deterministic system (D, = D, = 0) calculated at the spatially inhomo-
geneous fixed point for K = 0.1. The black dots are calculated from the spatially
discretized system (set of ODEs) whereas the squares are calculated from eq. (42)
(see text). The vertical dotted lines mark values of 7 at which the leading eigen-
value (i. e. the one with the largest real part) changes. (¢) Eigenperiods 27/ Im(A;)
of the deterministic system and basic periods Ty := 1/fmax of the noise-induced
oscillations, where fmax denotes the frequency of the highest peak in the Fourier
power spectral density of the noisy system with D, = 0.1, K = 0.1.



these oscillations could relate to the stability of the above mentioned fixed
point. To gain some insight into how the control actually affects the systems
dynamics around the spatially inhomogeneous fixed point we linearize the
system equations (30) for D,, = D, = 0 and calculate the complex eigenvalues
A; at the fixed point. First of all we calculate these eigenvalues from the
spatially discretized system which we use for the numerical simulation. This
discretized version is just a set of ordinary differential equations (ODEs) and
the linearization and the eigenvalues can be computed easily.

In Fig. 25(b) one can see that the control with K = 0.1 does not change
the stability of the inhomogenous fixed point since the real parts of all eigen-
values do not become positive within the given range of 7. Nevertheless with
increasing 7 the real parts of the eigenvalues intersect at particular values of
T (vertical dotted lines) and therefore the leading eigenvalue, i.e. the least
stable one, or the one with the largest real part, changes at these values of
7. As one can see, these crossover points correspond to the minima of the
correlation time in Fig. 25(a) whereas the local maxima of the real parts
correspond to the maxima of the correlation time. This gives rise to a rather
intuitive explanation for the behavior of the correlation time: The closer to
zero the real part of an eigenvalue is, the weaker is the attracting stability of
the fixed point and the easier it is for the noise to excite exactly the oscillat-
ing mode corresponding to this particular eigenvalue. On the other hand, at
the intersection points of the real parts of the leading eigenvalue these values
have the largest distance from zero, meaning that the attracting stability of
the fixed point is stronger and in addition there are two different correspond-
ing oscillating modes which are excited by the noise. Thus the control cannot
reach its optimal effect.

As a direct consequence, the main frequency which is activated by the
noise switches exactly at these values of 7 to the eigenfrequency of the cor-
responding leading eigenvalue. In Fig. 25(c) the eigenperiods are plotted as
black dots in dependence of 7. The circles mark the positions of the high-
est peak in the Fourier power spectrum for the corresponding noisy system
with D, = 0.1. One can see clearly that these main periods switch from
one branch to another exactly at the positions where the real parts of two
different eigenvalues cross over.

As we have already noted, the eigenvalues for the linearized deterministic
system at the inhomogeneous fixed point, plotted as black dots in Figs. 25b,c
are computed numerically for the system (30) in the deterministic case by
using the spatially discretized set of ordinary differential equations.

To achieve a deeper understanding of the stability properties of the inho-
mogeneous fixed point under the influence of the control force and to obtain
the general form of the characteristic equation which determines the eigen-
values of this linearized system, we perform the linearization of the original
continuous system (30) at the spatially inhomogeneous fixed point (ag(z), ug).
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da 0%a 0
Gy = 3 gy = 2 b(a,az, ) = g (D(a)ag), (31)
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and using the ansatz da(x,t) = e a(z), du(t) = e* @ for the deviations from
the fixed point we can write down the coupled eigenvalue problem:

Aa(z) = La(x) + fu(2)a, (33)
L
Ai=—— | ju(@)a(z)dz + [— Lt (e/7 —1)} a,  (34)
el Jq €
. of o _9j _ 1 [toj
Wlth fu = 8’[1, a07u07 Ja = 8@ a01u07 Ju - L/O 8'LL aoyuodx'

For the case K = 0 this eigenvalue problem of the inhomogeneous fila-
mentary fixed point has been analyzed generally [84]. In the voltage-clamped
case (0u = 0), the Sturmian eigenvalue equation A\a = La with Neumann
boundary conditions (which can be shown to be self-adjoint) has solutions
Ao > A1 > Ay > ... where the corresponding eigenmode 1), (x) has n nodes,
and g > 0, while all other eigenvalues A\, < 0 for n > 1 are stable. The
eigenmodes of the full egs. (33), (34) can be expanded in terms of the voltage-
clamped eigenmodes,

a(x) =Y (a9n) ¥n(2), (35)

n

where (@, ¢n) = fo a (x)dx denotes the usual scalar product in Hilbert
space. Inserting this 1nt0 eq (33) yields

Z Yn)Uon (@ ZA ) ¥n (@) + fu(2)t. (36)

Forming the scalar product with v, and using orthonormality gives the ex-
pansion coefficients

(furtm)
A=Ay

The expansion (35) can be inserted into eq. (34):

(@, ¢m) = (37)

iy = _g Z (fuajjff(.)]\aﬂ/)n) o 1 +ETJu + K (ef/lr _1) 7. (38)



We will now neglect the higher modes v,, because they oscillate fast whereas
ap(z) varies slowly in space, and approximate the sum in eq. (35) by the
dominant first term vy with A\g > 0. We obtain the characteristic equation
for the eigenvalue A:

o
9

A+ (1 +€TJ“ — )\0> A+ (N — DK (e747 —1) (147r04) =0, (39)

where the static differential conductance at the inhomogeneous fixed point

=Ju+ (jaa S_Z) =Ju— (jauz/JO)UuA’i(:b(J) (40)

ﬂ
du

gq =

ap,uo

has been introduced using egs. (35), (37) in the static case A = 0 [15]. Without
control, K = 0, eq. (39) reduces to a characteristic polynomial of second
order, which gives the well-known conditions for stability of a filament [84]:

A=

1 Ju
+€T — Ao >0,

K ()
= —?(1 +rog) > 0.

Without control a Hopf bifurcation on the two-dimensional center manifold
occurs if A = 0. With control, eq. (39) can be expressed as

A2+ AN+ (B- MK (e -1)+C =0 (42)

with B = A\g > 0. The parameters A, B, C can be calculated directly from
(41). For the inhomogeneous fixed point, Ay = 1.0281 has been calculated
in [87]; J, = —0.1615 can be obtained by using the condition for a Hopf
bifurcation (A = 0) in eq. (41); o4 = 0.226 can be estimated from the current-
voltage characteristic shown in Fig. 19.

This yields A = 0.0447, B = 1.0281 and C = 1.1458. Note that in dimen-
sional units the unstable eigenvalue of the voltage-clamped system Ao = B is
approximately equal to the inverse tunneling time 1/7,. With these values we
can solve eq. (42). For K = 0.1 the real parts of this solution in dependence
of 7 are also shown in Fig. 25(b) as squares. They coincide with very good
accuracy.

6 Conclusions

We have investigated the complex spatio-temporal behavior of two semicon-
ductor nanostructures, viz. the superlattice and the double barrier resonant
tunneling diode (DBRT). The first exhibits nonlinear dynamics of interacting
fronts, while the second demonstrates breathing and spiking of filamentary
current density patterns characteristic of globally coupled reaction—diffusion



systems. Applying time-delayed feedback control of Pyragas type to both
deterministic and stochastic oscillations, we have been able to suppress de-
terministic chaos and control the regularity and the mean period of noise-
induced dynamics.

As an example for the constructive influence of noise in nonlinear systems,
we have shown that random fluctuations are able to induce quite coherent
oscillations of the current density in a regime where the deterministic sys-
tem exhibits a stable fixed point, thereby demonstrating the phenomenon
of coherence resonance for systems close to, but below, a Hopf bifurcation
(superlattice and DBRT) as well as close to, but below, a global saddle-
node bifurcation on a limit cycle (superlattice). This extends the phenom-
ena of noise-induced oscillations from purely time-dependent generic models,
e.g. [7], to space-time patterns. Moreover, we have shown for the DBRT that
the noise which is applied globally to a space-independent variable deter-
mines the type of the spatio-temporal pattern of these oscillations. While for
small noise intensity the system demonstrates oscillations which are quite
correlated in time, but spatially inhomogeneous, with increasing noise in-
tensity the shape of the spatiotemporal pattern changes qualitatively until
the system reaches a highly homogeneous state. Thus the increase of spa-
tial coherence is accompanied by the decrease of temporal correlation of the
observed oscillations. In between these two situations for intermediate noise
strength one can observe complex spatio-temporal behavior resulting from
the competition between homogeneous and inhomogeneous oscillations.

We have seen that delayed feedback can be an efficient method for manip-
ulation of essential characteristics of chaotic or noise-induced spatiotemporal
dynamics in a spatially discrete front system and in a continuous reaction-
diffusion system. By variation of the time delay one can stabilize particular
unstable periodic orbits associated with space-time patterns, or deliberately
change the timescale of oscillatory patterns, and thus adjust and stabilize the
frequency of the electronic device. Moreover, with a proper choice of feedback
parameters one can also effectively control the coherence of spatio-temporal
dynamics, e. g. enhance or destroy it. Increase of coherence is possible up to
a reasonably large intensity of noise. However, as the level of noise grows, the
efficiency of the control upon the temporal coherence decreases.

The effects of the delayed feedback can be explained in terms of a Floquet
mode analysis of the periodic orbits, or a linear stability analysis of the fixed
point. For a better understanding of noise-induced patterns in the DBRT, we
have derived the general form of the characteristic equation for the determin-
istic system (30) close to, but below, a Hopf bifurcation. Both dependences,
coherence and timescale vs. 7, demonstrate an oscillatory character, which
can be explained by oscillations of the real and imaginary parts of the eigen-
values of the linearized system at the fixed point, in the vicinity of which the
noise-induced oscillations occur. The most coherent timescale corresponds to
values of 7, for which the real parts of the eigenvalues attain a maximum. In



some sense, the noise excites the least stable eigenmode: the less stable an
eigenmode is, the greater is the coherence of the corresponding oscillations.

While these investigations have enlightened our basic understanding of
nonlinear, spatially extended systems under the influence of time-delayed
feedback and noise, they may also open up relevant applications as nanoelec-
tronic devices like oscillators and sensors.
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1 Periodically forced oscillatory media

The control of pattern formation is an important problem in engineering
of spatially extended self-organized systems. A wide class of systems show-
ing spontaneously formed waves and patterns can be summarized under the
generic term “oscillatory media”. They may be considered as a composition
of a large number of coupled subsystems. The dynamics of each subsystem
is oscillatory. Complex phenomena like the formation of patterns and waves
or spatio-temporal chaos comes through the interaction between the subsys-
tems. Despite such complex collective behavior the dynamics is very sensitive
to feedback or to periodic forcing with frequencies close to an integer ratio
of the oscillation frequency of the subsystems.

A well-known example is the Belouzov-Zhabotinsky-Reaction. involving
the the oxidation of an organic compound by bromate in acidic solution. It is
a robust oscillatory reaction with striking color changes. Spatiotemporal wave
behavior is exhibited in unstirred reaction mixtures. [1,2]. For this reaction,
application of global periodic forcing was shown to produce various cluster
patterns [3-5] and induce turbulent regimes [6].

Another example which has been extensively studied is the catalytic CO
oxidation on Pt(110). The interplay between desorption and surface diffusion
of CO, reaction between the two adsorbed species, and an adsobate-driven
structural change of the platinum surface can lead to oscillations of the CO
and oxygen coverage [7]. In experiments where bulk oscillations were unsta-
ble and spatiotemporal chaos spontaneously developed, application of peri-
odic forcing allowed to suppress chemical turbulence, produce intermittent
regimes with cascades of amplitude defects, and generate oscillating cellular
and labyrinthine patterns [8,9]. Recently, front explosions have been predicted
under periodic forcing [10].

2 The forced complex Ginzburg-Landau equation

The universal description of reaction-diffusion systems near a supercritical
Hopf bifurcation is provided by the complex Ginzburg-Landau equation [11].
Action of global periodic forcing on the systems described by this equation
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Fig. 1. Left: Effect of 2:1 resonant periodic forcing on the photosensitive BZ-
reaction. A spiral wave is formed without forcing (upper part). Under the influence
of illumination with light pulsed at twice the natural frequency of the reaction a
labyrithine pattern appear. [3]. Right: Suppression of chemical turbulence in the
catalytic CO oxidation on Pt(110) under global feedback. Upper row: subsequent
PEEM images of the Pt surface illustrating the transition from spiral wave turbu-
lence to homogeneous oscillations. Bright regions are mainly CO-covered. Middle
row: Space-time diagram showing the evolution along the line AB. Bottom: Time
series of the CO partial pressure [8].

has been first considered by Coullet and Emilsson [12,13]. Under sufficiently
strong resonant n:1 forcing, oscillations are entrained and stationary or trav-
eling 27 /n-fronts become possible. The 27 phase fronts for the 1:1 forcing
are known as kinks (or phase slips). They represent traveling localized struc-
tures, because the states differing by the phase of 27 are physically identical.
Therefore, as noticed in Ref. [13], they bear similarity with pulses in excitable
media. Traveling 7-fronts under 2:1 forcing represent nonequilibrium Bloch
walls [14]. Kinks and traveling Bloch walls are elementary wave patterns un-
der forcing conditions. Instabilities of kinks lead to backfiring and develop-
ment of intermittent regimes with reproduction of amplitude defects [15-17].
Transverse instabilities of nonequilibrium planar Bloch walls give origin to
the Bloch turbulence [6]. In heterogeneous media near a Bloch-Ising transi-
tion, complex behavior due to reflections of Bloch waves on Ising domains
has been found [18].

Under global resonant n:1 forcing, the complex Ginzburg-Landau equation
(CGLE) for the slow complex oscillation amplitude 7 is [12]

0= (1+iv)y — (L+ia)nln+ (1+i8)V>n + B (n")" ", (1)

where detuning v = wp — w,/n is determined by the natural (wg) and forcing
(we) frequencies and B is the forcing amplitude. Oscillations are entrained
by forcing in the parameter region known as the Arnold tongue (Fig. 2 (a)).



Inside this region, kinks (n = 1) and Bloch walls (n = 2) traveling at a
constant velocity are possible (see [12,15,16]). Moreover, wave trains formed
by periodic sequences of such phase fronts can also be observed there.

3 Phase front propagation reversal

Our attention is focused on the properties of periodic trains formed by kinks
or traveling Bloch walls. Our analysis reveals that, depending on the parame-
ters of the oscillatory medium and the spatial period of a train, it can undergo
a reversal of its propagation direction [19]. We show how this phenomenon
can be used to design traps for traveling kinks and Bloch walls. Furthermore,
we find that a new kind of patterns - twisted rotated spiral waves - exist in
oscillatory media under the conditions of front propagation reversal.

Any traveling phase front is characterized by its chirality: "right” if the
phase increases after front propagation and ”left” if it decreases after that. A
similar definition can be accepted for traveling wave trains. It is convenient
furthermore to define the front velocity V in such a way that it is always
positive (V' > 0) if a front propagates to increase the oscillation phase and
negative (V' < 0) otherwise. With this convention, all "right” fronts move at
a positive velocity, while the velocity of any ”left” phase front is negative.

The velocity of an individual phase front is uniquely determined by the
properties of the medium and the forcing parameters. For wave trains, it
additionally depends on the spatial period A of a train. Figure 2b shows
dependences V' (\) for two different values of the coefficient 3, obtained by
numerical continuation of wave train solutions of equation (1) with n = 1.
When § = 5.0, velocity V remains positive for all spatial periods. This means
that both a solitary kink and any kink train in such a medium possess the
"right” chirality. In contrast to this, kinks move at a positive velocity (and
have the "right” chirality) only for sufficiently short spatial periods at § =
1.8. At a critical spatial period A., the propagation velocity of the train
vanishes and V(A) < 0 when A > A.. Thus, solitary kinks and kink trains
with large periods have the opposite ”left” chirality in the latter case.

To illustrate the difference in the properties of wave patterns in such two
media, we consider the following example. Suppose that the local oscillation
frequency is increased in the center of a one-dimensional medium. If periodic
1:1 forcing is applied, the local frequency increase can still be so large that
oscillators in the central region are not entrained and perform autonomous
oscillations. This region acts then as a pacemaker which periodically gener-
ates phase slips propagating away as a kink train with the "right” chirality .
Suppose now that this heterogeneity is removed and the activity of the pace-
maker is terminated. When 3 = 5.0, generated kinks continue to move away
from the center (Fig. 2¢). The situation is however different, if 5 = 1.8 (see
Fig. 2d). As spatial intervals between the kinks get larger, they subsequently
reverse their propagation direction and move into the central region where
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Fig. 2. Front propagation reversal (n = 1, = 0.5). (a) Standing kinks are found
along the dashed line (8 = 1.8) in the Arnold tongue. (b) Dependences of velocity V'
on spatial train period A for 8 = 1.8 (solid line) and 8 = 5.0 (dashed line); here
v = 0.5525, B = 0.053. Space-time diagrams showing behavior of wave patterns
after termination of a pacemaker in media with (¢) 8 = 5.0 and (d) 8 = 1.8; the
same other parameters as in part b, local values of Ren(z,t) are shown in gray
scale.

repeated annihilations take place. This is because single kinks and the kink
trains with sufficiently large periods are characterized by the ”left” chiral-
ity in this medium and propagate in such a way that the oscillation phase
becomes decreased.

4 Phase approximation

For sufficiently small forcing amplitudes B, the train velocity V(A) can be
analytically estimated. In this parameter region, the dynamics is approxi-
mately described [12] by the reduced equation for the local oscillation phase
®,

¢=v—a—By1+asinng+a(Ve)® + bV, (2)

where ¢ = ¢ + arctana and n = pexp (i¢). For brevity, we have intro-
duced here notations b = 1 4+ a8 and a = a — 3. Note that such reduced



phase description is justified, when b > 0 so that uniform oscillations are
modulationally (Benjamin-Feir) stable. The kinks exist for B > Bj, where
Ba(v) = v —a|]/V1+ a2

Applying the Cole-Hopf transformation ¢ = (b/a) In u, this phase dynam-
ics equation is transformed to a simple form analogous to the equation for
front propagation in one-component bistable media [20],

Oru = Q(u) + bOyu (3)

with the nonlinear function Q(u) = (a/b)u [v — a — BV1+ a?sin (n (b/a) Inu)].
The roots u; of equation @Q(u) = 0 under the condition @’ (u;) < 0 correspond
to stable uniform locked states of the system. Explicitely, we have

s =exp{ 5 [2mj + ancsin (5= ) 1. @)

Although the system has an infinite sequence j = 1, 2, 3, ... of such roots, only
n of them represent physically different phase-locked states.

A front train with spatial period A is a solution of equation (3) satisfying
periodicity conditions p(x+A/n) = ¢(x)+27/n (for n > 1 one spatial period
of the pattern consists of n subsequent 27 /n-fronts). In terms of the variable
u, these conditions take the form

u(z + A/n) = exp (2wa/ndb) u(z). (5)

Thus, the train solutions for u are not periodic, but grow exponentially with
x.

When propagation reversal occurs, a stationary train is possible. In the
stationary case, equation (3) has the first integral (1/2)b(0,u)? + W (u) = E.
Using the periodicity condition (5) and the property W (u;+1) = exp (4wa/nb) W (u;),
we find that E' = 0 for any stationary train. Thus, the wavelength A of the
stationary train is given by

Uj+1 _bn2

This result does not depend on the choice of the root j.

Solitary 27 /n phase fronts are front solutions of equation (3), such that
u(z,t) — u; for x — —oo0 and u(z,t) — u,x1 for x — oo. They can be also
viewed as a limit of a periodic train with A\ — oco. According to equation
(6), the wavelength of a stationary train diverges, if W (u;) = 0. Solving this
equation, we find that stationary solitary 27/n fronts exist along the line

B = By (v) given by
1 [a? 4+ n2b?
Bst— %(a—u) W (7)
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Fig. 3. Trapping of kinks and Bloch fronts in the 1-d medium. The coefficient &
is set to 8 = 5 and decreased to § = 1.8 inside the central region of width 300.
Left: Kink trap under the 1:1 resonance, the same parameters as in Fig. 1b. Right:
Bloch front trap under the 2:1 resonance (B = 0.061, the same other parameters
as in Fig. 1b).

Note that, in the phase approximation, the boundaries of the Arnold tongue
are B = B4(v). The line B = By (v) is shown as the dashed line in Fig. 2a.
Along this line, the reversal of the propagation direction of solitary phase
fronts occurs. Phase fronts with the "right” chirality (V' > 0) are found on
the left side of this line, if 5 > «.

As follows from (6), the condition for existence of stationary periodic
trains is W(u;) < 0. This means that they are found inside the region of
the Arnold tongue, lying between the line B = Bs:(v) and the (nearest)
boundary of the tongue (see Fig. 1a). Such a region always exists if b > 0.
For any given set of parameters, the wavelength of the stationary train can
be computed by numerical evaluation of the integral in equation (6).

The above analysis shows that front propagation reversal occurs near
any n:1 resonance. For n = 1, stationary kinks (i.e., 27-fronts) and periodic
sequences of standing kinks are possible (the existence of stationary solitary
kinks under global feedback conditions has previously been shown [15]). For
n = 1, stationary w-fronts represent standing Bloch walls or their periodic
sequences. Such standing structures are different from Ising walls, because
the oscillation amplitude does not vanish here.

5 Trapping of phase fronts

The wave propagation reversal can be induced by varying parameters of the
medium. Most conveniently, this can be done by changing the coefficient 3
in the CGLE, since this coefficient does not affect uniform oscillations and is
only important for propagating waves.

The dependence of the wave propagation direction on the coefficient 3
can be used to trap kinks and Bloch fronts. Such traps can be designed by
creating spatial regions, where the coefficient § is locally changed to reverse
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Fig. 4. Trapping of kinks and Bloch fronts in the two-dimensional medium. The
coefficient (3 is set to § = 5 and decreased to § = 1.8 in the rectangular central
region. The medium parameters are the same as in Fig. 2. The system size is
1000 x 1000. Upper panel: Kink trap in 1:1 resonance. The snapshots of the spatial
distribution of Ren are taken at t = 6000, t = 19000 and ¢ = 32000. Lower panel:
Bloch wave trap in 2:1 resonance. Snapshots the spatial distribution of Ren at
t = 2000, t = 16000 and ¢ = 46800. (B = 0.061)

the propagation velocity. The left panel in Fig. 3 shows an example of a kink
trap in the one-dimensional medium at the 1:1 resonance. The value of 3 is
decreased in the central region. No-flux boundary conditions are used in all
our simulations. Initially, a rapid pacemaker operates at the left end of the
medium. This pacemaker produces a kink train with a short spatial period.
The train enters the modified central region and passes it with some decel-
eration. When the pacemaker is terminated, further kinks are not produced.
However, the kinks inside the central modified region become trapped inside
it and form a stationary pattern with a period corresponding to the veloc-
ity reversal. If the central heterogeneity is removed, the stored pulses would
propagate out of it. The right panel in Fig. 3 demonstrates the trapping
of Bloch fronts at the 2:1 resonance. The pacemaker at the left end of the
medium produces a train of Bloch fronts.

Similar traps for kinks and Bloch fronts can also be constructed in two-
dimensional media. The upper panel of Fig. 4 (see also video 1 [21]) shows
a series of snapshots where trapping of kinks by a central modified region is
seen. A pacemaker in the lower left corner emits a kink train with a short spa-
tial period. The first snapshot shows the kink train passing the rectangular-
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Fig. 5. Rotation of a twisted spiral. Left: Spatial distribution of Ren. Right: Position
of the spiral at times ¢ = 0 (solid), ¢ = 340 (dashed), ¢t = 680 (dotted). Parameters
are a = 4.19, f = 0.992, v = 3.9895, B = 0.0455, the system size is 500 x 500.
Numerical integration using the explicit Euler scheme with Az = 0.2 and At =
0.0025.

shaped inhomogeneity. Inside the inhomogeneity, the velocity of the kinks
is decreased, resulting in a delay of the kinks at the upper right corner of
the rectangle. In the second snapshot, the rear end of the kink train has
reached the lower left boundary of the inhomogeneity. The kinks inside the
inhomogeneity close to this boundary can no longer propagate and the kinks
outside propagate around the central region. This leads to the formation of
ring-shaped kinks in the upper right part of the inhomogeneity. As long as
new kinks arrive, these rings collapse. When the kink train has passed the in-
homogeneity, the stored kinks form stationary ring-shaped structures. In the
lower panel of Fig. 4 (see also video 2 [21]), trapping of traveling Bloch fronts
at the 2:1 resonance is demonstrated. It proceeds similar to the respective
process for the kinks near the 1:1 resonance. In our simulations, wave traps
with various sizes and with complicated geometries could be created.

In the above discussion, we assumed that the condition § > « was sat-
isfied. If the opposite condition § < « holds, waves in the unforced CGLE
have negative dispersion (see, e.g., [22]). In this case, inwardly rotating spirals
(" antispirals”) and inwardly propagating target patterns are possible. In such
media, reversal of front propagation also takes place and the wavelength of a
stationary train is again given by equation (6). However, the line B = B (v)
lies now on the left side of the Arnold tongue and stationary front trains are
found in the region between this line and the left tongue boundary.



6 Twisted spirals

A special effect, related to kink propagation reversal, is the formation of
twisted spirals near the 1:1 resonance in two-dimensional media (Fig. 5a).
The central and outer parts in such a spiral are wound in opposite directions.
These structures are stable, they are observed in numerical simulations start-
ing with various initial conditions. A twisted spiral rigidly rotates as a whole,
retaining its shape. In Fig. 5b, three subsequent snapshots of the spiral, sep-
arated by a third of the rotation period each, are superimposed (see also
video 3 [21]). We see that the instantaneous rotation center does not coincide
with the location of the spiral tip. Instead, the oppositely wound central part
of the spiral is steadily rotating. Thus, this regime can also be characterized
as a kind of meandering. Qualitatively, the development of twisted spirals can
be understood by noticing that the waves are tightly wound near the center
and, therefore, their propagation direction should be reversed there. In the
displayed simulation, the medium was characterized by negative dispersion
(6 < «). Similar behavior has, however, been found by us in the simulations
for the media with positive wave dispersion (8 > «) [19]. By changing the
forcing intensity and frequency, winding and unwinding of the central part
of the spiral can be controlled.

Our theoretical study has shown that, applying periodic forcing, one can
induce propagation reversal of kinks, Bloch walls and 27/n phase fronts
for higher resonances with n > 2. Using this effect, traps for propagating
kinks and other phase fronts can be designed by creating appropriate het-
erogeneities in the medium. In our simulations, such heterogeneities were
introduced by spatial variation of the coefficient 3 in the CGLE, but similar
effects can be achieved by varying other parameters of the medium or by
applying inhomogeneous forcing. We have also shown that, in uniform media
with 1:1 forcing, steadily rotating twisted spirals can develop. Though our
results have been obtained only for the CGLE, we expect that they should
be characterictic for a class of media where oscillations are not strongly re-
laxational. Our simulations using a realistic model of the catalytic surface
reaction of CO oxidation on platinum have shown that the wave propagation
reversal under periodic forcing takes place near a supercritical Hopf bifurca-
tion in this reaction and that the wave traps can be constructed there [19].
Another experimental system where the predictions of our theory can be
tested is the oscillatory photosensitive Belousov-Zhabotinsky reaction.
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Visualizing pitting corrosion on stainless steel
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1 Introduction

Corrosion is a phenomenon affecting all of us in everyday life; just imagine
rusting cars or water pipes. In order to develop a finer grasp for the processes
leading to the corrosive destruction of materials, a great effort is usually made
to study the chemistry of corrosion in detail. However, in our group we follow
a different approach: The transition from negligibly small and localized dam-
age to a highly affected corroding surface is described using the conceptual
framework of nonlinear dynamics and pattern formation. In order to moti-
vate this approach, first the necessary background is provided (Chapter 2).
On this basis a stochastic reaction-diffusion model is introduced (Chapter 3).
To gain corresponding experimental support for this model, the methods de-
scribed in Chapter 4 can be utilized. Finally, the results of our experimental
investigations are described and discussed in Chapter 5.

2 Background

Stainless steel is corrosion resistant because a protective oxide layer natu-
rally forms on top of the surface in the presence of oxygen and humidity.
This protective oxide layer typically has a thickness in the order of nanome-
ters, depending on the present environmental conditions. XPS studies of oxide
films formed in air on AISI 316 revealed that not only oxidation of the ma-
terial takes place, but also chromium and metallic nickel accumulate at the
interface between oxide layer and bulk material [?]. The protective film is,
of course, not perfect but contains defects like inclusions and grain bound-
aries. At these defects the film may locally break down and dissolution of the
bulk material may start [?]. This kind of corrosion is called pitting corrosion
and is estimated to cause a third of all chemical plant failures in the United
States [?].

The onset of pitting corrosion occurs suddenly: If one performs electro-
chemical experiments with stainless steel, e. g. by applying a constant elec-
trical potential to a sample immersed in dilute NaCl solution, the electrical
current — which is an indicator for chemical activity (corrosion) on the metal
surface — is low over a wide parameter range. But if critical parameters like
temperature, potential, or electrolyte concentration exceed a certain critical



value, the current rises abruptly and the metal surface is severely affected by
pitting corrosion. The transition to high corrosion rates is preceded by the
appearance of metastable corrosion pits.

A detailed mechanism for the formation of metastable pits was proposed
by Pistorius and Burstein [?]: Electrochemically active inclusions are spread
over the surface of stainless steel. These sites can be sulfide inclusions [?,
?], but also other kinds of electrochemically active defects associated with
metal dissolution may be responsible for pit nucleation. They are attacked
by the electrolyte (e.g. NaCl) while the protective oxide film remains stable.
In other words, a surface defect may act as a local anode. This means that an
electrochemical reaction is initiated and the bulk metal beneath the surface
defect starts to be eroded. Chloride ions are attracted to maintain charge
neutrality, and dissolution of sulphide inclusions may lead to the formation
of thiosulphate ions. These ions, together with protons which are formed
during hydrolysis of the metal, accelerate further dissolution of the metal
beneath the protective oxide layer, which itself is hardly affected. A small
pit forms beneath the oxide layer, filled with an aggressive solution of low
pH-value (see Fig. 1A and B).
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Fig. 1. Illustration of activation and repassivation of a pitting site, a detailed ex-
planation is given in the text.

Since the dissolution process is diffusion controlled and the pit cover is
the major diffusion barrier, ruptures and additional holes in the cover are
assumed to occur through mechanical stress caused by osmotic pressure due



to the concentration gradient between the electrolyte within the pit and the
bulk electrolyte [?] (see Fig. 1C). Each rupture is associated with a stepwise
increase in the reaction rate, hence, with a stepwise increase of the electrical
current flowing through the surface. But the breakdown of the protective
oxide layer also leads to a dilution of the aggressive electrolyte inside the
pit and the pH-value increases. The dilution can reach such an extend, that
active dissolution of the metal bulk is no longer sustained, the protective
oxide layer rebuilds inside the pit (self healing), and the pit passivates (see
Fig. 1D). This is accompanied by a final sharp spike of the electrical current
(cf. Fig. 1E).

Typically, the lifetime of metastable pits is in the order of a few seconds.
Pits which exhibit electrochemical metal dissolution are called active. The
remaining small holes in the metal surface after passivation of a pit are called
inactive pits. Pits can also undergo reactivation.

The appearance of corrosion pits has up to now been described by stochas-
tic processes, and the transition to higher corrosion rates was explained by
the nucleation and stabilization of only a few corrosion pits with high activ-
ity [?,?]. In our investigations we take a closer look at the transition from
low to high corrosion rates. We analyze the spatiotemporal dynamics of this
process both in numerical simulations and in the experiment and demon-
strate that the onset of pitting corrosion is a cooperative critical process that
precedes like a chain reaction.

3 Mathematical Model

Recently, there has been growing evidence that metastable pits have effects
both in time [?,?] and space [?] on each other. As indicated in Fig. 1C and D, it
is believed that active pits release aggressive ions which weaken the protective
oxide layer. Thus, the nucleation rate of new metastable pits is enhanced in
the vicinity of active pits. Based on these assumptions, a two-dimensional
stochastic reaction diffusion model was developed by A. Mikhailov, J. Hudson
and coworkers [?]. Four variables play an important role in this model:

1. s(z,y,t) denotes the oxide film damage (the intact oxide layer corre-
sponds to s = 0).

2. ¢(x,y,t) is the accumulated concentration of aggressive species.

. Ij;(t) describes the total current flowing through the k-th pit.

4. &(z,y,t) is the potential drop due to the current associated with active
pits.

w

The nucleation rate of new pits increases with the oxide film damage s
and the concentration of aggressive species c. In contrast to that, the ohmic
potential drop @ in the vicinity of an active pit inhibits pit nucleation. The
influence of these three variables is combined in an auxiliary variable M:

M=oas-5+a.-c—ag-P, (1)



from which the local pit generation rate w is calculated as follows:

— Wo
 14exp((Mog—M)/H) " )

w(M)

The influence of varying temperature or electrolyte concentration can be
simulated by tuning wy which is the maximum pit generation rate. The graph
of eq. 2 is displayed in Fig. 2. Below My = 50 the rate is small, increases then
rapidly and finally saturates. The width of the transition regime is specified
by the parameter H.
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(M) 3000 Fig.2. Local generation rate as a
w 2000 function of M. My = 50, wo = 5000,
1000 H = 10. Reproduced from [7].
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Numerical simulations are performed on a quadratical grid with discrete
time steps, thus the nucleation probability at a given point is calculated by
multiplying the local value of w with the time step and the area associated
with every point of the grid. A pit is initiated if a random number, which is
calculated for every grid point and time step, is less than the local nucleation
probability.

Once a pit is initiated, locally a current is flowing. Numerical simulations
have shown, that the exact shape of the current spike produced by an active
metastable pit does not qualitatively change the results. Here, a sharp rise
followed by an exponential decay is used for each pit:

0 t <ty
= t _t .
Ty Iy exp [— k] t > tg, (3)
T

with

Iy : peak current,
T : time constant for current decay,
ti : time of initiation of a pit.

Aggressive ions are released by active pits proportional to the current.
These ions can diffuse laterally within the thin diffusion boundary layer on
top of the metal surface and into the bulk electrolyte. Two coupled partial



differential equations describe the spatiotemporal evolution of s and c:

s = p-c—v-s, (4)
dc = —y-c+D-Vet > (5)
k
with
2D 2 . I
V= o P = g

The first term of eq. 4 describes the increase of oxide film damage in the
presence of aggressive species, whereas the second term corresponds to the
self-healing of the oxide film. The diffusion of aggressive species out of the
boundary layer into the electrolyte is considered in the first term of eq. 5. The
second term describes lateral diffusion of aggressive species (diffusion constant
D). The concentration of aggressive ions which is released by active pits is
taken into account in the third term and is calculated from the thickness of
the boundary layer d, the oxidation state n of the released metal cations, the
Faraday constant F', the pit radius a, and the local current contributions I}
of all active pits. In the model the release of aggressive species corresponds
to the amount of released metal cations.

Local mean field approzimation: By temporal and spatial averaging of the
equations a local mean-field approximation was derived, from which qualita-
tive aspects of the model can be gathered [?]. The expression "local” means,
that averaging takes place not over the whole surface, but only over a small
area. However, the area should be big enough to allow for a reasonable defini-
tion of pit density. Since the influence of the ohmic potential drop has only a
small range it is neglected in the following. First, an equation for the current
density ¢ is derived from eq. 3 by summing up the current of all active pits k
with nucleation times ¢; and locations 7:

dyi = —§+IOZ5(r_rk).5(t_tk). (6)
k

Temporal averaging of the two Dirac-functions ¢ yields the nucleation rate (w).
Thus, using temporally and spatially averaged local variables the model equa-
tions can be written as follows:
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Adiabatic elimination of eq. 7 is possible, since the timescale of the damage
of the oxide layer is much slower than the timescale of the electric current
density:

(1) = Ty (w) . (12)

Hence, the local mean-field approximation can be summarized in the following
two equations:

Oe(s) = p-(c) —v-(s), (13)
BloTwo 9
O¢(c) = S Fa— —v-{c) + D-Vc).(14)
1+exp(MO : <H> s <>)

Equations 13 and 14 reveal the autocatalytic nature of the model, which
was before hidden in the stochastic part of the full model (eq. 1 and 2):
Aggressive ions and a high oxide film damage have an activating effect on
the pit nucleation rate. In particular, the presence of active pits increases the
nucleation rate in a diffusion-limited area around the active site. Thus, the
model contains an autocatalytic component. Further details about the model
can be found in [?].
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Choosing suitable parameters (corresponding to the ones used in [?], Text
S1), the nullclines of these equations, i.e. 9;(s) = 0 and 9;(c) = 0, show three
intersection points (cf. Fig. 6). There are two stable fixed points, indicating
a bistable system, one corresponding to an intact oxide layer with low con-
centration of aggressive species (c1), the other one corresponding to a dam-
aged oxide layer with high concentration of aggressive species (cs). A third,
unstable fixed point is found at intermediate values (cz). Further analysis
of the local mean-field approximation reveals the existence of propagating
fronts between the two stable states. These results are confirmed by numeri-
cal simulations using the full model. Choosing the same parameters as for the



nullclines, an autocatalytic reproduction of pitting sites is found. As shown in
Fig. 4, the local film damage expands front-like. This process is accompanied
by an exponential growth of the accumulated number of pits and the current.

Fig.4. Simulation of corro-
sion onset with periodic bound-
ary conditions. ( Top) Snapshots
showing the local film damage
at the indicated time moments.
Blue corresponds to low, or-
ange to high film damage. (Mid-
dle) Space/time diagram along
the line marked with ab. (Bot-
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4 Experimental Methods

The observation of propagating fronts in numerical simulations were the start-
ing point of our experimental studies. Of course, microscopic investigations of
corrosion at surfaces have been conducted, largely however after the termina-
tion of the corrosion experiment [?,?]. Optical microscopy has been applied
in situ to observe relatively large, stable pits [?]. Individual metastable pits
have been visualized using pH sensitive agar gels [?,?]. By applying scanning
methods changes in the thickness of the oxide layer in the vicinity of an active
pit and the topography of surfaces before and after pitting events were ana-
lyzed [?,7?]. All these methods suffer from low temporal or spatial resolution,
so that it was impossible to examine the interdependency between oxide layer
weakening and occurrence of pits described above. In our group we gather
information about the corrosion process by employing two different com-
plementary microscopic techniques: Ellipso-Microscopy for Surface Imaging
(EMSI) [?,7?] and specially adapted contrast-enhanced optical microscopy.
Both techniques are accompanied by parallel monitoring of the current. Us-
ing contrast-enhanced microscopy the temporal and spatial development of
metastable pits is followed during the onset of pitting corrosion and active
and inactive pits are differentiated. EMSI yields complementary information
about changes of the protective oxide layer [7].

Our experimental studies were conducted using an 8 mm diameter AISI
316 stainless steel disk electrode. The nominal composition was 0.13% C,
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0.31% Co, 18.18% Cr, 0.38% Cu, 1.75% Mn, 2.40% Mo, 12.25% Ni, 0.016% S,
0.35% Si, with the balance Fe. The sample was polished up to 600 grit pol-
ishing paper followed by a 1 pm diamond paste polish. The surface was then
cleaned with ethanol in an ultrasonic bath and mounted with silver lacquer
onto a holder. The sample was placed vertically in a cuvette to serve as the
working electrode of a three electrode configuration. In front of the sample a
platinum wire was employed as a counter electrode, and a silver/silver chlo-
ride electrode acted as the reference electrode and was placed between the
sample and the platinum wire. A potentiostat controlled the potential and
also recorded the current flowing through the counter electrode.

The cell is a cuvette with specially arranged windows, which allow the
light of a HeNe-Laser (20mW) to pass perpendicularly through the glass.
Light propagates through the electrolyte, is reflected at about 70° off the
sample, and exits the system perpendicularly through the opposite window,
as indicated in Fig. 5. The laser beam is elliptically polarized by combin-
ing a Glan-Thompson prism and a quarter wave plate in such a way that
after reflection from the sample only linearly polarized light is leaving the
cuvette. A second Glan-Thompson prism is oriented such that nearly all in-
tensity is removed from the imaging path. The sample is magnified by a lens
onto a CCD chip. The CCD chip is tilted about 75° away from the optical
axis, thereby compensating for most of the distortion. A plane homogeneous
sample will display a uniform blank image, the ”null” image. However, local
changes on the surface, e.g. areas with a different oxide layer thickness, are
detected as bright spots by the CCD camera. In order to improve quality and
contrast of the images we employ an Argus 20 image processing unit from
Hamamatsu. It is capable of real time background subtraction, so that most
of the inhomogeneities of the surface and interference patterns originating
from the laser light are not visible.

The spatial resolution of EMSI is limited by geometrical restrictions to
about 12pm, and it cannot resolve individual pits. Therefore, we developed
a contrast-enhanced optical microscope that images the sample with 8-times



magnification onto a CCD chip. By using a Schwarzschild objective we were
able to provide both the necessary large working distance (=~ 20mm) and a
diffraction limited spatial resolution of 2 um at a field of view of app. 200 pm.
In order to improve the contrast we again used a downstream Argus 20 image
processing unit.

The subtracted and enhanced ellipsomicroscopic and microscopic images
were stored on a DVD-recorder. Great care was taken to synchronize the video
and the current measurements. For this purpose a flashlight was activated
which could be easily identified on the videos. Simultaneously, a signal was
send to the computer storing the temporal evolution of the current.

To ensure that current peaks can be associated with events detectable by
EMSI and microscopy, the entire sample was coated — excluding the imaged
area varying between 1 and 0.13 pm diameter — with insulating lacquer and
Apiezon wax.

5 Experimental Results and Discussion

Fig. 6A displays four snapshots from an EMSI video sequence recorded at
low pitting activity. They show bright areas with diameters up to 100 pm,
with the brightness gradually fading towards the periphery. The space-time
diagram in the middle panel displays the evolution along the line ab in the first
snapshot. The bottom diagram displays the parallel recording of the current.
All observed bright areas are unambiguously associated with current spikes.
The lifetimes of the bright areas are 10-15s, while the spikes in the current
have a shorter duration of 4—10s. EMSI is capable of directly imaging the
damage of the oxide layer. In earlier scanning ellipsometric observations of
localized corrosion, a decrease of a few angstrom in the oxide layer thickness
was reported [?]. Hence, we believe that the observed bright areas reveal the
local damage of the protecting oxide film around an active pit. However,
individual pits are not visible in the EMSI images.

Fig. 6B shows a small metastable pit observed with the optical microscope.
The formation of the pit is accompanied by a spike in the current (with an
amplitude of only 80 nA), indicating an electrochemical reaction. About three
seconds later, the pit abruptly passivates and the electrical current drops to
its noise level. The pit remains seen as a dark spot.

The activity of metastable pits with a higher current can be identified with
optical microscopy. In Fig. 6C, two pits become active at t =4.5sand t = 12s
showing peak currents of 0.6 pA and 2 pA, respectively. During their active
states, each of the pits is surrounded by a bright "halo” in the image. This
may be caused by a hemispherical concentration gradient of ions surrounding
the active site, which form an effective micro lens illuminating the surface and
lead to the observed bright halo. After the current has dropped to its noise
level, the halo remains for ~ 0.6s, which is about the time needed for diffusion
of the ions away from the pit.
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Fig. 6. Microscopic observations of individual pitting events. (A) EMSI visualizing
oxide film damage. (B) Nucleation of a single pit seen by contrast-enhanced opti-
cal microscopy. (C) reactivation of a single pit seen by contrast enhanced optical
microscopy. Below the snapshots in each part, space-time diagrams showing evolu-
tion along the lines marked ab or cd in the respective images and parallel current
recordings are displayed (dashed lines indicate snapshot moments). The reaction
occurred in 0.05 M NaCl at 22°C. The potential was scanned from 771 mV versus
normal hydrogen electrode (mVyyg) at 1mV /s (A), from 542 mVyyg (B) and held
at 607 mVygg (C). Reproduced from [7].



Fig.7. Onset of pitting
corrosion observed with op-
tical microscopy. (A) Snap-
shots of a computer pro-
cessed video sequence ob-
tained with optical mi-
croscopy; green stars mark
the nucleation of new pits.
(B) Space-time plot along
the line ab in A. (C) To-
tal number of pits on a
logarithmic scale. (D) To-
tal current as a function
of time. The reaction con-
ditions were T = 20.3°C
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To summarize, using EMSI and contrast enhanced microscopy we suc-
ceeded to visualize both the oxide film damage and the nucleation and ac-
tivity of individual microscopic corrosion pits. The results described so far
were obtained after scanning the potential from -93 mVyyg with a velocity of
1mV /s in the positive direction immediately after immersing the sample into
the electrolyte. Using this procedure, we reproduced the exponential increase
of the number of pitting sites, as had been found in the simulations, but no
fronts were observed [?].

Obviously, the oxide layer thickness should be of great importance for the
possibility to observe any fronts experimentally. It is known from XPS studies
of stainless steel that the properties of the protective oxide layer change with
time while being immersed in an electrolyte [?]. In the following we kept the
sample for 90 min at open circuit potential after it was immersed. Then the
potential was rapidly scanned to a pre-defined value at which the experiment
should been conducted and held constant.

Results of one of our measurements using this method are displayed in
Fig. 7. The first panel of Fig. 7A displays a snapshot of the electrode surface
at t = 86s. A few black spots have already appeared, each of them corre-
sponding to the nucleation of a corrosion pit. Around the pits labeled 1-3,
dark clouds have developed, which first appeared at around ¢t = 76s. The
clouds reach an extent of almost 200 pm and evolve presumably due to the
release of aggressive ions from the active pits. This process is only visible due
to strong contrast enhancement. In the second panel of Fig. 7A, more pits
are present on the surface. New pits have nucleated mainly in the vicinity
of those pits with clouds. These pits obviously have changed their respective
surroundings, such that nucleation of new pits is enhanced. This eventually



leads to a spreading of the nucleation zones (see Fig. TA, second and third
panel and Fig. 7B) until the whole surface becomes covered with pits. Inspec-
tion of the microscopic images in Fig. 7 reveals, that not all initial pits on the
surface initiated a pit nucleation zone. For example, around Pit 4 no dark
cloud developed and no further pits appeared, even though it is much bigger
than Pits 1, 2, and 3. This might indicate that not only the size, but also
the chemistry of the dissolution site determines, whether the change in the
environment is strong enough that pits nucleate preferentially in its vicinity.
This, of course, has to be studied in future work.

The finding of a spreading nucleation zone encouraged us to use EMSI and
optical microscopy simultaneously. In Fig. 8 one result of these measurements
is displayed. Two bright regions are visible in the EMSI image at t = 90s
(first panel of Fig. 8A), one at the bottom (marked with letter a) and one at
the top right corner of the image (marked with letter b). The bright region
around b originates from the location of a pit that has nucleated at t = 2s. It
grows for approximately 15s and reaches an extend of ~ 200 ym diameter as
can be estimated from the space time plot of Fig. 8C. New pits nucleate in
the vicinity of the first pit, all of them in an area corresponding to the bright
region observable with EMSI. The bright region around « originates from an
additional nucleating pit at ¢ = 75s at a different location near the lower rim.
Here, a front-like spreading of the pit nucleation zone starts, clearly preceded
by the propagation of a second bright region in the EMSI video sequence (see
Fig. 8A-D).

A third pit nucleation zone forms at ¢t = 117s at the top of the unsealed
area and is visible in the second panel of Fig. 8A. Again it is accompanied
by a bright region observed with EMSI. Eventually all three bright regions
expand until the whole surface appears bright (as seen in the third panel of
Fig. 8A). In the end the surface is covered with more than 1000 randomly
distributed pits, as can be determined by the microscopic picture (see Fig. 9,
where a microscopic image of the surface after termination of the experiment
is shown).

An analysis of the growing bright region at the bottom of the EMSI image
in Fig. 8 reveals that the initial propagation velocity is independent of the
direction during the first 20 s and has a value of about 15 um/s. This value is
of the same order of magnitude as that obtained with the stochastic reaction
diffusion model mentioned above [?]. In a later stage of the experiment an
elliptical shape of the bright region occurred.

Convection cannot be fully suppressed in our experiment. In the direction
of convection the diffusive transport of ions is sustained by a flow of the elec-
trolyte and the front propagates continuously. Perpendicular to this direction
(indicated by the red line in Fig. 8A, second panel) the ions are spread only
by diffusion. Thus after initial homogeneous front spreading, an asymmetry
in growth occurs.
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Fig. 8. Onset of pitting corrosion observed with EMSI and optical microscopy si-
multaneously. Reproduced from [?]. (A) Snapshots of a computer processed video
sequence obtained with EMSI. (B) Snapshots of a computer processed video se-
quence obtained with optical microscopy corresponding to the snapshots in (A),
green stars mark the nucleation of new pits whereas red stars mark highly active
pits which develop a halo. (C) Space time diagram calculated along the line ab in
(A). (D) Space time diagram along the line ab in (B). (E) Number of pits on a
logarithmic scale. Solid black line: total number of pitting sites; chain dotted green
line: number of pitting sites which occur in an area comparable to the bright region
at the top-right of the middle panel in (a); dotted blue line: number of pitting sites
which occur in an area comparable to the bright region at the bottom middle of
the middle panel in (a); dashed magenta line: number of pitting sites which occur
in an area comparable to the bright region of the top middle of the middle panel
in (a); solid red line: number of the highly active pits with halo. (F) Total current
as a function of time. The reaction conditions were T = 21.9°C with the potential
held at 637 mVygE.-



The measurements displayed in Fig. 7 and Fig. 8 exhibit both an expo-
nential increase in the total number of pitting sites followed by saturation,
consistent with numerical simulations and former experimental results [, 7).
This was also found for each of the three growing bright regions individu-
ally (see Fig. 8E).

The gain in pit number was accompanied by a growth of the total cur-
rent. Via an exponential increase a transition from sporadic individual pitting
events, i.e., small spikes in the current, to a high permanent current of about
20-301A took place (see Fig. 7D and Fig. 8F). Initially only newly nucle-
ated pits contribute to the current. They generally passivate after a short
time (approximately 2s) and each makes only a small contribution to the
overall current [?]. With time an increasing number of pits develops a bright
halo, indicating higher activity (Fig. 8E). Typically, these pits are found to
be sites which reactivate after they have been passivated.

By detecting the halo around highly active pits their lifetime can be de-
termined. Most pits have a lifetime of less than 20s, only a few of them show
a lifetime up to 55s. In our experiments we observed no stable pits, although
we cannot rule out their formation at a later stage of the experiment. After
approximately 250s the number of highly active pits exceeds the number of
newly nucleating pits. At that time the overall current is mainly due to the
highly active pits. Although only metastable pits were observed, the overall
current had reached an almost constant high value. Hence, the strong increase
of the current results only from the rapid increase in the number of active
pitting sites. This observation is contrary to the results reported by many
other authors, who attributed the strong increase of current to the formation
of stable pits [?7,?].

Fig.9. Microscopic image of
the sample in Fig. 8 after ter-
mination of the experiment and
after removal of the lacquer. Re-
produced from [?].

In the experiment shown in Fig. 8 the propagating fronts all have their
origin at the rim of the unsealed surface. Thus, also crevice corrosion beneath
the insulating lacquer and the associated acidification of the chemical envi-
ronment could have affected our results [?]. To exclude this possibility the



stainless steel sample was taken out of the electrolyte and imaged ex situ after
termination of the experiment and careful removal of the insulating lacquer
(see Fig. 9). The pits identified by arrows and numbers 1, 2, and 3 are the
initial pits which released enough aggressive ions to weaken the oxide layer.
It is possible that the first pits nucleated near the rim of the unsealed area
because there the lacquer partly shielded potential pitting sites and diffusion
takes place only in one direction, thus the probability for pitting corrosion is
enhanced [?]. Clearly no sign of crevice corrosion is visible at these sites and
can therefore be ruled out as source for the observed spreading of the pits. An
example of crevice corrosion, which developed at a later stage of the experi-
ment, is visible at the left side of Fig. 9. As evident from the original video,
it started at ¢ = 348s and grew for the remaining 140s until the potential
was set back to —93mV.

6 Conclusion

Our findings can be interpreted as follows: Due to the release of aggressive
species by metastable pits the oxide layer in their vicinity is weakened. Here,
the probability for nucleation of pits is dramatically enhanced. Each new
pit releases additional aggressive ions, leading to further weakening of the
oxide layer and hence an expansion of the weakened area. This causes chain-
reaction-like development of pits and a spreading of the active surface area.

Our results and their good agreement with the theoretical model strongly
corroborate our believe that oxide layer weakening and nucleation rate of
pits depend on each other and that the onset of pitting corrosion in our
experiments can be regarded as an autocatalytic process. We hope that our
approach gives new impulses for preventing corrosion damage.

In general, the experimental methods described here are applicable for
the investigations of many materials protected by thin films.
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1 Introduction

Rotating spiral waves represent very typical example of self-organized spatio-
temporal patterns in quite different reaction-diffusion systems. They have
been observed in the social amoeba colonies [1], the chemical Belousov-
Zhabotinsky (BZ) reaction [2, 3], in heart muscle [4,5], in the retina of the
eye [6], in the oxidation of CO to CO3 on platinum single crystal surfaces [7],
in the calcium waves of frog eggs [8], in yeast extracts during glycolysis [9]
and so on. From a theoretical point of view all these experimentally available
systems belong to a single broad class known as excitable media [10-12,46].

Excitable media are essentially nonlinear dissipative dynamical systems
with energy sources distributed in space. Wave processes in active media
differ very strongly from that in optics or acoustics. Due to a balance between
energy influx and dissipation the propagation of a solitary wave is possible.
Such a wave includes the transition from a stable resting state of a medium to
an excited one which is metastable and is followed by a recovery transition to
the resting state. Due to a finite duration of a recovery transition, there is a
minimal period of a wave train. Moreover, two propagating waves annihilate
after a collision in contrast to an interference of waves in linear systems.

A spiral wave is created if some special initial conditions are used or
if a single propagating wave is broken down. Although a nonuniformity of
an active medium can simplify the emergence of spiral waves, they exist
as well in completely homogeneous and uniform media. The influence of the
boundary conditions decreases very fast with the distance from the boundary
and practically vanishes if this distance exceeds the spiral wavelength. Thus,
once created spiral waves represent very robust sources of a wave activity and
oscillations in an active medium.

In many cases such self-sustained activity destroys normal functions of
biological media and is undesirable. For instance, the self-sustained activity of
heart muscle results in cardiac arrhythmias. This is one of the most important
motivation to study spiral wave dynamics and to elaborate efficient control
methods.

One obvious way to suppress a spiral wave is to apply a huge exciting
perturbation to the whole system (defibrillation shock) after that the medium
will be recovered to the resting state. Obviously, such a huge perturbation is



rather dangerous for the biological object since it can damage other important
living functions. The main goal of our study is to propose basic ideas for
control methods applying relatively weak perturbations.

A key role for such a control of spiral waves plays the phenomenon of res-
onant drift of spiral waves which appears in response to a periodic change in
the excitability of the whole medium exactly at the spiral rotation period [14].
Theoretical [14-17] and experimental [18,19] studies show that such paramet-
ric modulation induces a resonant drift along a straight line. Thus, the spiral
wave can be shifted to the boundary of the medium, where it hopefully should
disappear. However, a more detailed analysis [20] demonstrates a repulsion of
resonantly drifting spiral waves from no-flux boundaries of the medium. The
boundary influence changes the rotation period of the spiral that results in a
reflection of the drift direction. In addition to this reflection, any variations
of the rotation period in course of time or due to spatial nonhomogeneity
restrict the applicability of the resonant drift with a priori given frequency
as a control tool to suppress undesirable self-sustained oscillations associated
with the rotating spiral wave.

In this connection a feedback-mediated parametric modulation seems to
be a more perspective control strategy, since in this case the modulation
period always coincides exactly with the actual rotation period of the spi-
ral wave [20,21]. Another important motivation to study feedback-mediated
dynamics of spiral waves is related to the fact that a feedback is naturally
present in many excitable media [22-25]. In addition, recent experimental in-
vestigations performed with the BZ medium [26,27] and during the catalytic
CO oxidation on platinum single crystal surfaces [28] reveal that global feed-
back can provide an efficient tool for the control of pattern formation.

In this paper we demonstrate that all known feedback control methods
based on the phenomenon of the resonant drift can be considered in the
frameworks of a unified theoretical approach. This approach allows to ana-
lyze existing methods of discrete and continuous control and helps to elab-
orate novel control algorithms. The theoretical predictions are confirmed by
numerical computations and experimental studies.

2 Spiral waves under periodic parameter modulation

2.1 Experimental system and underlying mathematical model

The light-sensitive BZ reaction demonstrates all basic features of excitable
media of quite different nature and represents a very suitable experimental
object to study controlled motion of spiral waves. In the experiments reported
below an open gel reactor is used [29-31]. The catalyst is immobilized in a
silicahydrogel layer of 0.5 mm thickness prepared on a plate of depolished
glass (diameter 63 mm). The active layer is in diffusive contact with a feeding
solution prepared from stock solutions containing [NaBrO3]p=2.06x10"1 M
(Aldrich, 99 %), [H2SO4]p = 3.1 x10~! M (Aldrich, 95-98%), malonic acid



[CH2(COOH)3]p = 1.86 x10~1 M (Aldrich, 99%), and [NaBr]o = 4.12x10~2
M (Fluka, 99%). This solution is pumped continuously through the reactor
at a rate of 120 ml/h. To protect the active layer from stirring effects, it
is covered by an inactive gel layer of 0.5 mm thickness not loaded with the
catalyst.

The active layer is illuminated by a video projector (Panasonic PT-L555E)
with intensity controlled by a computer via a frame grabber (Data Transla-
tion, DT 2851). The light is filtered with a bandpass filter (BG6, 310-530 nm).
Every one second the pictures of the oxidation waves appearing in the gel
layer are detected in transmitted light by a CCD camera (Sony AVC D7CE)
and digitized with a frame grabber (Data Translation, DT 3155) for imme-
diate processing by the computer. During the same time step the signal I(t)
controlling the light intensity generated by the projector can be changed in
accordance with the feedback scheme under consideration.

A single spiral wave, which constitutes the initial condition for all the
experiments, is created in the center of the gel disk by breaking a wave front
with an intense light spot. The location of the spiral wave tip is defined online
as the intersection point of contour lines (0.6 x amplitude) extracted from
two digitized images taken with time interval 2.0 s. The tip trajectory, the
control signal and the wave activity at an arbitrary detection point can be
visualized online by the computer.

An unperturbed spiral has the wavelength A ~ 2.0 mm. Its tip describes
a meandering trajectory containing about four lobes. The rotation period
measured far away from the symmetry center was T, = 40 s.

The basic features of this experimental system are reproduced by the
Oregonator model for the light-sensitive BZ reaction in the form of a system
of two reaction-diffusion equations:

ou o 1 9 u—q

o —Vu—i—e u—u (fv+I)u+q , (1)
0

a0

Here the variables v and v correspond to the concentrations of the autocat-
alytic species H BrOsy and the oxidized form of the catalyst, respectively. In
the following we keep the parameters e = 0.05, ¢ = 0.002, and f = 2.0 fixed.
The term I = I(t) describes the additional bromide production that is in-
duced by external illumination [32]. All computations are performed by the
explicit Euler method on a 380 x 380 array with a grid spacing Az = 0.14
and time steps At = 0.002.

The autonomous system with 7(¢) = 0 has a steady state which is stable
with respect to a small perturbation. However, a supra-threshold perturba-
tion, once locally applied, gives rise to a concentric wave propagating through
the medium. A spiral rotating counterclockwise near the center of the simu-
lated domain was created by a special choice of initial conditions. The spiral



tip performed a compound rotation (meandering motion) including at least
two different frequencies. The oscillation period measured far enough from
the symmetry center of unperturbed trajectory was T, = 3.6.

2.2 Archimedean spiral approximation

Up to now there is no general theory which allows to predict the parameters
and the shape of a rotating spiral in the two-dimensional medium specified by
a reaction-diffusion system like (1), though this problem has been the subject
of numerous studies [14-16, 33].

The very first attempt to construct a simplified kinematical description of
a rotating spiral wave has been done in the classical paper of N. Wiener and
A. Rosenblueth [33]. This description is based on the assumption that wave
fronts in a homogeneous, isotropic, two-dimensional media propagate from
any stimulated points with equal velocities into a region in the resting state.
Due to the Huygens’ principle the successive wave fronts are perpendicular
to a system of rays which represent the position which may be assumed by
stretched cords starting from the stimulated point. The back of the wave
is another curve of the same form, which follows the wave front at a fixed
distance A\, measured along these rays.

Under these assumptions one can imagine a spiral waves rotating around
a circular-shaped hole with no-flux boundary, as shown in Fig. 1(a). The
perimeter A of this hole should be, of course, large than the distance A.. The
shape of the wave front in this case coincides with an involute of the hole,
that is for any points B of the front the segment AB of a tangent to the hole
has the same length as the arc length AC. The wavelength of the rotating
spiral is equal to the hole perimeter A and the rotation period 7" is determined
as T = A\/cg, where ¢g is the front velocity. The shape of the involute in a
parametric form reads as

2(0) = Ry, cos(6 + 00) + Ry sin(0 + 6o),
y(0) = Ry sin(0 + 6p) — R0 cos(6 + 6y),

where Rj, = A/(27) is the hole radius, and 6y specifies the orientation of the
wave front.

The main disadvantage of this kinematical construction is that the spi-
ral rotation is allowed only in a nonhomogeneous medium with a hole in
contradiction to experimental observation and numerical data.

A more elaborated kinematical description of a freely rotating spiral in a
homogeneous medium is based on the assumption that the normal velocity
¢ of a curved front is not a constant, but depends on its curvature [34]. The
simplest approximation of this relationship is a linear dependence

o(K) = ¢y — DK, (2)



Fig. 1. Different representations of a rigidly rotating spiral wave. (a) involute of
a hole, (b) solution of the kinematical equation with a linear velocity-curvature
relationship, (c¢) Archimedean spiral, (d) overlapping of all three fronts far away
from the rotation center. The fronts shown in panels (a), (b) and (c) are depicted
by thick dotted, dashed and solid lines, respectively.

where the curvature K is considered positive for a convex wave front. This
relationship can be derived directly from the reaction-diffusion system (1)
with € < 1 [35,36]. To this aim the isoconcentration lines u(x,y,t) = u. are
considered as a boundary of an excited region.

For a freely rotating spiral the wave front and the wave back should
coincide at one site, called phase change point [38], see point ¢ in Fig. 1(b).
Normal velocity of the wave front vanishes here. This point lies at the shortest
distance to the rotation center O. At another interesting point, point Q, the
radial direction is tangent to the isoconcentration line.

To determine the shape of a rigidly rotating spiral wave it is convenient
to specify the curvature K as a function of the arc length s: K = K(s) (the
natural equation of a curve). Pure geometrical consideration shows that this
function satisfies the following integrodifferential equation [39]:

K/Kc(K)ds’ — DCZ—K = w. (3)
s
0

Here the arc length s is measured from the point Q and w = 27/T is the
rotation frequency of the spiral. It was shown that two boundary conditions



K(0) = Kg and K (o0) = 0 can be simultaneously fulfilled under an unique
value of the rotation frequency w, which can be expressed as

w = coKqR(n), (4)

where 0 <7 <1 is a dimensionless parameter 7 = DKqg/cy and the function
£2(n) can be well approximated as

2(n) = 0.6857*/% — 0.061 — 0.293n>.

The wave front computed form Eq. (3) with ¢y =0.363, D = 1.0, and Kg =
0.2 is shown in Fig. 1(b). The rotation frequency of this spiral is w = 0.028
and the wavelength A = 81.7.

Since the front curvature goes to zero very quickly with the arc length,
it is not necessary to use this rather complicated approach to determine the
front shape far away from the rotation center. A. Winfree was the first who
suggested to approximate the spiral front by an Archimedean spiral [2]

O(r,t) = Oy — 2{7‘ + wt, (5)
where © and r are polar coordinates with origin at the rotation center. This
simple analytic form determines as well the asymptotic of spiral waves in the
complex Ginzburg-Landau equation [41,42]. The front shape in the Cartesian
coordinates with A = 81.7 is shown in Fig. 1(c).

It is important to stress that all these three forms of spiral wave de-
scription practically coincide far away from the rotation center. Moreover,
the Archimedean spiral becomes very close to curvature affected spiral ob-
tained from Eq. (3) already at a relatively small distance r4 from the ro-
tation center, as can bee seen in Fig. 1(d). In this example r4 can be esti-
mated as r4 ~ 9.0 < A. Recent computations performed with the Oregonator
model [40] and experiments with the BZ reaction [43] also confirm that an
Archimedean spiral provides a suitable approximation of the wave front ex-
cept a relatively small region of radius r4 < A near the rotation center.
Moreover, even the shape of a slightly meandering spiral waves exhibits only
small oscillations near an Archimedean shape and the amplitude of these os-
cillations vanishes very quickly with r [44]. Therefore the Archimedean spiral
approximation will be used below to specify the shape of a wave front.

2.3 Resonant drift of a spiral wave under periodic parameter
modulation

Resonant drift of a spiral wave is a displacement of the spiral wave center in-
duced by a periodic modulation of the medium excitability. This phenomenon
has been predicted for a kinematical model of weakly excitable media [14],
confirmed in numerous computations and experiments [16, 19, 20, 45], and
explained as a generic property of an excitable media [15,17].



Let us assume that an unperturbed spiral wave is rotating rigidly at a
frequency wg around a center located at a site zg = o + iyp. One has to
approximate the shape of this spiral by expression (5) to determine the spiral
phase ©p. After a short perturbation, modeled as I(t) = A;d(t) in Eq. (1),
the rotation center, generally speaking, is shifted to a new site

z1 = zp + hexp(i@g + ip), (6)

where h is the magnitude of this displacement. Its direction is determined
by the spiral phase ©p and a constant ¢ characterizing the medium. The
perturbation applied changes also the rotation phase of the spiral by §@. It is
assumed that the changes in the spiral wave form induced by the perturbation
relax on a time scale much smaller than the rotation period Ty = 27 /wyp.

A second perturbation applied after the time interval T}, should produce
a similar displacement. If a relaxation process is much shorter than T,,, the
location of the spiral center after the second perturbation can be written as

2y = 21 + hexp(iO1 +ip), (7)
where
@1 = @0 + 00 + WOTm. (8)

Since the displacement direction remains the same after substraction of 27
from the right hand side of Eq. (8), this expression can be written as

06
@1 = @0 =+ (WO =+ T_ — wm)Tm (9)

Generally speaking, the spiral displacement after k similar perturbations
modeled as I(t) = A Zf:o §(t = 1T,,) reads

2k = 2k—1 + hexp(i@r_1 + ip), (10)
Ok_1 =02+ (0 —wm) T, (11)

where
W =uwo+ 69/Tm (12)

is an averaged rotation frequency of the spiral wave perturbed by the applied
modulation.

The phenomenon of the resonant drift is induced by the modulation with
the frequency w,, = @. In this case a simple equality O = Or_1 = ... =
Oy follows from (11). Hence all particular displacements occur in the same
direction and the total shift of the spiral location after k perturbations is
given by a product

zr = 20 + kh exp(i@o + iga). (13)



It is important to stress, that if w,, = nw, where n is an integer, n > 1,
the sum of n consequent displacements, i.e after one rotation period of the
spiral, is equal to zero, and zxi, = 2z;. A long term drift is absent in this
case.

Another interesting consequence from (10)-(12) can be obtained in the
case then wy, is close to @: |wp,/@ — 1| < 1. Under assumption that the
displacement h is small, the discrete map (10),(11) can be transformed into
the ordinary differential equation for the spiral location z(t):

Z= iexp[i((@—wm)t—l-@o—i—gﬁ)]. (14)
Tm
Thus, the velocity of the resonant drift induced by the periodic modulation
is determined by the ratio h/T},. The direction of the straight-line drift cor-
responding to the resonance w,, = @, depends on the initial orientation ©q
of the spiral wave and on the constant ¢. More generally, if the parameter
modulation is given by

k

I(t)=Ar» 8(t — 1Ty — to) (15)
=0

with arbitrary g > 0, the drift direction + should depend as well on the
modulation phase ¢,0q = Wty = wmto that gives

Y= ¢+ 60+ Pmod- (16)

Note that Eq. (14) obtained for the discrete modulation (15) practically
coincides with induced drift equations known for a continuous periodic mod-
ulation [14-16]. The only difference is that the constant ¢ in (14) specifies a
displacement direction induced by a sequence of §-perturbations, but not by
a harmonic perturbation I(t) = A cos(@t). In both cases this angle, which de-
termines the drift direction for &y = ¢0q = 0 is a characteristic parameter
that depends on the properties of the excitable medium and on the applied
modulation method.

3 Discrete feedback control

3.1 Resonance attractor for spiral waves subjected to
one-channel feedback

One-channel feedback has been first applied to control meandering spiral
waves in experiments with the light-sensitive BZ medium [21]. Later a theory
of this control method has been elaborated for a rigidly rotating spiral [40,43]
and for a meandering one [30]. In accordance with this control algorithm, the
wave activity (e.g. the value of the variable v in Eq. (1)) is measured at a



particular detection point as a function of time. This value oscillates with time
and exceeds the value v, every time instants tx, when a wave front touches
the detector point. A short perturbation is applied to the system immediately
at ¢ or after a time delay 7. The sequence of the generated perturbations
with the frequency practically equal to the rotating spiral frequency induces
a spiral drift.

Let us assume that the drift is slow and determine its direction. Obviously,
the phase of the pulse sequence depends on the spiral location. Indeed, if the
spiral wave center is placed at the point z = x 4 iy, the spiral front specified
by Eq. (5) crosses the detector point located at the origin of the coordinate
system each time ¢ satisfying the following equation:

2
wty + 6y — Tﬂ-|z| =m+arg(z) + 27k + @t (17)
Hence the stimulating sequence will be generated as
k
I(t) = Ar Y 6(t — 1T — Gmod/wm). (18)
1=0

This expression coincides with Eq. (15), where the phase shift ¢4 is deter-
mined as

2
Dmod = T+ arg(z) — Og + Tﬂ-|z| + oT. (19)

To determine the direction of the drift induced by the one-channel feed-
back, the expression (19) should be substituted into Eq. (16), that yields

2
y=p+7m+arg(z)+ 7W|z|+m. (20)

It is important to stress, that under the described one-channel feedback the
drift direction does not depend on the initial orientation @y of the spiral.
The location z of the spiral center and the time delay 7 completely determine
the drift angle . Thus, the drift velocity field induced by the one-channel
feedback control follows from Eq. (14):

zZ= % exp(iy) (21)
with 7 defined by Eq. (20).

This drift velocity field is shown in Fig. 2 corresponding to 7 = 0. The
constant ¢ is taken as ¢ = —1.8 that corresponds to the Oregonator model
(1). The field has a rotational symmetry, but the drift angle v monotonously
increases with the distance |z| from the detector point. Hence, there is a set
of sites along any radial directions, where the drift direction is orthogonal to
the radial one, i.e.

v =arg(z)+7/2+ mn, (22)
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Fig. 2. Drift velocity field for the one-channel feedback. Thick solid shows the

trajectory of the spiral center computed for the Oregonator model (1). 7 = 0.

where n is an arbitrary integer. The sites corresponding to a fixed n form
a circular pathway around the detector. It follows from Eq. (20), that the

motion along this circular pathway will be stable only if n is an even number

n = 2m. Indeed, according to Eq. (20) v increases with |z|. Therefore, small

deviations from the circular pathway are damped out (amplified) for n = 2m

(n = 2m + 1). The radius R of a stable circular orbit can be found as a

solution of Egs. (20) and (22):

¥
2

(23)

— T/ (2m).

m — 0.25 —

R/\ =

These stable orbits are the attractors of a spiral wave under one-channel

feedback. The basins of attraction are bounded by unstable orbits, which

corresponds to n = 2m + 1 and have radii

(24)

m+0.25 — % — r@/(27).

R/\ =

An example of the feedback-induced drift computed for the Oregonator model

(1) is shown by the solid line in Fig. 2. It can be seen that the drift field

determined by Egs. (20),(21) describes not only the attractor location, but

the transient motion starting somewhere within the basin of attraction, too.

Application of one-channel feedback control to the BZ system also allows
to observe the discrete set of stable resonant attractors [21,30,43,46]. Note,
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Fig. 3. Radii of resonance attractors (diamonds) determined experimentally for
meandering spiral waves in the light-sensitive BZ medium vs the time delay in the
feedback loop. The dashed lines show the theoretical predictions for the radii of
the resonance attractor according to Eq. (23), the solid lines are the boundaries of
the basins of attraction according to Eq. (24). Radii of observed entrainment and
asynchronous attractors are shown by triangles and squares, correspondingly.

that Eq. (23) for the radius of the resonance attractor contains only one
medium depended parameter ¢, which specifies the direction of the resonance
drift. In order to avoid a rather complicated experimental procedure to verify
this value, the obtained experimental data were fitted by linear dependences
(23) with ¢ = —0.31 as shown in Fig. 3 by dashed lines. Then, the boundaries
of the basin of attraction were specified in accordance with Eq. (24) (solid
lines in Fig. 3).

In the region of small radii, where R < r4 = 0.2}, the dependence (23)
becomes violated. This is quite natural, since close to the rotation center
the spiral wave deviates considerably from the Archimedean shape, and Egs.
(17)-(20) are not applicable. When the distance between the core center and
the measuring point is small the entrainment attractor or the asynchronous
attractor can be observed (for details see [30]). The radii of these attrac-
tors grow with the time delay until the basin of attraction of the resonance
attractor is reached. With further increase of the time delay the resonance
attractor is observed.



3.2 Spiral wave drift near a line detector

In accordance with another feedback algorithm short perturbations are gen-
erated each time when the rotating spiral wave front is tangent to a straight
line. Fig. 4(a) illustrates the location of the spiral wave observed during an
experiment with the light-sensitive BZ medium exactly at the instance when
it touches a line detector. Of course, the gray level corresponding to a chem-
ical concentration is monitoring only at a column of pixels of this digital
image, rather than along a continuous line. After a corresponding proceeding
of the monitoring data the instance of a touch is determined. Hence, one can
talk only about a virtual line detector.

Fig. 4(b) shows the spiral tip trajectory obtained experimentally under
this feedback control. After a short transience the spiral core center drifts in
parallel to the line detector. This asymptotic drift line reminds the resonance
attractor observed under one-channel control, because a small variation of
the initial location of the spiral wave does not change the final distance
between the detector and the drift line. To construct a drift velocity field

(b)

V-

Fig. 4. Spiral wave drift near a virtual line detector. (a) Snapshot of a spiral wave
in a thin layer of the light-sensitive BZ reaction. Overlaid dashed line represents
the detector. White curve shows the spiral tip trajectory without feedback. (b)
Trajectory of the spiral wave tip induced by the feedback.

corresponding to this control algorithm an Archimedean spiral approximation
is used again. Assume the detector line is given as x = 0 and an Archimedean
spiral describing by Eq. (5) is located at a site (x,y) with > 0. A pure
geometrical consideration shows that the spiral front touches the detector
each time ¢ satisfying the following equation:

2 h
oty + Oy — TWT = 7 — arctan(—) + 27k, (25)
x



where

r(z) —3:\/0.5—|— 1/0.25 + (%)2, (26)

h=\/r2—:102:)\—x (27)

2mr

and

Eq. (25) determines a modulating sequence similar to Eq. (15) with the phase
shift

2 h
Pmod =™ — O + Twr — arctan(—) + @r. (28)
X

Substituting Eq. (28) into Eq. (16) we obtain the direction « of the induced
drift as a function of the coordinate x > 0:

y(z)=p+7+ 2%7‘(90) - arctan(ﬁ) + or. (29)
T

On the left hand side from the detector line the drift direction is specified
by a similar expression, but an additional rotation by the angle = should be
included. That gives for x < 0

v(z) =+ 2%7“(3:) + arctan(g) + @r. (30)
Finally, the drift of the spiral center will be specified by Eq. (21) with ~
determined by Egs. (29) and (30).
The obtained drift velocity field is shown in Fig. 5(a). In analogy to the
drift field corresponding to the one-channel feedback, there is a set of sta-
tionary trajectories. In this case they are given by the condition

v(x) =7/2 + 7n, (31)

where n is an arbitrary integer. A stable stationary trajectory corresponds to
an even number n = 2m, while an odd number n = 2m + 1 characterizes an
unstable one. Solid lines in Fig. 5(a) show trajectories of spiral wave centers
placed initially at three different distances from the line detector. Asymp-
totically they are attracted by stable stationary trajectories with basins of
attraction separated by unstable stationary trajectories.

The similarity between this attractors structure and the one described
above for the one-channel detector becomes even more obvious, when a line
segment is used as a detector. Indeed, if short perturbations are generated
each time when the spiral wave front is tangent to a segment of a straight line
or touches its open end, then drift velocity field consists of three regions, as
shown in Fig. 5(b). In the central region the drift direction is determined by



(32)

“/1NT
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and can only touch the nearest open end. Thus, in these regions the drift

direction is determined by Eq. (21) in accordance with the one-channel control
algorithm. These three regions are separated by two boundaries y, = yp(zp)

in the upper or bottom region the front can never be tangent to the segment
given in the case of a vertical line segment as

Egs. (29) and (30) as for a line detector. However, if the spiral center is located

/\:Eb

27r(xp)’

Yb = Ytip —

the attractor structure existing in one region continuously transforms into

another one. Direct integrations of the Oregonator model (1) demonstrate a
continuous drift of a spiral center along a closed trajectory surrounding the

given by Eq. (26). The drift velocity field is smooth at these boundaries, and
line segment.

where vy specifies y-coordinates of upper or lower open ends, and r(z) is
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segment (b). Solid lines show trajectories of the spiral center computed for the

Fig. 5. Velocity field for spiral wave drift induced near a line detector (a) and line
Oregonator model (1). 7
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3.3 Spiral wave drift near a curved one-d

desirable site B along the shortest pathway. However, during such a shift the
spiral wave can be anchored at some defect, as it is illustrated in Fig. 6(a).
Thus, in a presence of defects the shortest pathway is not always the optimal
one.

Drift induced near a line detector represents an efficient tool to move a spiral
wave along a straight line and, hence, to shift it from initial location A to a



In this connection a possibility to shift the spiral wave along a curved
trajectory has been studied. Fig. 6(b) shows an example of a successful shift
of a spiral wave from point B to A avoiding an anchoring by the defect located
between these two points. This shift is induced by the feedback control using
a curved segment as a detector.

@ P §

Fig. 6. Trajectories of a spiral wave tip observed in a thin layer of the BZ reaction.
(a) Anchoring of a spiral wave on a defect D. (b) Successful drift from B to A near
a curved detector. Overlaid dashed lines represent the detectors. Scale bar: 1 mm.

Further study of the spiral wave drift near a curved one-dimensional de-
tector demonstrates the possibility of a continuous drift of spiral waves near
a convex arc with arbitrary curvature, up to the limiting case of a point de-
tector. The drift near a concave arc is more complicated. Indeed, Fig 7(a)
illustrates a continuous drift around a curved cosine-shaped detector. Since
the deformation of this detector with respect to a line segment is relatively
small, the drift occurs near concave arcs as well as near convex ones. How-
ever, near a strongly curved concave arc the drift stops, and the spiral wave
becomes anchored at some site within a homogeneous medium without any
defects, as shown in Fig. 7(b).

To explain the observed anchoring, the drift velocity field induced by a
curved detector should be analyzed. To this aim we assume that the virtual
detector has a form of a circle of radius R,. Assume this circle is centered at
the origin of a Cartesian coordinate system while the center of a spiral wave
approximated by an Archimedean spiral is located at the point z = = + 7y.
Pure geometry shows that the spiral wave will touch the detector at instants
ti satisfying the following equation

2 h
Wt + 6o — UL arg(z) — arctan(=) + arctan( ) + 27k, (33)

h
A d R, +d



x4/)\ xa/)\
Fig. 7. Trajectories of a spiral wave tip observed in a thin layer of the BZ reaction.
(a) Drift around a weakly curved one-dimensional detector. (b) Anchoring of a

spiral wave drift near strongly curved concave detector. Dashed lines represent the
detectors.

where

)
2
\/o5+ 025+(27Td), (34)

(35)

27TT‘(d)
a? + y2 = (d+ Ra)2 +7(d)? — d>. (36)

Here r is the distance between the spiral center and the point of touch, and
d is the distance from the spiral center to the tangent at the touch point.

As before, the stimulating sequence will be generated in a form similar to
Eq. (15) with the phase shift

2 h
Gmod = T+ arg(z) + %r -6+ arctan(Ra d

) — arctan(g) + wT. (37)

This phase shift determines the drift direction in accordance with Eq. (16).

An arbitrary curved detector should be considered as a set of continuously
connected arcs of different curvature radii. Determination of the drift velocity
field in this case is illustrated by Fig. 8 for a detector consisting of three
circular arcs. Thin solid curves separate regions of influence of different arcs
and the both open ends of the detector. Similar to the case of a line segment
shown in Fig. 5(b), these curves obey Eq. (32) written in local coordinate
system with origin at the end points of the arcs. For instance, in the upper
middle region of the considered square-shaped medium the spiral wave can
only touch the upper open end and never can be tangent to the detector.
Within the upper right region the spiral wave can touch the upper open end
and can be tangent to the middle arc. This part and others parts with two



sources of influence are shaded in Fig. 8. Here the resulting drift velocity
vector is determined as the sum of two particular vectors related to two

sources of influence. Fig. 8 shows that the amplitude of the resulting drift
velocity vanishes at some sites in the shaded regions, where the particular

vectors have opposite directions. This is the reason for observed anchoring of

the spiral wave near concave arc shown in Fig. 7(b).

In order to confirm this conclusion we performed numerical simulations of

the feedback mediated drift with the Oregonator model (1). The obtained tra-

jectories of two spiral wave centers with different initial locations are shown

in Fig. 8 by thick solid lines. The spiral center moves in a very good agree-
ment with the computed drift velocity field and stops near the place where

the velocity field vanishes.
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Fig. 8. Drift velocity field near a strongly curved detector

1.4.

4 Continuous feedback control

duced drift
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4.1 The superpos

tem variable averaged over a certain integration domain S. For instance, the

Usually, to realize a continuous feedback control of rotating excitation waves,
the parameter modulation I(t) is determined to be proportional to a sys-



feedback signal I(t) is often computed as [47,48,50-52]:

I(t) = kpp[B(t — ) — Bol, (38)
where
B(t) = é/v(x’,y/,t)dz/dy’. (39)
S

Thus, the intensity of the feedback signal is proportional to the integral value
B of the variable v over the domain S of area s. Two important control
parameters in the feedback loop are the gain k¢, and the time delay 7. If S
is a disk whose center coincides with the center of a rigidly rotating spiral
wave, then the integral B does not depend on time. This constant is denoted
as By in Eq. (38).

Let us assume, that the center of an unperturbed spiral wave is located at
site z = x+1y. Due to the rotation of the spiral wave, in general, the computed
integral B(t|z) and, hence, the modulation signal I(t|z) are periodic functions
of time with period Tw. Applying the computed signal (¢|z) to the medium,
the spiral wave is forced to drift in accordance with the general rule (14).
The direction of the drift and its velocity are determined by the first Fourier
component of the periodic modulation, which can be expressed as

L(t|z) = kppA(2) cos[ot — o1 — ¢(2)], (40)

where the amplitude A(z) and the phase ¢(z) are defined by the following
expression

A(z)e"*?) = B(t|2) exp(iwt)dt. (41)

2
T

o\éq

The higher Fourier components with frequencies nw, where n > 2, do not
induced a long term drift as shown in Sec. 2.3.
If the induced drift is slow, then the actual location of the spiral center
z determines its velocity V(z) ~ ks, A(z) and direction with respect to the
z-axis
Y(z) =+ wr + 6(2). (42)

The constant ¢ specifies the direction of the drift induced in the case 7 = 0
and ¢ = 0. For the Oregonator model (1) with the parameters indicated
above ¢ = —0.5 [47]. Hence the drift velocity field can be written as:

2 =V(z) expliv(2)] (43)

with 7 defined by Eq. (42).



If the shape of a slightly meandering wave can be approximated by a
counterclockwise rotating Archimedean spiral, the first Fourier component of
v(2’,t|z) reads

v1(2',t|2) = v coslwt — arg(z’ — 2) — 27|z’ — 2|/ )], (44)

where vy, is a constant. Substituting Eqs. (39) and (44) into Eq. (41), we get

A(z)e'*?) = U?m /exp[i@(z'|z)]dx’dy’, (45)
s

where
D(2'|2) = arg(z' — z) + 27|2" — z|/\. (46)

It is important to stress, that if the size of the domain S is much smaller
than the spiral wavelength A\, we get the limiting case of one-point feedback
control [47] specified by Egs. (42),(43),(45) with (2/,y") = (0,0). In this case
¢(z) = D(0|2) = 7 + arg(z) + 2m|z|/A. Hence, the angle v determining the
drift direction under continuous one-point control reads

v(z) =+ 7+ arg(z) + 27|z| /A + @T. (47)

Note, that the only difference between this expression and Eq. (20), which
corresponds to the one-channel discrete control, is the specific value of the
constant .

To determine the drift field for a domain of an arbitrary shape, it can
be divided into a set of small subdomains. Then each subdomain is treated
as a one-point detector generating a feedback signal with a phase shift de-
termined by Eq. (46). After this the resulting drift velocity field is derived
using Eqgs. (45) and (42) as the sum of all drift vectors induced by single
subdomains. This superposition principle helps to unify and to simplify the
study of different algorithms for continuous feedback control.

4.2 Two-points feedback control

The simplest way to illustrate the importance and the efficiency of the super-
position principle is to consider the two-points feedback, where the feedback
signal is taken from two measuring points (2/,) = (0,a) and (z") = (0, —a).
Substituting these coordinates into Eq. (46), we get two functions @, (z) and
@_(z) describing the influence of the feedback taken from each point sepa-
rately

21
A
The amplitude A(z) and the phase ¢(z) of the drift velocity field induced by
the two points together are determined from Eq. (45) as

D4 (2) = arg(z, —2) + |2 — 2|. (48)

A(2)e) = [exp(idhy) + expli-)]vpn /2, (49)



and then the drift angle v(z) follows from Eq. (42).
It can be easily seen from Eq. (48) that the amplitude A(z) vanishes if

Gy (2)—P_(2) =7(2m + 1), (50)

where m is an integer. A solution of this equation specifies a smooth line or
a set of lines on the z plane.
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Fig. 9. Drift velocity field determined by Eqgs.(43), (42), (48) for (a) dp/X\ = 0.45,
(b) dp/A = 1.0. The fixed line (thin solid) satisfies Eq. (49). The thick solid rep-
resents the trajectory of the spiral center computed for the Oregonator model (1)
with ks, = 0.02 and 7 = 0.

To analyze the obtained drift velocity field it is suitable to choose the dis-
tance between two points d,, = 2a as a control parameter [53]. If the distance
dp/ X\ < 1, the drift velocity field is very similar to that induced by one-point
feedback mentioned above and studied in [47]. Tt includes a set of circular-
shaped attracting manifolds called resonance attractors [21], as shown in
Fig. 2. This attractor structure still exists for any d,/A < 0.5. For example,
the drift velocity field obtained for d,/A = 0.45 is shown in Fig. 9(a). The
thick solid line represents the drift of a spiral center obtained numerically for
the Oregonator model (1) and illustrates the existence of a circular-shaped
resonance attractor in quantitative agreement with the drift velocity field
predicted analytically. However, in contrast to one-point feedback, the mag-
nitude of the drift vectors is not a constant, but becomes very slow in the
upper and lower parts of the attractors. Moreover, the drift velocity vanishes
at a smooth curve connecting the measuring points. It is natural to refer to
such unusual equilibrium manifold as fixed line, in analogy to well-studied
fixed points.



The drift velocity field changes dramatically for 0.5 < d, /A < 1.5. In this
case there are three equilibrium manifolds, which are unrestricted in space.
Thus, the circular-shaped attractors existing for d, /A < 0.5 are destroyed as
shown in Fig. 9(b). In accordance with the predicted velocity field, the drift
of a spiral wave center, computed for the Oregonator model (1), first follows
an approximately circular trajectory and then stops somewhere inside the
medium, practically at the predicted lines.
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Fig. 10. Trajectories of spiral wave tips observed in the experiments with the light-
sensitive BZ reaction. Two measuring points are shown by black dots. Dashed lines
depict fixed lines determined numerically from Eq.(49).

The results of six experiments with different initial locations of the spiral
center are shown in Fig. 10. In these experiments the feedback signal is deter-
mined as the sum of the intensities of the transmitted light measured at two
points located at the distance d, = A. In full agreement with the predicted
drift velocity field shown in Fig. 9(b), the drift of spiral waves stops at the
fixed lines.

4.3 Global feedback in circular and elliptical domains

An increase of the radius Ry of the integration domain S from zero to the
radius of the gel layer describes the transition from one-point to global feed-
back control [48-50]. This control algorithm conserves the rotational sym-
metry existing for one-point control. Thus, one can expect that the drift



direction should be described by an expression similar to Eq. (47). Indeed,
it was shown [47,50] that to specify the drift direction induced by global
feedback within a circular domain Eq.(47) has to be generalized and reads

V(2) = ¢ +arg(z) + ¢(|z], Ra) + o7 (51)

Here the phase ¢(|z|, Rq) is a nonlinear function of |z|, in contrast to one-point
feedback. An example of this function determined numerically for Rz = 1.5\
is shown in Fig. 11(a). Moreover, the amplitude of the first Fourier component
A(z) is a nonmonotonous function within the circular integration domain, as
shown in Fig. 11(a).
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Fig.11. (a) The phase ¢ (solid line) and the amplitude A (dashed line) of the
feedback signal determined for global control in a circular-shaped domain of radius
R4 = 1.5\, (b) Radius R of the resonance attractor in the domain versus time delay
7 in the feedback loop. Radii of observed entrainment and asynchronous attractors
are shown by triangles and squares, correspondingly.

Since the condition (22) is as well valid for a circular orbit in the drift field,
the radii of stable attracting trajectories and the basins of attraction can be
determined from Egs. (51) and (22). As a result, the resonant attractor radius
becomes a nonlinear function of the time delay 7 in the feedback loop, as
shown in Fig. 11(b). Similarly to the case of one-point feedback (see. Fig. 3),
the theoretical predictions are violated for small attractor radius R < r4 =
0.2)\. The amplitude of the first Fourier component practically vanishes in this
case, and entrainment or asynchronous attractors are observed instead [47].

It is very important to stress that the shape of the integration domain
represents a very important control parameter, inducing bifurcations in the
drift velocity field [31,47,50,52]. For example, the drift velocity field com-
puted for an elliptical domain with the major axis ¢ = 3\ and the minor axis
b = a/1.1 is shown in Fig. 12(a). Although in a circular domain of radius



Ry = 1.5\ exist a stable limit cycle corresponding to the resonance attrac-
tor, the deviation from the circular shape strongly changes the drift velocity
field. Indeed, the resonance attractor is destroyed in the elliptical domain. Si-
multaneously, two new pairs of fixed points appear, where the drift velocity
vanishes. In each pair one fixed point is a saddle and the other one is a stable
node. Depending on the initial conditions, the spiral wave will approach one
of the two stable nodes. Trajectories of the spiral center obtained by numer-
ical integration of the Oregonator model (1) are shown by thick solid curves
in Fig. 12(a). These curves are in perfect agreement with the predicted drift
velocity field.

The results of this theoretical analysis are confirmed by experiments with
the light-sensitive BZ medium. A spiral wave was exposed to uniform illumi-
nation proportional to the integral gray level taken from an elliptical inte-
gration domain. Fig. 12(b) shows the resonant drift mediated during global
feedback control. The spiral wave drifts towards a stable node of the drift
velocity field. Close to this fixed point the drift velocity becomes very slow.
Thus, this experimentally observed anchoring of the spiral wave at certain po-
sitions in the uniform medium is explained in the framework of the developed
theory of feedback-mediated resonant drift.

@ (b)

15

Fig. 12. (a) Drift velocity field induced by global feedback in an elliptical domain
(a/b=1.1). (b) Resonant drift induced in experiments with the BZ reaction (a/b =
1.25). Open filled and semi-filled circles depict unstable nodes, stable nodes, and
saddle points, respectively. Scale bar: 1 mm.

5 Discussion

Our studies show that all existing methods of spiral wave control can be
considered in the framework of a unified theoretical approach. This approach



is based on the well established phenomenon of the resonant drift induced
by periodic parametric modulation at the rotational frequency of a spiral
wave [14-20]. The direction of this drift depends on the initial orientation
of the spiral and on the phase of the first Fourier component of the peri-
odic modulation. To specify the spiral orientation it is proposed to use an
Archimedean spiral approximation for a rigidly rotating and/or for slightly
meandering spiral wave [47,50,53].

It was extremely important to demonstrate that because the phase of the
feedback signal depends on the spiral orientation, the direction of feedback
induced drift is determined only by the spiral location and does not depend
on its initial orientation. Thus, the dynamics of spiral waves under feedback
control can be described by a drift velocity field [47,53].

If a feedback force can be considered as a sum of signals taken from differ-
ent sources, the resulting drift direction is found to be the sum of particular
drift vectors induced by each separate source. This superposition principle
essentially simplifies the analysis of the drift velocity fields [47,53].

It is found that the drift velocity fields represent a very interesting object
for theoretical investigation. Depending on the concrete feedback algorithm,
they can contain fixed points and limit cycles corresponding to the resonance
attractors. Our studies reveal the existence of unusual global bifurcations
leading to the appearance of unrestricted fixed lines with zero drift velocity
[53]. This motivates future study of the possible behavior of a second order
dynamical system near a fixed line, that is a challenge for dynamic system
theory [54]. It is also important to analyse another control algorithms in
which an appearance of such equilibrium manifolds is possible.

The deeper understanding of the dynamics of feedback induced drift al-
lowed us to propose robust an efficient methods to drive spiral center from
an initial location to another, desirable one, even in the presence of anchor-
ing defects. This is important for such possible application as low-voltage
defibrillation of cardiac tissue.

The anchoring of a spiral wave within a homogeneous medium is nowadays
a subject of very general mathematical theory [55]. In the considered case of
the feedback control the anchoring is observed in many different situations.
In all these cases it can be considered as a consequence of the superposi-
tion principle mentioned above, and there is a deep analogy between this
phenomenon and the destructive interference well-known in the theory of lin-
ear waves. To find out some ways to avoid this anchoring, for instance by
application of small stochastic fields, is a challenge for future work.

The single experimental tool employed in this work is the photo-sensitive
Belousov-Zhabotinsky reaction and only the Oregonator model was used for
numerical computations. Note, that the theoretical consideration is based on
a very general descriptions of an excitable medium and did not used specific
features of the experimental or model systems. The close agreement between
the theoretical predictions and the experimental and numerical data proofs



that the results obtained have a general character and can be applied to
dynamics of spiral waves in quite different excitable media.
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1 Introduction

Astrophysical media very often exhibit a remarkable degree of inhomogeneity.
An example are different types of dust forming objects like the envelopes
of old and developed stars or planetary nebulae. High angular resolution
observations of such objects reveal a large variety of different spatial-temporal
dust structures. In Figure 14a, a HST image of the Eskimo nebula, a so called
planetary nebula, is shown. The filaments visible here consist of material
ejected by the central star. Figure 14b shows a speckle interferometry image
of the carbon rich star IRC 10216 at 1.125 pm. The structure of the dust
shell can be clearly seen. Another example are star forming regions, where
the usually thin interstellar medium is highly compressed and exposed to
the intense FUV radiation of the newly born stars. Since the physical and
chemical state inside such a medium is dominated by photons, these regions
are also called photon dominated regions. In Figure 15, the famous and highly
structured Eagle Nebula, a stellar nursery at a distance of approximately 7000
light years, is shown.

For both types of astrophysical objects, the envelopes of evolved stars and
star forming regions, the radiation field plays a crucial role in the development
of the observed structure. For the formation of stars out of the on average
thin interstellar medium great compression of the material has to occur. An
important question is under which conditions structures formed in the inter-
stellar medium by for example turbulent compression or by the passage of
a shock wave can be become gravitationally and/or thermally unstable and
collapse. For star formation to take place, i.e. for large compression to occur,
the gas must cool down. This means, that the released compressional and
gravitational energy has to be removed from the system. The by far most
important cooling mechanism is the transport of energy by radiation. In the
case of stellar envelopes, not only the transport of energy by radiation is
important, but also the transport of momentum by the photons is crucial.
Since in the circumstellar envelopes of evolved stars (Red Giants) dust can
be effectively produced, the radiative force on dust grains plays a major role
in the structuration of these envelopes. In the following we want to exam-
ine two different types of instabilities which can trigger the formation of the
observed structures. At first, we study the conditions for the appearance of
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Fig. 1. Left: Hubble Space Telecsope image of the Eskimo nebula. The filaments
visible above consist of material ejected by the central star (now a white dwarf)
during its AGB phase. Right: Speckle interferometry of the carbon star IRC 10216
(Weigelt et al. 2001) at 1.125 pum. The structure of the dust shell around the star
can be clearly seen.

combined thermal/gravitational instability in section2. Afterwards, we dis-
cuss the mechanisms which lead to a radiative instability in the dust forming
envelopes of AGB stars in section 4.

2 Gravitational /thermal instability

2.1 The Jeans instability

When a region of gas is compressed , the excess pressure tries to smooth
out the compression, which excites acoustic waves. In the compressed region,
however, gravitation is enhanced and therefore more gas is attracted by it.
The latter effect is negligible for typical sound waves in the earth’s atmo-
sphere. For perturbations of gaseous bodies of astronomical size, however,
the self-gravity is quite important and the enhanced gravitation in the com-
pressed region may overpower the expansive tendency of the excess pressure,
pulling more material there and triggering an instability.

Jeans, who at first demonstrated the nature of this so called Jeans in-
stability, considered perturbations in a uniform infinite gas. Considering the
continuity equation, the equation of motion and the Poisson equation:

dp

o +V(pv) =0 (1)



Fig. 2. Hubble Space Telecsope image of the Eagle nebula.

p (g—;’ +(vV) v) =—Vp—pVo (2)

and
AP = 47wGp (3)

he obtained the following equation which characterizes the growth of the
density perturbation dp owing to the self-gravity in a linear approximation

9*dp 2
52 = s Abp 4+ AnGpdp . (4)

Here, G is the gravitational constant and ¢ is the isothermal sound speed.
From eq. (4) the following dispersion relation can be found

w? = c2k? — 4nGp. (5)
For k < kj with
k3 = 4nGp, (6)

w is imaginary, which means that perturbations would increase exponentially.
The system is unstable. In other words, if the size of the perturbations is
larger than some critical wavelength, the enhanced self-gravity can outweigh



the excess pressure so that the perturbations grow. The corresponding critical
mass 4
A@:wﬁpwm_hzﬁ (7)
3 ky
is usually referred to as the Jeans mass.

Under average interstellar conditions, this means a particle density of
approximately 1 cm3and a temperature of 100 K, only masses larger than
approximately 10* solar masses can become unstable according to eqs. (6) and
(7). As a consequence, stars form usually in clusters. The initial clouds breaks
finally up into tens, hundreds, or thousands of fragments. The fragments are
much denser (approximately 103 —10%cm~2). so that now masses in the range
of a few solar masses can become unstable.

2.2 Thermal instability

In deriving eq. (6), an isothermal gas and only thermal pressure were as-
sumed. This means that the local pressure and density are connected through

p=ap. (8)

Magnetic or turbulent pressure were neglected. The situation becomes much
more complex if the transport of energy is included. Under interstellar con-
ditions, the thermal pressure is given by the ideal gas equation

p="2,1. (9)
I
Here, p is the mean molecular mass and kp is the Boltzmann constant. Eq.
(9) is a very good approximation, because even in the densest regions of the
interstellar medium the particle number density only reaches values as high
as 10°cm™3. To obtain the local gas temperature T, the thermal balance
equation must be solved:

F(J)\upuT) = A(Jkava) ) (10)

where J) is the angle averaged spectral intensity of the local radiation field, I"
is the local heating and A is the local cooling rate. The by far most important
energy transport mechanism in interstellar molecular clouds is the transport
of energy by radiation. Hence, the cooling and the heating rate are both
sensitive functions of the intensity of the radiation field. The gas is mainly
heated by ionizing FUV photons and deeper in the cloud by Cosmic rays.
Cooling comes from low-density, sub-thermal collisions. For an optically thin
cloud® of neutral hydrogen gas, the heating rate is proportional to the density
of the gas, whereas the cooling rate is roughly proportional to the square

'Every emitted photon can leave the cloud without being reabsorbed.



of the density. As a consequence, the cloud cannot only become thermally
unstable (the pressure drops with increasing density), but also interstellar
gas in thermal balance can coexist at the same pressure with two different
temperature/density combinations.

Under the assumption of an optically thin cloud (every emitted photon
can leave the cloud without being reabsorbed) a critical wave number similar
to eq. (6) can be obtained:

dinT _ dlnp
dlnp dlnp

2k = 4nGp/ |1 + (11)

with T" being the kinetic gas temperature and p the mean molecular mass
of the gas. Again, only thermal pressure is accounted for. According to eq.
(11), the critical wavelength 27 /k. is always smaller than the classical Jeans
length Ay under interstellar conditions. If the term in brackets is negative,
all perturbations are instable. This means, that an interstellar cloud can
be destabilized by thermal effects as well as by the formation of molecules
(increasing ). However, since most of the energy is transported in a few
molecular lines only, astrophysical clouds cannot be assumed to be optically
thin in general. Hence, a detailed study of the radiative transfer within the
cloud to determine the local heating and cooling rates of the gas is needed.
In the next section, we want to discuss some basic radiative transfer effects
on the thermal/gravitational stability of an interstellar molecular cloud.

2.3 Stochastic radiative transfer

Stochastic description of a turbulent velocity field There are two ba-
sic problems involved with the quantitative discussion of radiative transfer
effects in molecular clouds. One is that in general the molecular gas is not in
local thermal equilibrium (NLTE). This means that the molecular occupation
numbers are not given by a Boltzmann distribution. The other is that the
line broadening mechanism has to be known in detail. Due to the low density
in the interstellar medium, Doppler broadening is by far the most important
broadening mechanism. In most cases observed line widths are considerably
larger than the thermal width. This indicates that hydrodynamic motions are
present in the cloud. In principle, the basic magnetohydrodynamic equations
have to be solved self-consistently with the radiative transport equation and
the rate equation which determine the molecular occupation numbers. How-
ever, the numerical effort would be immense. Furthermore, the proper initial
conditions are not known. Motivated by this, we use an approach which de-
scribes distinct physical parameters of the cloud in a statistical sense only.
This approach has many applications. To this end, we focused our efforts
on the problem of radiative transfer in a medium with an inhomogeneous
stochastic density and velocity distribution (e.g. Hegmann & Kegel 2000,
Hegmann & Kegel 2003, Hegmann et al. 2005). In the following we assume a



turbulent velocity field which can be described in terms of its stochastic prop-
erties. This means that we must specify the functional form of the multipoint
probability distributions. Following Gail et al. (1974), we assume a Markovian
type structure for the velocity field along each line of sight. In this approxi-
mation only two-point correlations are taken into account, and the stochastic
velocity field is completely defined by specifying the one-point distribution of
the velocity and the corresponding two-point correlation function. We con-
sider the one-point distribution of v (the turbulent velocity component along
the line of sight) to be Gaussian

W(v) = ﬁ exp (_%) (12)

and the two-point correlation function to be exponential

(ool £ 89 _ o, (1201

flas) = 2 - (13)

Here, s is the spatial coordinate along the line of sight, and o2 and ¢ are the
mean quadratic turbulent velocity and the correlation length of the velocity
field, respectively. The correlation length ¢ defines the length scale of the
stochastic velocity variation. Since the spatial power spectrum of the velocity
field is the Fourier transform of the correlation function, eq. (13) implies a
one-dimensional power spectrum

14

P(k) x ——
(k) o 157z

(14)
which is well approximated by a power law for £2k2 > 1.
This stochastic process can also be described by the following Langevin

equation:

dv v o

where I'(s) is the random noise or Langevin force.

The generalized radiative transfer equation If the physical state of
the medium is known, the spectral intensity of the radiation field can be
determined by the ordinary radiative transfer equation:

dl,

i -kl +e, ==k, (I, — S,). (16)

Here, I, is the specific intensity at frequency v, k, the absorption coefficient,
€, the emissivity and .S, the source function. In the case of a local thermal
equilibrium S, is given by the Planck function B,,. Both, the emission and the
absorption coefficient are a sensitive function of the density, the temperature,



the chemical abundances, the velocity and even of the angle averaged intensity
J,. However, if we describe the velocity by a stochastic ansatz, eq. (16) has to
be replaced. Due to the stochastic nature of the underlying velocity field, the
intensity of the radiation field becomes a stochastic variable, too. It can be
shown that the Langevin equation (15) together with the ordinary radiative
transport equation (16) lead to a generalized radiative transfer equation of
Fokker-Planck type:

aq, 1 0qy 9 0%q,
( Chrw +o 502 Ky (qy — Sy) - (17)

Os /

Here, g, (v, s) is the conditional intensity, that is the expectation value of the
intensity for a given velocity v at point s. By multiplying ¢, with the one-
point probability distribution W and integration over all velocities an overall
expectation value for the intensity can be obtained:

+oo
(L) = / 40 ()W (v) do. (18)

— 00

From eq. (17) it becomes clear that the relevant parameter for the radiative
transfer is not the correlation length itself but the ratio of correlation length
to the mean free path of the photons

4
<lmfp>
For a small 74, the generalized radiative transfer equation is dominated by the

stochastic first term on the right hand side of eq. (17), whereas the radiative
transfer becomes deterministic for 7, > 1.

T =

Non-LTE line formation The source function S, (v, s) and the absorption
coefficient k,(v,s) are given in the usual way by the occupation numbers
n; and n; corresponding to the transition considered. Since LTE cannot be
assumed in general, the occupation numbers are not given by a Boltzmann
distribution. They have to be determined self-consistently with the line in-
tensities from the rate equations. These summarize all processes populating
or depopulating the different quantum states:

D (n(v) (Aij + Cig) = niv) (Aji + Cji)) +

J#i
> (4% (@ijJ(v)) (nj(v) Bij — ni(v)Bj-)) —0. (20)
J#i

Here, (@;;J(v)) is the mean and angle averaged value of the local radiation
field, weighted with the profile function of the local absorption coefficient. The



A;; and B;; are the Einstein coefficients for spontaneous and induced transi-
tions, while C;; denotes the probability for a collisional transition from state
j — i. Accordingly, the first row in eq. (20) accounts for spontaneous emission
and collision of the molecule considered with Hs, whereas in the second row
induced emission processes are described. This system of rate equations has
to be solved simultaneously with the generalized radiative transfer equation
for every point in physical and velocity space.

2.4 On the cooling by CO

In the cold and dense interstellar clouds, cooling is dominated by the ro-
tational transitions of the abundant CO molecule and its isotopomers. CO
possesses a spectrum of lines due to the rotation of the molecule. The permit-
ted energy levels are approximately those allowed by quantum mechanics for
a rigid rotator, i.e. a linear molecule that does not change shape as it rotates

E=BJ(J+1), J=0,1,2,... (21)
with the selection rule
AJ =+£1.
The constant B is given by
h
B=— 22
o (22)

where O is the moment of inertia of the molecule. Thus the massive molecules
with large moments of intertia have closely spaced energy levels. For CO, the
constant B has the value 3.83 x 10~ 'erg. Since this energy is equivalent to
a temperature of only 2.77 K, the low rotational transitions of CO are easily
excited even for very low gas temperatures.

Of course Hs is by far more abundant, but its rotational transitions cannot
be excited in the cold parts of the interstellar medium. For Hs, electric dipole
transitions are forbidden, because no dipole moment exists in the molecule
in this state. Transitions occur via electric quadrupole interaction, and only
AJ = £2 transitions occur. The least energetic transition in Hs, the excita-
tion J =0 — J =1, occurs at an energy equivalent to 510 K. We want now
to study the influence of radiative transfer effects on the radiative cooling by
CO.

The model As underlying cloud model, we use the model of a hydrostatic
isothermal sphere which is stabilized against gravitational collapse by thermal
and turbulent pressure. Although the concept of turbulent pressure is widely
used, one should keep in mind that the assumption of a turbulent pressure
of the form 02 = (dpgurn/dp) implicitly assumes a small-scale and isotropic
turbulence. The existence of large scale modes, on the other hand, would be
more akin to ram pressure (locally anisotropic, with a well-defined direction)



than to isotropic, thermodynamic pressure. Under the assumptions made, the
fundamental equations determining the cloud structure are the hydrostatic
equation, the Poisson-equation in its integral representation and an equation
of state:

dp _ GM(r)p(r)

or r2 (23)
8]\(;[;@ =47nr?p(r), (24)
pr) = (0 40%) o) (25)

using the following abbreviations:

distance from the cloud center
(r) mass internal to the radius r

iﬁ

p(r) local mass density

p(r) local gas pressure

T kinetic gas temperature
o mean turbulent velocity
m mean molecular mass

G gravitational constant .

Since an isothermal cloud can only be stable at non-zero external pressure,
we define the cloud radius Ry, to be the radius for which the local cloud
pressure equals the pressure of the mean interstellar medium prgng.

Of course, the isothermal equation of state (25) is a simplification. In a
more realistic cloud model, the thermal pressure is given by the ideal gas
equation, where the temperature follows from a thermal balance equation
(10). First results for such an improved model are given later.

Results Figure 3 shows the calculated cooling rates (expectation value)
normalized to the hydrogen number density as a function of the distance from
the cloud center for two different correlation lengths of the turbulent velocity
field and for the different rotational transitions of CO. It can be clearly seen
that the cooling by the low rotational transitions J=1—0and J =2 —1
rises steeply towards the boundary of the cloud, whereas the cooling rate
of the J = 4 — 3 transition becomes smaller. This can be explained as
follows: The model of an isothermal sphere implies that the density of the
gas drops strongly with increasing distance from the cloud center. On the
one hand, this decrease of the density and the spherical geometry lead to
an increased escape probability for the photons at the edge of the cloud.
As a consequence, the cooling rate increases. On the other hand, the higher
rotational levels are less effectively populated by collisions of CO with Hs for
low densities. This leads to a decrease of the cooling rates which becomes
more pronounced for the high rotational levels. The effects of the correlation
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Fig. 3. Expectation value of the cooling rate as function of the distance from the
cloud center: neen = 10*em ™3, T = 10 K, 0 /Vtherm = 5, £ = 10*%cm (dashed line)
and £ = 10'"cm (solid line).

length on the process of line formation and therefore on the cooling rates
can be best seen for the J =1 — 0 and J = 2 — 1 transitions. It can be
shown (e.g. Albrecht & Kegel 1987) that an effective absorption coefficient of
the turbulent medium becomes maximal for ¢ — 0. Consequently, the outer
layers of the cloud become optically more opaque with decreasing correlation
length ¢. This can be seen in Figure 3 where the cooling rates are larger
for the smaller correlation length at the cloud’s boundary. In contrast, the
cooling rates drop with decreasing correlation length near the cloud center.
Here, photons escape hardly from the cloud for small ¢. Along every line
of sight there is almost certainly a turbulence element with the appropriate
radial velocity to reabsorb the emitted photon.

Figure 4 gives the total energy loss added over all lines normalized to the
total number density of hydrogen molecules in the cloud as a function of the
central density of the model cloud. Evidently, the cooling rates of the higher
rotational transitions become dominant with increasing density, whereas the
cooling rates of the =1 — 0 and J = 2 — 1 transitions decrease.
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Fig. 4. Total cooling rate for different isothermal clouds as function of the central
hydrogen density. The gas temperature, the mean quadratic turbulent velocity and
the correlation length were kept constant: 7' = 10 K, 0 /Vtherm = 10 and ¢ = 10'7cm.
The cooling rates are normalized to the total number of hydrogen moleculs.

3 The structure of photon dominated regions

Up to now we have concentrated on the dense and cool inner regions of
molecular clouds which are shielded against the interstellar UV radiation by
surrounding gas and dust. On the surface of the interstellar clouds even the
most simple molecules like CO or Hs are not stable, because they are rapidly
dissociated by the FUV photons (6eV < hv < 13.6eV) of the interstellar
radiation field. Such a region, the physical and chemical structure of which
is dominated by the FUV radiation field is called photon dominated region
(PDR). In general, PDRs include all interstellar regions where the gas is pre-
dominantly neutral but where FUV photons play a significant role in the
chemistry and/or heating. Therefore, an important key in understanding the
structure and evolution of PDRs is in understanding the transport of radia-
tion inside the medium. It has to be noted, that the radiative transfer leads
to a non-local coupling of the physical states within the interstellar medium.
Observations of PDRs with a high angular and spectral resolution indicate a
highly inhomogeneous structure down to the smallest accessible scales. Such
inhomogeneities have a profound impact on the radiative transfer, and, as



a consequence, on the chemical abundances and the local heating and cool-
ing rates. However, a self-consistent description of a PDR, including all the
small scale hydrodynamics, chemistry, and radiative transfer is far beyond
reach of todays super computers. Therefore, the aim of our current research
project is to analyze the influence of stochastic fluctuations of the density
and/or the FUV radiation field on the physical and chemical processes inside
a PDR. This requires a detailed study of the complex, non-linear interac-
tion between the radiative transfer, the chemical abundances and the local
thermal balance.

3.1 Numerical model

A numerical model of a PDR has at least to combine radiative transfer,
chemical kinetics and thermal balance. This means that the generalized ra-
diative transfer equation (17) and the thermal balance equation (10) have
to be solved self-consistently with the rate equations describing the chemical
reactions. Due to the very low densities prevailing in the interstellar medium
only two-body interactions have to be accounted for. So the chemical rate
system can be described by the following set of equations:

= b+ 3 G <<z- > nk) . (26)
T s t P

where

k,s rate coefficient for the reaction R+S —1+...

kq: rate coefficient for the desctructive reaction I+Q — ...
¢ photodissociation+photoionization rate

n; number density of species .

Since three-body collisions are negligible under interstellar conditions the
formation of even the simple molecules like CO becomes very complex. A
direct formation via two-body collisions of two neutral atoms like C+O — CO
is very unlikely, because the excess energy cannot by simply removed by a
third part and the timescale for a radiative transition is too large. At best,
only one in 10° collisions of C and O produces the molecule CO. So, molecules
can be build best via ion-molecule and neutral exchange reactions like:

Of+H, - OH+H
CH+0O— CO+H.

However, to allow for reaction chains of the above type which build up the
most common molecules in the end, one molecule already existing is needed.
This molecule is Ho which is not generated in the gas phase but on the surface
of dust particles.
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Fig. 5. Calculated structure of a PDR as a function of the penetration depth into

the cloud. The illuminating source, the mean interstellar radiation field, is to the
left. The abundances are given relative to the total hydrogen number density.

Figure 5 illustrates the chemical structure of a plane parallel PDR by
giving the relative abundances of CT, C and CO as a function of the pen-
etration depth into the model cloud (cf. Rollig et al. 2002). We assumed a
kinetic equilibrium? and determined the relative abundances from a chem-
ical network consisting of 38 different species formed and destroyed in 434
reactions. The PDR is illuminated from the left by the mean interstellar ra-
diation field and extends from the predominantly atomic surface region to
the point where almost all carbon is bound into CO. One of the difficulties
in calculating the chemical and thermal structure of a PDR arises from the
effect of self-shielding. Molecules already formed absorb UV photons which
are able to dissociate the respective molecule. In other words: they cast a
”shadow” into the cloud which enhances the further formation of the respec-
tive molecule. This effects becomes especially important for the formation of
key molecules like O, Hy and CO. Our current research addresses the ques-
tion under which physical conditions an instability due to shadowing effects
could occur. Another difficulty concerns the effects of small-scale fluctuations
of the UV radiation field on the chemical network. As mentioned above, ob-

2For a kinetice equilibrium, dn;/dt = 0 is assumed.

0.4



servations of PDRs reveal inhomogeneities down to the smallest accessible
scales. For a fixed point in space, the observed spatial fluctuations lead due
to hydrodynamic motions to temporal fluctuations in the radiation field. If
the time scale for the variation of the radiation field becomes comparable or
even smaller than the timescale for the chemical reactions, the assumption of
a kinetic equilibrium does not hold. Currently, we perform time dependent
calculations for a chemical network consisting of 38 different species in order
to study the influence of small scale fluctuations in the UV radiation field.

4 Radiative instability of dust formation

4.1 The instability

Woitke and collaborators (Woitke et al. 2000) identified an instability which
leads to a self-organized formation of structure inside a dust forming medium.
This instability is based on the strong non-local feedback of newly formed
dust on the temperature of the medium due to radiative transfer effects.
This feedback is especially strong, because both, the formation and growth
of dust are a sensitive function of the temperature. The whole feedback loop is
sketched in Figure 6: Let us start with a given configuration of the radiation
field and with a given degree of condensation f.ona, that is with a given
amount of gas condensed into dust. A decrease of the mean spectral intensity
Jy of the radiation field is accompanied by a respective decrease of the gas
and dust temperature. As a result the formation of dust is favored and the
degree of condensation increases. A larger degree of condensation causes a
larger opacity, which influences again the radiation field. It is quit obvious
that such a local enhancement of the opacity lead to the formation of shadows.
Inside the shadows the mean intensity decreases. So the sign of the overall
feedback loop becomes finally positive.

4.2 The model

In order to simulate the radiative instability and to study the related structure
formation process around a carbon rich AGB star, an axisymmetric numeri-
cal model was developed (Woitke & Niccolini 2005). It combines equilibrium
chemistry and modified classical nucleation theory and time- dependent dust
growth (Gail et al. 1984, Gail & Sedlmayr 1988) with frequency-dependent
radiative transfer. The absorption and scattering coefficients of the forming
dust grains are calculated by applying Mie-theory to spherical solid particles
with the optical data of amorphous carbon according to the resultant dust
grain size distribution function. All three components which enter the sim-
ulation, the radiation field, the gas phase and the dust are coupled. Both,
the gas and the dust are assumed to be in radiative equilibrium, hence the
temperature of the dust and the temperature of the gas are a direct result
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Fig. 6. Radiative instability of dust formation. Jy=mean spectral intensity, T,=gas
temperature, Tq=dust temperature, f.ona=degree of condensation, xy=spectral ex-
tinction coefficient.

of the radiative transfer part (non-locally coupling). On the other hand, the
dust component influences by absorption and scattering the radiation field.
The density distribution of the gas is assumed to be constant in time (no
hydrodynamics) and exponentially decreasing in the radial direction

i (r) oc exp (—HL + 5(r)) : 27)

p

where H,, is the density scale height and 6(r) denotes a small spatial density
perturbation of the order of 1.3% and 4.3%, respectively.

4.3 Results

The development of the forming dust shell in a sample model is presented in
Figure 7, showing the degree of condensation feona(r,t) and the dust tem-
perature T'(r,t). The initial state of the circumstellar envelope at ¢t = 0 was
chosen to be dust-free. The denser regions close to the star begin to condense
first, because of the strong density dependence of the process of dust forma-
tion. Consequently, the spatial dust distribution at first resembles the slightly
inhomogeneous gas distribution in the circumstellar shell with a cutoff at the
inner edge as a consequence of the temperatures being too high for nucleation.
According to the different choices of the density inhomogeneities above and



below mid-plan, the resulting spatial variations in the degree of condensation
are larger above than below the mid-plane at early phases of the model. The
process of dust formation continues for a while in this way, until the first
cells close to the star become optically thick. Each optically thick cell casts
a shadow into the circumstellar envelope in which the temperatures decrease
by several 100 K, which improves the conditions for subsequent dust forma-
tion in these shadows. At the same time, scattering and re-emission from the
cells that have already condensed intensifies the radiation field in between.
The stellar flux finally escapes preferentially through the segments which are
still optically thin, thereby heating them up and worsening the conditions for
further dust formation there. These two opposing effects amplify the initial
spatial contrast of the degree of condensation introduced by the assumed den-
sity inhomogeneities. In the end, radially aligned, cool, linear dust structures,
henceforth called dust fingers have developed, which point towards the star
and are surrounded by warmer, almost dust-free regions at the inner edge of
the forming dust shell.

Apart from the self-organization of the dust in the angular direction, the
model shows the formation and evolution of a radial dust shell. In Figure 8,
the temporal evolution of the angle-averaged temperature and the degree of
condensation are shown. The effective formation of dust generally requires a
suitable combination of gas density and temperature, called the dust forma-
tion window (Gail & Sedlmayr 1998). Initially, favorable temperature condi-
tions for efficient nucleation are only present in a restricted radial zone close
to the star. However, as time passes, the dust shell becomes optically thick
which dams the outflowing radiation and leads to an increase of the temper-
atures inside the shell (radiative backwarming). Consequently, the zone of
effective dust formation shifts outward with increasing time. Moreover, the
temperatures at the inner edge of the shell temporarily exceed the sublima-
tion temperature, and the dust shell begins to re-evaporate from the inside.
The upper plot of Figure 8 shows that the temperature temporarily exceeds
its equilibrium value which is reached at the later stages. These two effects
result in an apparent motion of the dust shell, driven by dust formation at the
outer edge and dust evaporation at the inner edge of the shell. This wave-like
propagation of the dust-formation front can be denoted as chemical wave,
because it is solely based on chemical and radiative processes without bulk
velocity fields. Chemical waves are a well-known phenomenon in the labora-
tory, for example in reaction-diffusion systems, where front-like solutions of
the chemical concentrations may exist, sometimes radiatively controlled (e.g.
Schebesch & Engel 1999).
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Abstract. We analyze the elemental time scale of intracellular calcium dynamics.
It is determined by the time course of Ca®* puffs, which represent the fundamental
quantum of Ca?" release from intracellular storage compartments. Since Ca?T puffs
are truly random, we propose a novel master equation and corresponding Fokker-
Planck equations. Our results demonstrate that puff initiation can be mapped to
an escape process. The stochastic fraction of puff periods is identified with mean
first passage times. We find that the discrete character of release sites represents
a necessary condition for puff initiation. A continuous modeling of the number of
open channels does not allow Ca?" puffs in the relevant part of the parameter space.

1 Introduction

The unraveling of molecular interactions has been providing intriguing in-
sights into cellular organization during the last decades. On the one hand,
qualitative results showed connections between formerly unassociated reac-
tions. For instance, one of the molecular mechanisms that underlies cancer
was identified to play a central role in Alzheimer’s disease [2,22]. On the
other hand, the ongoing improvement in experimental techniques allowed
quantitative investigations. They revealed that cells use a plethora of dif-
ferent amounts of molecules for a variety of tasks. Some pathways involve
macroscopically large numbers of chemical agents, whereas others are con-
trolled by only some tens of molecules. This discrepancy in the number of
reactants attributes a twin role to fluctuations. They can be neglected in
the former reactions, but play a pivotal role in the latter. Experiments on
gene expression demonstrated that fluctuations can decide upon the pheno-
type leading to population heterogeneity [19,23]. For a general review on
intracellular noise, see [26].

Modeling intracellular phenomena therefore demands an a priori choice of
methods. As long as fluctuations are negligible, deterministic equations cor-
rectly capture the dynamics [10,17]. However, these approaches break down
in the presence of noise. Comparisons between stochastic models and their
deterministic counterparts have revealed that noise can induce a dynamical
behavior that is not present in the absence of fluctuations. For instance, the



MinCDE system only oscillates if the experimentally observed small number
of interacting molecules is respected [16]. The deterministic equations decay
to a fixed point.

The above examples all have in common that the total number of interact-
ing molecules in the entire cell is small. However, fluctuations can also arise
due to cellular heterogeneity. Steep concentration gradients may create very
heterogeneous conditions within a single cell such that the conditions for a re-
action to occur are given in a small part of the cell only. Since these gradients
are typically transient we call this phenomenon dynamic compartmentaliza-
tion. The number of interacting molecules in such a dynamic compartment
may only be a tiny fraction of the molecules present in the whole cell. Then,
fluctuations remain large and cannot be neglected, although the total number
of molecules in the whole cell would allow for mean field behavior. That is
the case with intracellular Ca?" dynamics. The dynamic compartment is a
single Ca" releasing channel cluster as is explained below.

The dynamics of the Ca®T concentration in the cytosol of a cell is deter-
mined to a large degree by release and uptake of Ca®" by intracellular storage
compartments, in particular the endoplasmic reticulum (ER). Release is con-
trolled by inositol-1,4,5-trisphosphate (IP3) receptor channels (IPs5R). They
are arranged in clusters with a diameter of less than 100nm that comprise be-
tween 1 and 40 channels and that are randomly distributed on the membrane
of the ER with distances between 1-7 pm [21,30]. IP3Rs have the important
property that their open probability depends on the Ca*™ concentration in
the cytosol. The details of this dependency will be discussed in section 2. A
moderate increase in the cytosolic concentration - i.e. on the outside of the
storage compartment - increases the opening probability.

The notion of an open probability goes along with the generally stochas-
tic character of ion channels, i.e. a single IP3R channel opens and closes
randomly [14,35]. Since the number of Ca®' release channels per cluster is
small, fluctuations still prevail in a cluster [7]. They lead to random release
events called Ca?t puffs. A puff is the spontaneous opening of channels of a
single cluster and represents the elemental event of Ca* liberation. Puffs last
from a few tens of milliseconds to a few hundred milliseconds and they cause
a huge but strongly localized concentration rise. Many puffs can cooperate
to build global phenomena covering the whole cell like waves of release or os-
cillations [6,21], i.e. puffs constitute the fundamental building block of Ca®"
signals. We illustrate this concept with the initiation and the spreading of a
Ca’t wave. Assume that all channels are closed and the cell is in its resting
state. Fluctuations due to the random association and dissociation of Ca*"
and IP3 to the IP3Rs eventually lead to a Ca?" puff. Ca®" is liberated from
the ER and diffuses to the surrounding clusters. There, it causes an increase
of the open probability and may therefore induce channels of these clusters
to open. That gives rise to another Ca®" puff and release has propagated
by one cluster distance. In that way a Ca?" wave travels through the cell.



However, there is no guarantee that IP3R channels at neighboring clusters
open, because channel opening is a truly random event.

Indeed, fluctuations turned out to be necessary to observe any temporal
or spatial structures in intracellular Ca** dynamics. That role of fluctua-
tions has been established by two complementary approaches. On the one
hand, oscillations that agree with experimental findings in stochastic simula-
tions disappear in the deterministic limit of the simulated system [6]. On the
other hand, a bifurcation analysis of a deterministic model for a single IP3R.
cluster has proofed that the local dynamics is non-oscillatory when realistic
Ca®" fluxes and gradients are incorporated [31-33]. The loss of oscillations
results from the high Ca?' concentrations at an open cluster. They lead to
a saturation of all Ca®" regulating processes and hence do not permit Ca?"
oscillations in deterministic models. Fluctuations drive the channel dynamics
out of the saturated state and eventually reinstall oscillations. The strong
localization of the Ca*' liberation and the entailing large gradients around
an open cluster create the dynamic compartmentalization mentioned above.
Since the volume of the elevated Ca®" concentration as well as the number
of IP3Rs that experience this highly increased Ca?" concentration is small,
fluctuations remain important.

Given the vital part of Ca®t puffs in intracellular Ca®>" dynamics and
the importance of fluctuations, a stochastic description of a single cluster is
the focus of the present report. We will apply it to the initiation of Ca?"
puffs, which represents the first step for any Ca’" pattern. Our findings
suggest that puff initiation can be mapped to an escape process from the
resting state towards the first open channel. The mean first passage time
corresponds to the stochastic part of the puff frequency. The mathematical
description has to account for the integer number of open channels per cluster.
A continuous Ca** model (using non-integer fractions of open channels) that
incorporates realistic fluxes does not permit Ca?* puffs for parameter values
that agree with experimental data. The mean first passage times can be
represented as an infinite series of exponentials. However, already the first
terms in the expansion yield excellent convergence. That hints at a Poissonian
character of puff initiation. Although noise is intrinsically multiplicative for
intracellular Ca®" dynamics, we provide evidence that additive noise may
serve as a reasonable approximation.

We will introduce a Ca?" model for an IP3 receptor channel cluster in
the next section. It serves as input for a master equation in section 3, from
which we will derive two Fokker-Planck equations in section 4. Finally, we
will employ these equations to characterize the initiation of Ca?" puffs.

2 Ca?t model

The IP3 receptor channel is a tetramer the subunits of which have binding
sites for Ca*" and IP5. We implement a model for a single subunit that is



based on ideas of De Young’s and Keizer’s [5]. They assume a subunit to
possess three binding sites: an activating Ca?" binding site, an inhibiting
Ca®" binding site and an activating IP3 binding site. The occupation of
the binding sites controls the state of the subunit. When IP3 and Ca®" are
bound to their activating binding sites, a subunit is in the activated state.
As soon as Ca®" binds to the inhibiting binding site, a subunit is inhibited,
independent of the state of the other binding sites. It can only be activated
again upon dissociation of Ca** from the inhibiting binding site. Experiments
have indicated that an IP3R channel is conducting when at least 3 subunits
are activated [4,35]. Random binding and unbinding of Ca*" and IP3 and
therefore random state changes of the receptor are the source of stochasticity
of intracellular Ca?* dynamics.

The number of open IPsR channels determines the Ca?" flux from the
ER to the cytosol. Since the release channels are tightly packed within a
cluster, a relation between the number of channels in the cluster and cluster
size exists. Consequently, we can map the number of open channels to the
size of a conducting area (or volume) equal to the area occupied by all open
channels. A change in the number of releasing IP3R channels corresponds to
a modulation of the conducting area of a cluster. This region is usually not
connected. However, Swillens et al. showed that the spatial arrangement of
IP3R channels does not influence the Ca®* dynamics at an open cluster [30].
Therefore, we map the area of all conducting release channels to an area of
the same size concentric to the cluster area. Let a denote the radius of this
region, N the total number of channels per cluster and n, the number of
open channels, then a = ag{/n,/N. That reflects the above notion that the
volume of the conducting sphere corresponds to the volume that is occupied
by the fraction n,/N of open channels. If n, = 0 then a = 0, and a takes the
maximal value ag if all N channels are open.

The deterministic dynamics of this cluster model has been investigated
in [32,33]. In addition to IP3 mediated Ca®" liberation, we considered sarco-
endoplasmic reticulum calcium ATPase (SERCA) pumps, which transport
Ca®T from the cytosol to the ER, and a leak flux. The stationary Ca?"
concentration profile that results from these three fluxes is

c(r)= A(a)smh(riklr) + el} 6)(@—7‘)—1—{133((1)@ +ex| O(r—a), (1)
where
B l(koa + 1)
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B I(sinh(kia) — cosh(kia)kia)
Bla) = exp(—kza)(cosh(kia)k; + sinh(kia)ks) ’ (20)
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and ey := (k; + ke)E/ (ki + kp + k), e2 := ki E/(ki + k). The constants ki,
kp, and k. denote the leak flux coeflicient, the strength of the SERCA pumps
and the channel flux coefficient, respectively. The diffusion coefficient is given
by D. E denotes the concentration of free Ca®" in the ER.

Simulations have demonstrated that the Ca*' concentration rapidly equi-
librates upon a change in the number of open channels [31]. Hence, we will
approximate the Ca®t dynamics by its stationary value in the remainder of
this work. The number of open channels n, uniquely determines the Ca’t
concentration according to equation (1) and a = ag{/n,/N. The focus of the
two subsequent sections is the calculation of n,.

3 Master equation

The number of open channels n, depends on the state of the subunits of the
IP3Rs. A state of a subunit is determined by the occupation of its binding
sites. The De Young Keizer (DK) model has three binding sites per subunit
and hence eight subunit states. We reduce these eight states in two steps to
three states. Firstly, we eliminate the IP3 dynamics adiabatically since IP3
binding and unbinding are much faster than the Ca®" dynamics in the frame-
work of this model. The resulting four states are labeled by a binary pair 4j,
where the first index represents the Ca®' activating binding site and the sec-
ond the Ca®" inhibiting binding site [6]. An index equals 1 when the binding
site is occupied and 0 otherwise, e.g. 10 corresponds to the activatable state
of a subunit. The second approximation uses the fact that we are interested in
activation starting from a stationary state. Transitions among the inhibited
states 11 and 01 have little impact on that activation process. Moreover, these
states are rarely populated during puff initiation. Consequently we lump the
two inhibited state into one state h. Figure 1 depicts the transition scheme
for this 3 state model. The transition rates follow from [5] and [6].

Fig. 1. Transition scheme for the three state model of the IP3 receptor. ds = bs/as is
the dissociation constant for Ca2t activation, bg the dissociation rate of Ca?t from
the inhibiting site averaged over both IP3 binding states. We denote the number of
subunits in one of the three states by n1o, noo and ny,



Modeling the dynamics of an IP3R on the basis of its subunits leads to
various consequences for a cluster of N IP3Rs. As long as every IP3R is
treated individually and subunits are assigned to individual channels - as has
been done in stochastic simulations [6] - the state of the cluster is uniquely
determined by the states of its subunits. However, an approach based on a
population of subunits not grouped into individual channels is more suitable
for the derivation of master equations and Fokker-Planck equations which we
would like to use. That requires to determine the number of open channels
from the total number of activatable subunits in the subunit population.
We assume that the activatable subunits are randomly scattered across the
channels. The distribution of the nqg activatable subunits on the 4N subunits
of a cluster decides upon the value of n, and hence the Ca** concentration.
We show in the appendix that this distribution is sharply peaked around its
mean value. Therefore, we set n, = (n,) = ng. ng is defined in equation (52).

The stochastic nature of Ca?' release through IP3Rs entails that the
exact number of subunits in either of the three states 10, 00 or h at a given
time ¢, i.e. the triplet (ni1o(¢),nz(t), noo(t)), cannot be specified exactly any
more. On the contrary, only the probability P(n1g, nj,, noo; t) to find a certain
realization of (n1g,n5,n00) at time ¢ is accessible. Since the total number
of subunits is fixed, the values of nig and nj suffice to specify the triplet
(n10, M5, 003 t), so that P(nig,ny, noos t) = P (n10, nj; t).

The probability P(n1g,ns;t) changes in the time interval [t, t 4 d¢] due to
two opposing processes: Being in (n19,n7) at time ¢, binding or unbinding of
Ca®T alters nig or nj, during dt and hence reduces P (119, nj;t). On the other
hand, transition from states as (nig + 1,nj) or (nip — 1,n3) into (nig,ny)
increases P (n1g,ny;t). Taking all possible reactions according to the figure
1 into account, the time evolution of P (nig, ny;t) is captured by the master
equation [34]

P(nyg,np;t) =

— [n1o[bs +asc(nio)] + ngbs] P(nio, ny;t)+[nio+1]bs P(nio+1,ns;t)

—ngpbeP(n10,nj;t) + [AN —njp—nio+1]asc(nio) P(nio, nj,—1;t)

— [AN —n19—nj] [asc(nio) +asc(nio)] P(nig, nj; t)
bgc(nio—1)[ng+1] beds[ny +1]

c(nip—1)+ds c(nio) + ds
+ [AN —nj —nio+1]asc(nig—1)P(nip—1, nj; t)
+ [n1o+1]asc(nig+1)P(nio+1,ny—1;t) .

(4)
P(nlo, ny+1; t)

P(’nlo—l,nﬁ"f'l;t) +

For instance being in (n19, ny,), the term proportional to agc in the first line
denotes a transition from 10 to h, so that the final state is (ni1o — 1,nj, + 1).
The Ca®" concentration is given by equation (1). The Ca*t concentration
in the master equation depends on nig, which is indicated by the notation
¢(n10). The radius @ in equation (1) follows from the number of activatable
subunits as a = ag¢/nq/N according to the preceding discussions.



The adiabatic elimination of the IP3 dynamics leads to non-integer values
for the number of open channels. That demands a careful interpretation of
the size of the conducting membrane patch, which was assumed to take only
discrete values due to the discreteness of n,. One approach is to truncate the
rational values of n, as [n,]4+, where [n,]+ denotes the largest integer that
is less or equal n,. It entails ¢ = ¢, as long as ng < 1, where ¢; denotes
the base level of the Ca®T concentration. This approach favors the closed
configuration during puff initiation. In another approach we will keep the
non-integer value of n, and consider a as a quasi continuous function. We
will discuss the effects of both approaches with respect to puff initiation.

Equation (4) is an accurate description of the stochastic dynamics repre-
sented by the scheme in Figure 1. We will derive approximations like Fokker-
Planck equations to calculate escape time characteristics from this master
equation.

4 Fokker-Planck equations

The discrete nature of master equations often impedes an analytic treatment.
That holds in particular for master equations with nonlinearities or artificial
boundary conditions. In these cases, several approximations have been put
forward [11,12, 18,25, 34]. Despite the plethora of methods, there is still no
consensus which approximation is best [9]. Each of them possesses advantages
and drawbacks, so that the problem at hand finally decides which procedure
to use. We will concentrate on van Kampen’s {2 expansion and a method that
is similar to a Kramers-Moyal expansion. The latter keeps the nonlinearities
of the master equation in the fluctuations, whereas the former approximates
them in a linear fashion. Moreover, van Kampens’s expansion is only valid
when the macroscopic equation displays a single stable fixed point.

The {2 expansion requires a small parameter 1/(2 in the master equation,
which for our purposes is the inverse number of subunits, i.e. 2 = 4N. The
systematic expansion of equation (4) in powers of {2 is based on the trans-
formations nyg = 26(t) + 2V/2¢ and ny, = Q(t) + 2'/?n. They decompose
the variables of the master equation into macroscopic parts (¢, ) and fluc-
tuations (&, n). Inserting this ansatz into equation (4), the first non vanishing
order of {2 yields the macroscopic equations

9 b

a_f = — ¢(asc+ age+bs) + ¢ (c—fcd5 —a5c) + asc, (5a)
0

a_i’ = — (agc + bg )Y + age, (5b)

with ¢ = c(ag¥/@q) and ¢, 1= 73¢3(4—3r@). r denotes the fraction of subunits
in the state 10 that are activated: r := I /(I + d;). Equations (5) correspond
to the rate equations that are associated with the transition scheme in figure
1, when the conservation condition n19 + nj + noo = 4N is applied. Note



that ¢, is the continuous limit (N — oo) of equation (52). Therefore, ¢, is
the probability that at least 3 of the 4 subunits of an IP3R are activated.
The solutions of equation (5) represent the deterministic part of the above
transformation of variables. They have the stationary values

dﬁC
(c+ds)(c+ds)

c

5= R (6)
which agree with results in [33]. d¢ = dao({ + d1)/(I + d3) is an effective
dissociation constant. do denotes the dissociation constant for Ca?* inhibition
when the IP3 binding site is ligated, di and d3 represent the dissociation
constants of IP3 binding [5].

The next order in {2 determines the fluctuations through the probability
P(nig,nz;t)
= P(0¢ + QV2¢, np + V205 t) =: IT1(€,n;t) according to

oIl 0 0 0 0
FT [911 D€ + 921 77} (&) — [912 ¢ + g22 77} (niI)
1 0? 9?2 9?2 ™
+§{h118§2+2h128 8§+h22 ]H-

The matrices (g;;) and (h;;) with hia = hoy are defined as

g11 = bedstpc' /(c+ ds)* —ag (c+ ¢c' ) —bs—as (c— (1 — ¢ —¥)c') , (8a)
go1 1= agct — agct, (8b)
g12 := bec/(c+ ds) — asc, (8¢)
go2 = — (CLGC + bg) 5 (8d)
and
hi1 = as(1 — ¥ — @)+ bebe/(c + ds) + agpe + b, (9a)
ho1 := —bgtpc/(c+ ds) — aspc, (9b)
h22 = a6(1 — ’Q/J)C + bﬁ’l/J . (9C)
with

ct = dc( ¢a)“° Yoa? [18r40° — 123¢% — 12r%¢7] . (10)

Equation (10) arises from inserting equation (52) into a = a,{/n./N and
then expanding c(a) in powers of 2. The matrix (g;;) coincides with the
matrix of the linearized macroscopic equations (5). The fluctuations enter
through the matrix (h;;). The Hurwitz criterion [15] assures that this matrix
is positive semi definite, which means that equation (7) is a linear multivariate
Fokker-Planck equation.

The linear treatment of the noise in equation (7) has cast some doubt on
the validity of the {2 expansion. Therefore, a different class of Fokker-Planck



equations have been proposed that keep the nonlinearities of the master equa-
tion. Kramers and Moyal have treated the shifts nio £ 1,n5 = 1 of nio and
ny, in equation (4) by means of a Taylor expansion [18,25]. Following this
procedure and defining the new variables ¢ := n19/2 and ¢ := n; /2, we
obtain a Fokker-Planck equation for the probability p = p(¢, 1, t):

o =g e ot = (1= 0~ Gyase - 2]
0? b 1 bsc
+ == 29(%2 [¢a60+¢ 5+ (1 =9 —¢lasc+ +d5¢]]9

(11)
O [to— (= vacc]p+

0 bgc
0009 {Qﬁ aoc +d5]

82
o 2002 [bﬁ +(1- W“ﬁc}p

The nonlinearities are introduced through ¢ = ¢(ag /@) with ¢, defined as
after equation (5).

Equations (4), (7) and (11) constitute the starting point for a systematic
study of puff frequencies. Given a configuration (n{y,n?) at time t = 0, they
all yield the probability for a configuration (ni, —) at time t > 0. If we
identify (nly,n h) with the resting state of a cluster and (nfy,n ) with the
first channel openlng, such a transition in the configuration space gives the
probability for a Ca®" puff. Consequently, we interpret a puff as an escape
process from the state (n9y,n9) to the state (niy,nt). Although the above
equations allow the calculation of this escape probablhty, no general solutions
are known for two dimensional escape processes (see [13] for a recent result).
However, the time scale separation between Ca®* activation and Ca®" inhibi-
tion leads to a reduction of the two dimensional equations to one dimension.
Since the inhibiting processes are much slower than binding and unbinding
of Ca?" to the activating binding site, we assume that ny, remains unchanged
during the initiation of a puff. That is identical to setting nj = const, and
the master equation simplifies to

bgc(nig) bgc(nip — 1)
e(nio) +ds " o —1) +ds5 "
— agc(nio)nioP(nio) + as(nio + 1)c(nio + 1)P(nio + 1)
— (4N = ny1p — ng)asc(nig)P(nig) — bsnigP(n1o)
+ (4N —nyg — nj, + Dasc(nio — 1)P(nio — 1)
+ bs(n1o + 1)P(nip +1).

P(nlo) ny, P(Tllo) + P(n10 — 1)

(12)

For a later analysis, it is convenient to rewrite equation (12) in the form

P(n10) = = (gnyo + Tnio) P(n10) + Gnyg—1 P(n10— 1) + 7y 41 P(nio+1) (13)



with

bsc(nio) _ -
o c(nio) + d5[ R [2¢] — nio)asc (14a)
Ty = b5n10 + asc(nio)nio (14b)

and ¢ defined as in equation (6). From equation (12), we could again derive
Fokker-Planck equations in the same manner as before. However, a more
direct approach for the one dimensional {2 expansion is setting 7 equal to zero
in equation (7) due to nj = const. Keeping only the derivatives with respect
to ¢ in equation (11) gives the nonlinear Fokker-Planck equation. Note that
these one dimensional equations are only valid during the initiation phase of
a puff, whereas equations (4), (7) and (11) capture the full time evolution.
Nevertheless, we will concentrate on equation (12) and the entailing Fokker-
Planck equations in the remainder of this work, because they admit analytic
solutions and provide far reaching insights into puff frequencies. The existence
of analytic solutions is one of the most prominent features of van Kampen’s
expansion, so that we will treat the corresponding Fokker-Planck equation
most generally in the next section.

5 Escape times

The initiation of a Ca* puff corresponds to an escape from the stationary
state to the first channel opening. That requires the definition of the bound-
aries of the phase space area from which the escape occurs. Since we restrict
the discussion to one dimension in phase space, the boundary consists of two
points. We see from equation (12) that the lower boundary d is at njg = 0
and that it is reflecting. That agrees with the interpretation of nig as the
number of activatable subunits, which is always positive. The value of the
upper boundary b is chosen such that the number of open channels n, = 1.
The upper boundary corresponds to the escape site, so that the boundary
condition is of absorbing type [8].

The time t to reach the absorbing boundary is a stochastic variable. It
is described by the probability density p(t) i.e. p(t)dt is the probability that
the stochastic process reaches b between ¢ and ¢ + dt. p is most conveniently
computed from G(z,t) =1 — fg p(x, 7)d7, which represents the probability
that d < nyg < b at time t when it started at x = n?o at t = 0. The
time evolution of G is governed by £, which is the adjoint of the Fokker-
Planck operator £ [8]. Up to now, no general solution has been obtained
for arbitrary L. Yet, an analytic expression exists for G in the case of a
linear Fokker-Planck operator, e.g. van Kampen’s {2 expansion. Since the
following derivation always holds and is not restricted to the current problem,
we introduce new constants v and w. They are given by v = —g11 and w = h13
defined as in equations (8a) and (9a), respectively, in the present study. G



obeys the linear backward Fokker-Planck equation [8]:

0G(z,t) 0G(z,t) n g@QG(x,t)

at T oz 2 or2

v,w >0, (15)
with initial and boundary conditions

1, d<z<b 0G(d,t)
0, else ’ or

G(:c,O):{ =0 Vt, Gb,t)=0 Vt. (16)

The initial condition states that d < z < b at ¢ = 0 with probability one.
The reflecting boundary condition at £ = d in the adjoint Fokker-Planck
equation is expressed by a no-flux boundary condition. Setting G = 0 at the
right boundary corresponds to an absorbing boundary. We solve equation
(15) with the ansatz G(z,t) = exp(—At)u(x), A > 0 so that it reduces to the
ordinary differential equation

Pu 2wzdu 2\
T L u=0. 1
dx? w dzx + wu 0 (17)

Applying the transformation z := 22 /4 we find for @(2) := u(z)

d*u 1 4dvz\ du 2A
R — JE— — U = . 1
e + (2 w ) T (18)

It equals Kummer’s equation for @(2) := @(z) with Z := 4vz/w

_d*q 1 _\ du A
Zﬁ+<§_z>_~+_u_ : (19)

Two independent solutions of equation (17) are [1]

A1 vz 1 A 3 wvz?
=M= = = =aM |- ——, = . 20
ul(ac) ( 20" 2 w )7 u2($) X (2 2’2’ > ( )

M designates the confluent hypergeometric function
o~ (@) 2"
M(a,bx) = 22—, (21)

where (a)g :=1 and (a); :=a(a+1)...(a+k —1). The boundary condition
at nio = b entails that a solution of equation (17) is

uy(b) = () a®)
w(b)““‘”")]‘ 1) = )

Without loss of generality we set C7; = 1 because it merely serves as normal-
ization. The second boundary condition fixes the still unknown eigenvalues

v(x) == Cy |ui(z) — uz(x). (22)



A. They constitute an infinite countable set {\,} due to the finiteness of d
and b. Therefore, the general solution of equation (15) can be expressed as

G(z,t) = Z ap, exp(—Apt)vn (). (23)

n=0

The subscript of v, (z) indicates that equation (22) has to be evaluated at
A = A\, (see equation (20)). The coefficients a,, are determined by the initial
condition G(z,0) which results in

an = /dbr(ac)vn(:v)d:v/ /dbr(:v)vfl(ac)dac, r(z) = %exp (—%:ﬁ) . (24)

Here we used the orthogonality relation of the eigenfunctions vy, (z):

b b
/d Up ()0 ()1 () dz :5m7n/d vy (x)r(x)de . (25)

The probability p(z, t) that the absorbing state is reached between ¢ and t+d¢
is readily computed from G(z,t) as p = —9;G(x,t). Note that p is already
normalized due to the initial condition G(z,0). Hence, the mean first passage
time T'(x) equals

T(@) = (Hz)) = / to(w, )t = — / t@tG(:v,t)dt:Za"z\"(x). (26)
0 0 n n
Equation (26) includes an infinite number of eigenvalues. We found that
the first three terms of the sum over n were sufficient to achieve results
indistinguishable from the exact results of equation (30).
An alternative approach to the mean first passage time follows from the
differential equation [8]

dl(z)  wd®T(x)
dx 2 da? -L (27)

—Vx

with the solution

T(z) = %/:%/dyh(z)dz, h(z) == exp{—%(a:2—d2)}. (28)

Performing the z integration we find
T(z) = T /bd (ﬂ 2) . /Y
%)=\ o ’ yexp (—-y” | er oY
+lerf (,/£d> {erﬁ( :v) —erfi (1/317)} .
2v w w

(29)

gle



The functions erf(z) and erfi(z) = erf(ix)/i denote the Gaussian error func-
tion and the imaginary Gaussian error function, respectively. The remaining
integral can be solved by series expansion so that the final expression for the
mean first passage time takes the form

b2 3 2 3
T(z) =— Fyp <1, 12 9. 9b2> — 2 Py (1, 1,2 2 Eﬁ)
w v w v

2 2
(30)
+ T erf (N / Ed) {erﬁ (N / 2:10) —erfi (1 / 3())} .
2v w w w
We employed the generalized hypergeometric function
o~ (1) (ap); @'
F, (ai,...,ap;b1,...,bg;x) = ~=r PR 31
pal®s . i) =2 (b1)1- - (bg ) 1! (1)

=0

and used the identiy

i (D' 1m0
27 + 2 ; I+1G-D1 2 (3),); (82)

We defer the proof to the appendix. The reason for presenting two methods
for evaluating the mean first passage time is based on their different scopes
of applicability. If we were only interested in T, then equation (30) would be
preferable because it requires less computation. However, we are limited to
the first moment [8]. The advantage of the first approach is that we obtain any
moment by one integration. Moreover, we have access to the time evolution
of the escape process which allows for a more detailed analysis.

The above results could only be obtained analytically because the cor-
responding Fokker-Planck equation was linear. In the case of a nonlinear
Fokker-Planck equation, all quantities have to be computed numerically. The

mean first passage time is evaluated best from a generalization of equation
(28). For £ = =0, A(z) + 02B(z)/2 we find (8]

T(z) = 2/: % /dy g(é))dz, h(z) := exp { /: %(yy))dy} (33)

The study of Fokker-Planck equations instead of master equations is often
motivated by easier treatment. That holds in particular in higher dimensions,
because a broader spectrum of tools is available for Fokker-Planck equations
than for master equations [27] and even analytical calculations may be pos-
sible as in the case of equation (12). That constitutes one of the reasons for
the derivations in section 4. However, Fokker-Planck equations always repre-
sent approximations. The only way to test their quality is a comparison with
results obtained from a master equation.

To this end, we consider a general one step process, to which class equation
(12) belongs. We assume that this jump process starts at a site m at t = 0.




Being at site n the particle hops to the right with a rate g,, and to the left with
a rate r,, respectively. When it reaches the left boundary L, it is reflected.
Then, the mean first passage time to arrive at a site R > m reads [34]

Rl 1 ! TiTi—1-""T71 1
Trm= |—+ > ———. (34)

o \9i L1 9i9i-10 g gi-1

That allows us to estimate the validity of the preceding approximations. The
transition rates r; and g; follow from equation (14) for the current investiga-
tion.

6 Results

6.1 Mean first passage time

The calculation of the mean first passage times according to equations (26),
(33) and (34) necessitates a further specification of the boundaries. Since we
consider a cluster with IV channels, the upper boundary ¢ for the nonlinear
Fokker-Planck equation is given by the solution of (r¢,)3(4 — 3r¢y) = 1/N.
The left hand side corresponds to the fraction of open channels as discussed
after equation (5). For the lower boundary, we have ¢ = 0. This value holds
for the master equation, too. The upper boundary for the master equation
is obtained by rounding off 2¢; to its nearest integer value [{2¢]. Before
specifying the boundary conditions for van Kampen’s expansion we note that
it describes the strength of the fluctuations ¢ around the fixed point ¢. The
left boundary is imposed by m19 > 0, whereas the right boundary has to
satisfy ¢ = ¢ + £2-1/2¢. Consequently, the boundaries of ¢ are —2'/2¢ and
(¢ — $)2'/2, respectively, with ¢ given by equation (6).

The mean first passage time depends strongly on the Ca*' concentration
(see e.g. equations (14) and (34)). The results presented throughout the sec-
tions 6.1 - 6.3 are calculated with a constant base level concentration. The
number of open channels is an integer variable and there is no Ca*" chan-
nel flux before the first channel opens. The Ca®" concentration remains at a
steady value until a Ca** puff occurs. That leads to ¢' = 0 in equation (10)
and to coefficients linear in ¢ and v in equation (11).

Figure 2 depicts the mean first passage time as a function of the IPg3
concentration for two different values of the basal Ca®" concentration.

The master equation and the two Fokker-Planck equations exhibit an
increase of the mean first passage time with decreasing IP3 concentration.
This increment diverges for lower values of the IP3 concentration.

The nonlinear Fokker-Planck equation interpolates the master equation
very efficiently. The results agree well with experimental findings for puff peri-
ods, although the mean first passage time only constitutes its mean stochastic
fraction [21]. The discreteness of the master equation leads to discontinuities
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Fig. 2. Mean first passage time for ¢, = 50nM (left) and ¢, = 80nM (right) com-
puted from the master equation (solid), the {2 expansion (dashed) and the nonlinear
Fokker-Planck equation (dotted) for di = 0.13uM, d2 = 3uM, d3 = 0.9434uM, ds =
0.4133uM, ds = 0.24uM, a2 = as = 0.2(uMs) ™" a5 = 5(uMs)” ", N = 25. The
dots in the left panel represent the variance of the 2 expansion. The inset in the
right panel shows a blow up of the plot for large IP3 concentration.

in the mean first passage time. The plateaus correspond to ranges of ¢; that
are mapped to a single integer for the absorbing boundary of the master
equation. Whenever that integer increases by 1, a jump occurs in the mean
first passage time. Van Kampen’s expansion yields good results for higher
IP3 concentrations, but overestimates the escape times otherwise (figure 2).

Figure 3 depicts the influence of the base level on the mean first passage
time. The higher the basal concentration in this regime, the faster the first
channel opens. Van Kampen’s expansion improves with increasing base level
as a comparison between the two panels in figure 2 and the right panel of
figure 3 shows. The zigzag behavior of the relative difference 7 := (T,x —
Tre)/ Ty g results from the discontinuities of T, see figure 2. Additionally,
this quantifies the finding that the difference of the mean first passage time
between the master equation and the {2 expansion diminishes with increasing
IP3 concentration.

6.2 Role of fluctuations

The most important difference between the nonlinear Fokker-Planck equation
(11) and van Kampen’s expansion (7) is in the diffusion term. It is constant in
van Kampen’s expansion - describing additive noise - and linear in ¢ and % in
the nonlinear Fokker-Planck equation thus describing multiplicative noise. As
expected intuitively, the results in figure 2 show a better agreement between
the nonlinear Fokker-Planck equation and the master equation than between
van Kampen’s expansion and the master equation. However, van Kampen’s
expansion approximates the master equation results rather well for high IP3
and high base level of Ca?". That is quantified in figure 3. Consequently,
additive noise is probably a good approximation in these parameter areas.
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Fig. 3. Mean first passage time for the master equation (left) and the relative
difference 7 := (Twx — Tme)/TmEe of the mean first passage time between van
Kampen’s method Ty, x and the master equation Ty g (right) in dependence on the
base level ¢ for different values of the IP3 concentration: I = 0.4uM (solid), 0.5
pM (dotted), 0.6 uM (dashed). Parameter values as in figure 2 and a5 = 1 (uMs) "

6.3 Distribution of first passage time

Van Kampen’s expansion allows a direct computation of the probability den-
sity of the first passage time p(0,t). p(0,¢)dt is the probability that the ab-
sorbing boundary is reached between ¢ and ¢t + dt. The starting point of the
escape process in the 2 expansion is ¢ = 0. The IP3R cluster is exactly in
the macroscopic state ¢ at ¢t = 0, so that the noise vanishes at t = 0. The
results for p are depicted in figure 4. A convergence of the probability den-
sity according to equation (23) requires less than 10 eigenvalues. The curves
show the well known rising phase of p and the exponential decay. We find a
maximal probability that shifts toward shorter times for higher IP3 concen-
trations. The two graphs in figure 4 illustrate again the influence of the base
level. Lowering ¢, from 60nM to 40nM leads to an extreme broadening of the
probability distribution and hence to an increase of the mean first passage
time (see figure 3).

The probability density p permits an efficient computation of all moments
of ¢ for the escape process. Since the eigenvalues \,, and the coefficients a,, are
known, we immediately arrive at (™) = 3" mla, ;™ in analogy to equation
(26) due to v,(0) = 1 for all n. The dots in figure 2 depict the results for
the variance. The first six eigenvalues suffice for an excellent convergence.
That is a direct consequence of the spectrum of the backward Fokker-Planck
operator in equation (15).

Figure 5 shows the ratio of the first two eigenvalues A /Ag. A1 is only a few
times larger than \g for large IP3 and ds. However, the ratio increases with
decreasing IP3 concentrations and spans more than one order of magnitude
for TIP3 concentrations smaller than 1uM. Hence, already the second term in
the expansion (23) is considerably damped in the parameter range in which
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Fig. 4. Probability density p(0,t) for van Kampen’s expansion. Parameter values
as in figure 2 and I = 0.5uM. Left panel: ¢, = 0.06uM. Right panel: ¢, = 0.04pM.

we are interested (IP3 < 1uM). Since the eigenvalues constitute a strictly
increasing series, i.e. A\; < A; for ¢ < j, the subsequent terms in the expansion
decay even more rapidly. The prominent role of the first term is additionally
supported by the expansion coefficients a;. The ratio a1 /ag is depicted in the
right panel of figure 5. It decreases upon lowering the IP3 concentration and
tends to zero for very little concentrations. a; is much smaller than ag in
parameter ranges where \1/Ag > 1 holds, i.e. where the second term of the
series in equation (23) decays much faster than the first one. Consequently,
higher terms only contribute marginally in this parameter regime. A detailed

analysis of the spectrum and further implications will be provided in an
upcoming report.
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Fig. 5. Ratio of the first two eigenvalues (left panel) and ratio of the first two
expansion coefficients (right panel) of equation (23) in dependence on the IP3 con-
centration. Parameter values as in figure 3 and ds = 0.08234uM (solid), 0.13234pM

(dotted), 0.183234uM (dashed) and 0.23234uM (chain-dotted). Insets show a blow-
up for small IP3 concentrations.



6.4 Continuous Ca%T model

The results presented so far have been based on a discrete description of
the number of open channels. The most important consequence is that the
Ca®" concentration remains constant as long as no channel opens. In the
past, investigations on stochastic properties of IP3R clusters often employed
a continuous model of the ratio of open channels [24,28,29]. In these models,
the Ca?" concentration changes even for fractions of open channels corre-
sponding to less than one channel. Therefore, we have analyzed the impact
of a continuously modulated number of open channels on the mean first pas-
sage time. The nullclines of the deterministic dynamics for such an ansatz
with the same parameter values as before are displayed in the left panel of
figure 6. There is only one stationary state, which is linearly stable for all
IP3 concentrations. A prerequisite for a puff is that a sufficient number of
subunits can be activated during the escape process from this fixed point.
The value of ¢ indicates that a large fraction of subunits is inhibited at al-
ready moderate IP3 concentrations. It turns out that the remaining fraction
of subunits is too low to induce a Ca?* puff. The high degree of inhibition
results from the large Ca®* fluxes that occur at an open cluster [31]. These
fluxes entail Ca?* concentrations already in the pM range for sizes of the con-
ducting area that are much smaller than that of a single channel. Since these
concentrations exceed the dissociation constants for inhibition, most of the
subunits are inhibited. Lowering the IP35 concentration does not invoke puffs,
either. Although the fraction of inhibited subunits diminishes, the number of
subunits that can be activated decreases as well.

Fig.6. Nullclines of equation (5). Parameter values as in figure 3 and k =
0.002s™1, k. = 34500s™ 'k, = 80s™', E = 750uM, ap = 0.03um, D = 40pum?s™*,
ds = 0.1646uM, I = 0.06uM (left panel), ds = 1.6468uM,I = 0.053uM (right
panel).

We compensate for the elevated Ca®" concentrations with an increase in
the dissociation constant for Ca?' activation, ds. The ensuing nullclines are



depicted in the right panel of figure 6. The left stationary state is linearly
stable and corresponds to a low degree of inhibition. The motion of ¢ in
phase space proceeds along an almost horizontal line through this fixed point
during puff initiation. These dynamics are bistable as the potential in figure
7 highlights. A Ca*" puff parallels an escape process from the left well over
the barrier to the first channel opening.

The time for such an escape process depends on the position of the ab-
sorbing boundary with respect to the barrier of the potential. Figure 7 shows
the mean first passage time in dependence on the location ¢ of this boundary.
¢ varies from the value of the potential maximum (see inset) to the value of
the first channel opening ¢, (see section 6.1). The steep increase of T for small
¢ reflects the influence of the left well. As long as the absorbing boundary is
close to the maximum of the potential, reentrance in the left well is possible.
That becomes less dominant with increasing ¢, so that the mean first passage
time reaches the plateau. For the upper range of IP3 concentrations in figure
7, the value of the plateau equals the mean first passage time. Consequently,
the time scale of the puff is set by the properties of the left well. The strong
increase of the mean first passage time for smaller IP3 concentrations is due
to two reasons. On the one hand, the left well of the bistable potential be-
comes broader and deeper with lower values of I. On the other hand, the
absorbing boundary increases in a disproportionally high manner and moves
higher on the right branch of the potential.

150

0.2

i
0.2}
0.4}
0.6
08

100 ;

Uo)
T

0 02 04 06 08 1

Fig. 7. Left: Potential U(¢) for I = 0.0483uM. The inset depicts an enlarged view
for ¢ ~ 0. Note the difference in scale for the axis. Right (Color): Mean first
passage time computed from the master equation (solid lines) and the nonlinear
Fokker-Planck equation (dotted lines) for I = 0.0553uM (black), 0.0513uM (red),
0.0473uM (green) and 0.0433uM (blue) in dependence on the position of the ab-
sorbing boundary ¢. Parameter values as in figure 6, right panel.

We exclude van Kampen’s expansion in the above analysis, because its va-
lidity requires a single stationary state throughout the stochastic motion [34].
In contrast to a constant Ca?" concentration, the nonlinear Fokker-Planck



equation underestimates the results of the master equation. Nevertheless, the
results in figure 7, which correspond to the stochastic fraction of the puff fre-
quency, are in the same range as experimentally determined puff periods [21].

7 Discussion

We have derived a master equation and two Fokker-Planck equations for
channel cluster behavior in IP3 mediated Ca?" dynamics. Among the differ-
ent approaches to approximate a master equation by a Fokker-Planck equa-
tion we have chosen van Kampen’s (2 expansion and an ansatz based on
the Kramers-Moyal expansion. Master equations and corresponding Fokker-
Planck equations for intracellular Ca>* dynamics have been investigated in
the past [24,28,29], but the study at hand is founded on different ideas. Most
of the previous contributions employ the Li-Rinzel model [20] for the dynam-
ics of a single subunit of an IP3 receptor. It describes the time evolution of
the fraction of subunits that are not inhibited yet, taking advantage of the
time scale separation between IP3 activation, Ca?t activation and Ca’" in-
hibition. We have used a state scheme for one subunit that only eliminates
the IP3 dynamics adiabatically. It focuses on Ca®" activation, which is the
driving force behind puff initiation. Therefore, we consider Ca*" activation
as the fluctuating variable, whereas Ca®" inhibition is the random variable
in the Li-Rinzel model.

The Ca?T concentration plays a pivotal role in the initiation of Ca?™ puffs.
On the one hand, it fixes the resting state of a cluster, i.e. the starting point of
the escape process. On the other hand, it determines the transition rates. The
present work has demonstrated that the Ca®t concentration needs to stay at
base level until the first channel opens. Theory provides Ca?' puffs that are in
agreement with experimental results [21] at physiological parameter values
only if the Ca?' concentration remains constant during the entire escape
process. These findings underline the discrete character of IP3R channels in
a cluster [32,33].

We use a realistic value for the channel flux constant k. in difference to
earlier studies [24,28,29]. That value is based on detailed simulations [31] and
leads to Ca*t concentrations 2-3 orders of magnitude larger than base level
at an open channel. That causes models with a continuous number of open
channels to fail. The non-vanishing Ca>" flux at fractions of open channels
smaller than 1 resulted in highly elevated Ca®" concentrations at a cluster due
to the large flux density [31]. In turn, that induced a high degree of inhibition.
Decreasing the IP3 concentration reduced the level of inhibition, but the
number of subunits that could be activated decreased, too. The lack of Ca?™
puffs was resolved by increasing the dissociation constant for Ca®" activation
ds. The ensuing mean first passage times again complied with experimental
results, but at unphysiological values of ds. These results demonstrate that
parameter values may decide upon the underlying mechanisms. The large



Ca’" fluxes demand a discrete modeling of the Ca®" release channels. This
discrete modelling is one of the aspects of this study setting it apart from
previous investigations of stochastic cluster dynamics [24, 28].

At a constant Ca*" concentration, the main difference between van Kam-
pen’s expansion and the nonlinear Fokker-Planck equation is in the character
of fluctuations. They correspond to additive noise for the {2 expansion and to
multiplicative noise in the latter approach. Although the noise is intrinsically
multiplicative, van Kampen’s expansion provides a reasonable approxima-
tion, which improves with increasing base level and growing IP3 concentra-
tion. It opens up the opportunity for further studies since the {2 expansion
is the only method that yields analytic expressions for the probability den-
sity and all higher moments. That distinguishes it from the master equation
and the nonlinear Fokker-Planck equation, for which only the first moment
is directly accessible.

The dependencies of the mean first passage time on the Ca®" concentra-
tion as well as on the IP3 concentration comply with physiological findings.
An increase of the basal Ca?" concentration enhances the open probability
of the IP3R channel [4]. Consequently, the mean first passage time is to de-
crease with growing Ca?" concentration. Our results fully agree with this
activating role of Ca?" (see figure 3). The same tendency was observed when
we increased the IP3 concentration, which agrees with the activating role of
IPs.

The present study has provided a framework for a quantitative determi-
nation of Ca?" puff frequencies. The mean first passage times correspond to
the stochastic fraction of the inter-puff interval, which is governed by the
activation of the IP3Rs. The second contribution to the inter-puff interval
is a deterministic part controlled by puff duration, inhibition and recovery
from it. Taking into account that Ca®" puffs represent the fundamental build-
ing blocks of global Ca®" patterns, our calculations may serve as a starting
point to compute periods of Ca?t waves. Experiments and theoretical stud-
ies suggest that the initiation of Ca®t waves occurs by a nucleation process.
Therefore, knowledge of the frequency of Ca®" puffs is the first step in the
calculation of wave frequencies and leads to a deeper understanding of intra-
cellular Ca?" dynamics.

8 Appendix A: Combinatorics for subunits

Measurements on the IP3 receptor have revealed that a minimum number
of subunits h,, needs to be activated for the channel to open [4]. A sin-
gle IP3R possesses a non zero open probability only if at least h,, subunits
are in the state 10. Activation in the cell occurs of course for a subunit al-
ready associated with a certain receptor. With our model, the number of
open channels depends on the arrangement of nig activatable subunits on
the receptors. Here, we derive the distribution of open channels resulting



from such a random scattering of activatable subunits and its properties,
whereas the mean was used earlier. To this aim we consider N receptors with
h subunits each. Let n;,¢ = 1,..., h denote the number of receptors with %
activatable subunits, then the number of possible configurations for a given
set {n;} := {n1,...,np} that satisfies

no+...+np =N, ni+2ns+...+hn, =nig (35)

S e AN

The fraction represents the number of permutations for the set {n;}, whereas
the binomial coefficients take into account the number of ways how to dis-
tribute ¢ activatable subunits on a single receptor. The total number of con-
figurations is given by

is

L= M({n}) (37)
{ni}
The asterisk indicates the summation with the restrictions of equation (35).
To evaluate equation (37), we introduce a generating function

ZM{nZ} l=n1+4...+hny. (38)
{"z

The prime refers to the restriction ng + ... 4+ np = N. Therefore, the total
number of configurations follows from the generating function as

r=L 2 r0y

39
n1g! dzno ( )

2=0 '
Due to the identity
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_ [(g) R (Dzhr — (142" :jz:jo (hjv)zﬂ

we finally arrive at I' = (ZN ), which complies with the combinatorics of
choosing nig subunits from a ‘total of AN subunits. Consequently, the prob-
ability distribution of n; for a fixed value of j € {0,...,h} is given by

o3 e O () ()
i#]
() 6) oL )

{ni}
i#]

(41)



Equation (41) is most conveniently computed as

1 /N\ /R\™ 1 dmo
N = - - 42
pins) r (”a) (]) nig! dzmwo f2(2) 2=0" (42)
where we used the generating function
h n
I 1 h !
_ | . l
Rer= Y ML ()]
{n.} 1=0
1#£] l#j (43)
N hi ;5 . N—i
23O EON
i=01=0 V" ! J
Here, the prime denotes the restriction
no—l—...—l—nj_l+nj+1+---+nh=N—nj::1\7. (44)

In the case j = 0 the derivatives in equation (42) can be performed explicitly,
so that

o= () R C) e

The above analysis remains valid, when we interchange the number of acti-
vatable subunits nig and the number of the remaining Nh — nig subunits.
Such a transition corresponds to the exchange of balls and voids in classical
combinatorics. In that picture, equation (45) would represent the probability
distribution of fully occupied receptors, i.e.

po = S() S (M) (" ) ev )

=0

Equation (46) arises from equation (45) by substituting nig by Nh —njo and
no by np.

To gain further insight into the probability distributions we calculate the
first two moments. For the average we start with

1 *
{nj) =+ > M ({n}) (47)
{ni}
because a closed expression for the probability distribution is only available

for the two cases presented above. Defining the corresponding generating
function

an {ni}) 2", Il=n1+...4+ hny, (48)
{"w



we find

1 dmo

n10! dz™o

(nj) =

T GOn)) @

In the limit N — oo,n19 — oo we recover the result from [3]. Analogously
evaluation of the second moments results in

o - SO0 (202 (D). o

Applying these general expressions to IP3Rs requires values for h, h,, and
N. The tetrameric structure of the receptor ensues h = 4. However, previous
results by different groups are based on h = 3. We therefore compute the
statistics for both cases. Experiments on a single channel have shown four
conductance levels, each a multiple of 20pS, with a predominance of opening
to the third level [4,35]. Thus, we set h,, = 3. The number of receptors in
a cluster has not been measured yet. We employ N = 25 following recent
estimates by Swillens and Dupont [30].

15 20 25

Fig. 8. (Color) Probability distribution p(n,) for n, = ns,h = 3 (solid) and n, =
n3 + na, h = 4 (dotted) for N = 25 and different n1o. Values of nio are 25 (black),
50 (red), 60 (green) and 70 (blue).

The probability distributions p(ns 4+ n4) with h = 4 and p(n3) with h = 3
are depicted in figure 8. They both agree very well. This is also supported
by their mean and variance as shown in figure 9. In the left panel we also
include the position of the maxima of the distributions indicated by dots.
They closely follow the average. Due to the narrowness of the distributions
demonstrated by the small variance as well as the accordance between the
mean and the maximum we calculate the number of open channels n. from



the average for a given value of nig:

n3) 3o — 1o — 2
g BN3N_—13N—2’

(51)

(34) — N 3710 Mo — 1110 — 2 n10—34_3 4(1_@) 592
"a TININ 1AV 2 |av 3t AN (52)

Here r := I/(I + d1) denotes the fraction of subunits in the activatable
state 10 that are activated. The subscripts (3) and (3,4) indicate that we
used p(nsz),h = 3 and p(ns + n4),h = 4 for averaging, respectively. Note
that in the limit N — oo, n19 — oo equations (51), (52) reduce to the well
known expressions of the deterministic description. All results in section 6
are based on equation (52), which can be further simplified by approximating
all denominators by 4N due to 4N > 1.

var(n,)

100 100

Fig. 9. Mean (left) and variance (right) of n, for n, = ns,h = 3 (solid) and
no = n3 + na,h = 4 (dotted). The left panel shows the position of maxp(n.) as
dots and scares, respectively.

9 Appendix B: Proof of equation (32)

This section deals with the proof of equation (32). It is based on the identity

L5 (FDF 2% (?
Z (k) 2k+1 (25 + 1) (53)

k=0

which we now proof. We transform the left hand side of equation (53) ac-
cording to

é(i) (—1)’“/01t2’“dt—/12j: (i) (—152)’“clt_/01 (1—2)7dt. (54

k 0 k=0



It can be simplified with Euler’s Beta function B(z,w). From its definition

B(z,w) := /01 271 — ) tdt (55)

follows .
/ (t = a)=(b— )" ~1dt = (b— a)**" = B(z,w). (56)
Hence we express the integral in equation (54) through
1 , 1t
/ (1- ) dt = 5/ (t+1)(1—tydt =29 B(i+1,j+1).  (57)
0 —1

According to [1] the Beta function is related to the Gamma function I'(z)
via B(z,w) = I'(z)I"(w)/I'(z + w), so that we find

J . ]F(]+1)2 B 22_j (]|)2
;( >2l+1 B SoTE R YR (58)

~

due to n! = I'(n + 1), which proofs equation (53). Expanding the right hand
side yields
2% (j)? 2.1
(25 +1)! 2

" . (59)
This proofs equation (32) when we use j! = (1);.
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1 Introduction

Climate is a fascinating complex system. It spans a wide range of spatial
and temporal scales, reaching from the behaviour of a single cloud up to
ocean wide phenomena, from 60 day rythms of tropical rainfall to the thou-
sands of years lasting glacial cycles. These processes are subject to insta-
tionarities on a variety of scales: Although the equations describing the El
Nino/Southern Oscillation (ENSO) phenomenon are deterministic, changing
background conditions lead to a decadally changing behaviour. Although the
glacial cycles itself are triggered by mere orbital oscillations, the response
of the climate system induces complex nonlinear regime shifts on millenial
scales.

This vast spectral bandwidth illustrates the necessity of a reliable scale
and time resolved decomposition of available observations to separate and
describe single processes as individual parts of the whole system. Often, the
comlex interplay between climate subsystems plays an essential role and the
understanding of coupling mechanisms is of crucial importance for the study
and prediction of at first sight independent phenomena. Continuous wavelet
transformation (CWT) is the prototypic instrument to address these tasks: As
an important application, it transforms time series to the time/scale domain
for estimating the linear non-stationary spectral properties of the underlying
process.

The continuous wavelet spectra of paradigmatic processes as Gaussian
white noise [8] or fractional Gaussian noise [10] have been studied. The
method has been applied to various real world problems of physics, clima-
tology [6], life sciences [5] and other fields of research. Hudgins et. al. [9]
defined the wavelet cross spectrum to investigate scale and time dependent
linear relations between different processes. This measure found its applica-
tion e.g. in atmospheric turbulence [9], the analysis of time varying relations
between El Nifio/Southern Oscillation and the Indian monsoon [16] as well
as interrelations of business cycles from different national economies [3].

It was the merit of Torrence and Compo [15] to place continuous wavelet
spectral analysis into the framework of statistical data analysis by formulating
pointwise significance tests against reasonable background spectra. However,
given a realization of white noise, large patches of spurious significance are



detected, making it - without further insight - impossible to judge which
features of an estimated wavelet spectrum differ from a background noise and
which are just artefacts. Furthermore, given realizations of two independent
processes, regions of spurious interrelations show up in the estimated wavelet
Cross spectrum.

In this contribution we describe a framework of non-stationary Gaussian
processes defined in wavelet domain. These processes are characterized by
their time dependent spectral properties and thus can be utilized to investi-
gate the behavior of wavelet spectral estimators. To overcome the problems
arising from pointwise significance testing, we present an areal significance
test that takes advantage of basic properties of continuous wavelet trans-
form. Also, we discuss the pitfalls of cross wavelet analysis and advocate for
coherency analysis as an alternative.

2 Continuous Wavelet Transformation

CWT might be interpreted as a generalization of the Gabor transformation,
which in turn is the time resolved extension of Fourier transformation. For a
detailed discussion of CW'T basics please refer to the comprehensive literature
[2,4,8]. Given a time series s(t), its wavelet transformation W,s(b, a) at time
b and scale a (scale refers to 1/frequency) with respect to the chosen wavelet

g(t) is given as
Wys(ba) = [ dt%gc;b)s(n o

The L2?-normalization 1/ a? is chosen to ensure that the spectra defined in
Sec. 3.2 exhibit the same scale dependency as the corresponding estimated
spectra (Sec. 4.1). Being important for the further discussion, we recall the
covariances of CWT:

Woslt — ¥](b.a) = Wys[tl(b — V', a) (2)
Woslt/a|(b.a) = Wysltl(b/a', a/a) (3)

Here, the brackets [.] denote dependencies of a variable, whereas (.) denote
dependencies of the resulting transformation.

For every wavelet in a strict sense, g(t), a reconstruction wavelet h(t)
fulfilling certain properties can be found [8]. Utilizing this, one can define an
inverse transformation from the positive half plane H to the real axis, i.e. the

time domain.
dbda 1 t—>b
Mh'l"(t) = / W 'I"(b, a) ﬁ h( p ) (4)

H

We point out that this operation from two dimensions to one dimension is
not the unique possible inverse transformation. Two properties of CWT will



appear to be important for our study: Not every function on the positive
half-plane is a wavelet transformation. Thus the successive transformation
of an arbitrary function in time and scale to the time domain and back to
the time/scale domain projects this function onto the subspace of all wavelet

transformations.
As a consequence, 7(b, a) is a wavelet transformation, if and only if
fda [ 1 b—t a
’f‘(b, a) = / 7 /de;K‘%h (T, ;) ’f‘(b/, CLI) (5)

0 0

and Ky, ((b—0)/d’,a/a’) = Wyh((b—1")/a’) is called the reproducing kernel
[8]. The reproducing kernel of the Morlet wavelet is plotted in Fig. 1.
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Fig. 1. Reproducing kernel of the Morlet wavelet for three different scales: (a) s=8,
(b) s=32 and (c) s=128. The width in time and in scale direction increases linearly
with scale (i.e. in scale direction it appears constant on a logarithmic scale axis)

The redundancies of CWT are reflected in internal correlations of any
wavelet transformation r(b, a). For Gaussian white noise n(t), these correla-



tions are given by the reproducing kernel [2, 8]:

C(bva;blva/) = <Wq77[t](b7a)?an[t](blval»
- g,h<b;,b 3) (6)

These correlations constitute a fundamental difference of any time-frequency
(or scale) resolved analysis to time independent Fourier analysis, where neigh-
boring frequencies are asymptotically uncorrelated.

3 Stochastic Processes defined in Wavelet Domain

Stationary Gaussian processes are completely defined by their Fourier spec-
trum S(w). A realization of any such process can be simulated by trans-
forming Gaussian white noise to the Fourier domain, multiplying it with a
function f(w) and transforming it back to the time domain (see e.g. [14]).
The spectrum of this process is then given by |f(w)|?> where f(w) is called
a Fourier multiplier. We suggest to extend this concept to non-stationary
Gaussian processes using wavelet multipliers m(b, a) as a function of time
and scale.

3.1 Definitions

We define an equivalence class of non-stationary Gaussian processes in wavelet
domain by the wavelet multipliers m(b, a). Realizations are given as

s(t) = Myuml[b, a]Wyn(t) (7)

with driving Gaussian white noise n(t) ~ N(0,1) and (n(t1)n(t2)) = 6(t1—t2).

Following the projection property, the realization m[b, a]Wyn(t) in the
time/scale domain is in general not a wavelet transformation and thus re-
alizations s(t) in the time domain depend - usually weakly - on the chosen
wavelet ¢g(t) and the reconstruction wavelet h(t) respectively. To ensure at
least asymptotic independence of the (reconstruction) wavelet, we define the
processes such that for smaller and smaller scales more and more reproducing
kernels fit into local structures of the process:

dam(b,a) < O(a™17¢)

oym(b,a) < O(a 1) ®)

m(b,a) = m(a) defines a stationary Gaussian process in wavelet domain. In
this special case, the stationary Fourier spectrum exists with

BB e



C1 and C3 being constants. As expected, the Fourier spectrum is given by
the wavelet spectrum plus a correction term. The latter depends on the lo-
calization of the used wavelets and on the slope of the wavelet spectrum. For
the asymptotic behavior defined in Eq. (8), it vanishes for high frequencies.
For details and derivations refer to [?].

3.2 Spectral Measures

For non-stationary processes, continuous wavelet spectral measures have been
defined as the expectation value of the corresponding estimator [11]. This
brings along certain difficulties: In reality, one usually observes only one real-
ization of a certain process, i.e. one has no access to the expectation value as
an ensemble average. Furthermore, the analysis is local in time and hence re-
placing the ensemble average by the time average is not valid. Using wavelet
multipliers one can define time dependent spectral measures, that elegantly
overcome these difficulties.

Given wavelet multipliers m(b, a), one can define a wavelet independent
spectrum

Sy(b,a) = [m(b, a)f? (10)

The spectrum denotes the variance of the process at a certain time b and scale
a. With the chosen normalization of the wavelet transformation (Eq. (1)),
white noise is given by Sy(b,a) = |m(b,a)|* = const..

Given two wavelet multipliers m (b, a) and mz (b, a), one can define a cross
spectrum

CS4(b,a) = mq(b,a)mj(b,a) (11)

In general, this is a complex function and may be decomposed into amplitude
and phase:

CS4(b,a) = A(b,a) exp(P(b,a)) (12)

The cross spectrum denotes the covarying power of two processes. Real-
izations of such two processes are constructed by the same driving noise
realization (plus some possible superimposed independent noise): s1(t) =
Mpma[b, alWyn(t) and s2(t) = Mpma[b, a|Wyn(t) respectively.

The coherency is defined as the normalized cross spectrum. Exhibiting
values between zero and one, it denotes the linear relationship between two
processes. The squared coherency reads

C'OH?(b, a) =

|m1(b,a)m3 (b,a)|
T Gra) s 5.a) P (s (b.a) T () T2 (13)

, where my (b, a) and ma(b,a) denote the covarying part and a superimposed
independent contribution is given by mq; and mo;.



3.3 Example

We illustrate the concept with the following example: We define a linear
stochastic chirp given by

m(b, a) = exp (-%) (14)

with bg(a) = By + clog(a) and o(a) = opa'™¢, i.e. every voice (stripe of
constant scale) is given by a Gaussian with time position and width varying
with scale. The power of 1 — € ensures the process exhibiting the desired
asymptotical behavior. Figures 2(a) and (b) show the spectrum |m(b, a)| and
a typical realization respectively.
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Fig. 2. (color online) Stochastic chirp with ¢ = 0.3. (a) The spectrum |m(b, a)|*.

(b) A typical realization in the time domain, calculated with a Morlet Wavelet,
wo = 6.

4 Estimating Wavelet Spectra

4.1 Spectral Estimators

When estimating any continuous wavelet spectral measure, one has to re-
strict the analysis to a finite number of scales. The amount of independent
scale information is limited by the reproducmg kernel (see Eq. (6)). Thus, a

reasonable choice of scales is a; = a02Nvom with 7 = 1...Nyoice - Noctave. Here,



ag corresponds to a frequency lower than or equal to the Nyquist frequency,
Noctave denotes the number of octaves (i.e. powers of two), and Nyice the
number of voices (i.e. calculated scales) per octave. The matrix of calculated
wavelet spectral coefficients is called wavelet spectral matrix.

Given a realization s(t) of a non-stationary process, one can estimate its
spectrum (i.e. calculate the wavelet sample spectrum) using a wavelet g(t)
by R

Sy(b,a) = A([Wys(t)*), (15)

where A(.) denotes an averaging operator defined in Sec. 4.2. Following the
notation of Fourier analysis, without averaging, the wavelet spectral estimate
is either called scalogram or wavelet periodogram. Estimators of a process
property are marked by a hat 7.

Given realizations s1(t) and sa(t) of two processes, the cross spectrum
can be estimated as

CSy(b, a) = A(Wys1 ()W, sa(t)), (16)
or decomposed into amplitude and phase,
CSy(b,a) = A(b, a) exp(d(b, a)), (17)

whereas the squared coherency is estimated as

COH,(b,a) = — [EACT (18)
(Sg,l(b7 G)Sg,2(b=a))l/2

For coherency, averaging is essential. Otherwise, one attempts to infer covary-
ing oscillations without observing the oscillations and consequently obtains
a trivial value of one for any two processes.

4.2 Variance of the Wavelet Sample Spectrum

As discussed in Sec. 3.1, we constructed the class of nonstationary Gaus-
sian processes such, that they become locally stationary for small scales (see
Eq. (8)). Hence, when the averaging kernel A(.) is adapted to the process
variability on each scale, it includes more and more reproducing kernels,
such that the variance of the spectral estimate vanishes in the limit of small
scales. Then, the following relation for the variance Vara(a) of the averaged
wavelet spectral estimate holds:

Var a(a) ~ Var(a)a'™*, (19)

where Var(a) denotes the variance of the wavelet scalogram at each scale
and « describes the scaling of the averaging window. The factor a' results
from the width of the reproducing kernel in smoothing direction. Figure 3
shows the variance of the averaged wavelet sample spectrum of white noise
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Fig. 3. Asymptotic behavior of the variance of the averaged wavelet sample spec-
trum of Gaussian white noise. Solid line: Estimation based on 1000 realizations,
dashed line: theoretically expected behavior.

(o = 0.75): The solid line depicts the variance estimated from an ensemble
of 1000 Gaussian chirps, the theoretically expected behavior is plotted as a
dashed line.

The prior discussion appears to be rather academic: In general, one does
not a priori know the asymptotical behavior for small scales of an observed
process. Also, finite sampling restrains the investigation of small scales. Fi-
nally, one often is interested in nonstationary behavior on scales large com-
pared to the sampling time.

In fact, retaining a scale independent variance appears to be a reason-
able choice. This might be accomplished by averaging the same amount of
independent information on every scale, i.e. by choosing the length of the
averaging kernel according to the reproducing kernel [11]:
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Fig. 4. Smoothing according to the reproducing kernel to provide a constant vari-
ance for all scales. (a) In scale direction, the length of the smoothing window stays
constant (for a logarithmic scale axis). (b) In time direction, the length of the
smoothing window increases linearly with scale.



e Averaging in scale direction should be done with a window exhibiting
constant length (for logarithmic scales), see Fig. 4(a). Half window length
is w, in the same units as Nygice.

e Averaging in time direction should be done with a window exhibiting a
length proportional to scale, see Fig. 4(b). Half window length is wy - a.
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Fig. 5. Variance of the wavelet sample spectrum as a function of the length of an
averaging square window in scale (a) and time (b) direction. The graphs resemble
the shape of the reproducing kernel.

The (scale independent) variance as a function of the width of a square
averaging window is shown in Fig. 5. The graphs for averaging in scale as
well as in time direction resemble the shape of the reproducing kernel. An
averaging window short compared to the effective width of the reproducing
kernel includes only a minor part of independent information and thus fails
to notably reduce the variance.



4.3 Bias of the Wavelet Sample Spectrum

The bias of the estimated wavelet spectrum reads

~

Bias(S4(b,a)) =
(A Wi My, m(b, a) Wyn(t) [*)) = [m(b, )|, (20)
Pk

where W, and M), denote the pair of wavelets used to simulate the process
and W, the wavelet used for the estimation. For processes following Eq. (8),
this term vanishes for small scales [?]. For averaging on finite scales, one has
to consider the trade off between bias and variance.

4.4 Example
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Fig. 6. (color online) Estimation of the stochastic chirp based on the realization in
Fig. 2(b). (a) the wavelet scalogram, i.e. the sample spectrum without averaging.
(b) Averaged sample spectrum with wa/Nyoice = 0.5. (¢) Averaged sample spectrum
with wa/Nyoice = 0.5 and wp = 3. (d) the spectrum estimated as the mean of 1000
realizations.

We recall the example from Sec. 3.3. Figure 6(a) depicts the wavelet scalo-
gram of the realization shown in Fig. 2(b). It is easy to see, that a single re-
alization without averaging yields a rather insufficient estimation of the real
spectrum. Averaging, shown in (b) and (c), reduces the variance, but pro-
duces a bias. The estimation based on 1000 realizations (d) yields a pretty
accurate result of the underlying process.

5 Significance Testing

5.1 Sensitivity vs. Specificity

Accounting for its purpose, every significance test has to be designed indi-
vidually: A medical test should always warn the patient in case of a severe



disease; on the other hand, establishing a result by means of statistics, a test
should preferably reject false positive results. These antithetic demands are
represented by the terms of sensitivity and specificity:

o Nrp
Sensitivity = ————— 21
Y Nrp+ Npn 1)

o Nrn
Specificity = ————— 22
pecificity Nop + Now (22)

Here, Nrn, Nrp, Npn and Npp refer to the numbers of true negative /positive
and false negative/positive results, respectively. Given a null hypothesis Hy

and N applications of the test, where Hy is right in Ni cases and wrong

in Nyw = N — Ny cases. Then the sensitivity relates the number Npp of
true rejections of Hy to the total number of wrong Hy, Nw = Nrp + Npn.

On the other hand, the specificity measures the number Ny of true accep-

tances of Hy in relation to the total number of right Hy, Ng = Npp + Ny

A sensitive test rejects Hy in preferably every case it is wrong (low 3-error),

whereas a specific test preferably only rejects Hy when it is definitely wrong

(low a-error). For finite data, no test can be perfectly sensitive and specific

simultaneously.

5.2 Pointwise Testing of the Wavelet Spectrum

To our knowledge, Torrence and Compo [15] were the first to establish sig-
nificance tests for wavelet spectral measures. They assumed a reasonable
background spectrum for the null hypothesis and tested for every point in
the time/scale plane separately (i.e. pointwise) whether the power exceeded
a certain critical value corresponding to the chosen significance level. Since
the critical values of the background model are difficult to be accessed ana-
lytically [11], they need to be estimated based on a parametric bootstrap:

e Choose a significance level 1 — a.

e Choose a reasonable model (e.g. an AR[1] process in case of climate data
following Hasselmann [7]) as null hypothesis Hy and fit it to the data.

e Estimate the (1 — a)-quantile S¢i; (i.e. the critical value) of the corre-
sponding background spectrum by Monte Carlo simulations. Depending
on the chosen background model and the chosen normalization of the
spectral estimator, the critical value in general depends on scale.

e Check for every point in the wavelet domain, whether the estimated spec-
trum exceeds the corresponding critical value. The set of all pointwise
significant wavelet spectral coefficients is given as

Py = { (b,a) | Sg(b,a) > Serit } (23)



5.3 Areal Testing of the Wavelet Spectrum

The concept of pointwise significance testing always leads to multiple testing:
Given a significance level 1 — a, a repetition of the test for NV wavelet spec-
tral coefficients leads to, on an average, a- N false positive results. For any
time/scale resolved analysis, a second problem comes into play: According
to the reproducing kernel Eq. (6), neighboring times and scales of a wavelet
transformation are correlated. Correspondingly, false positive results always
occur as contiguous patches. These spurious patches reflect oscillations, which
are randomly stable ! for a short time.

For the interpretation of data from a process with unknown spectrum,
these effects mark a problem: Which of the patches detected in a pointwise
manner remain significant when considering multiple testing effects and the
inherent correlations of the wavelet transformation? Fig. 7 illustrates that
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Fig. 7. (color online) Pointwise significance test of the wavelet sample spectrum
of Gaussian white noise (Morlet wavelet, wo = 6, ws = 0) against a white noise
background spectrum of equal variance. Spuriously significant patches appear.

a mere visual judgment based on a sample spectrum will presumably be
misleading: Even in the case of white noise, the test described in Sec. 5.2
yields a large number of - by construction spuriously - significant patches.

We develop an areal test, which utilizes information about the size and
geometry of a detected patch to decide whether it is significant or not. The
main idea is simple: If the inherent correlations are given by the reproducing
kernel, Eq. (6), then also the typical patch area for random fluctuations is
given by the reproducing kernel. Following the dilation covariance Eq. (3) and
as illustrated in Fig. 1, the typical patch width in time and scale direction
should grow linearly with scale.

! As physicists, we would rather say coherent. We prefer to use the term stable
to avoid confusion with the term coherence, which here refers to the interrelation
between two processes



However, investigating the wavelet spectral matrices Fig. 7 reveals that
many spurious patches are not formed “typical” but rather arbitrary and
complex. Patches might exhibit a large extend in one direction, but be very
localized in the other direction (Patch A in Fig. 7). Other patches might con-
sist of rather small patches connected by thin “bridges” (Patch B in Fig. 7).
These patches are spurious even though their area might be large compared
to the corresponding reproducing kernel. Thus, not only the area but also the
geometry has to be taken into account: Given a pointwise significant patch, a
point inside this patch is areally significant, if a reproducing kernel (dilated
according to the investigated scale) containing this point totally fits into the
patch. Consequently, small as well as long but thin patches or bridges are
sorted out as being insignificant.

We call the particular area given by the dilated and translated reproducing
kernel at time b and scale a critical area P..;(b,a), as it corresponds to a
critical value in a pointwise significance test. It is given as the subset of
the time/scale domain, where the dilated reproducing kernel exceeds the
threshold of a certain critical level K ,i:

Perit(bya) = { (b',d") | (K(b,a;V,a') > Kerit } (24)

The set of all patches Py, is given by Eq. (23). Then the subset of additionally
areally significant wavelet spectral coefficients is given as

Pa?"eal - U Pcrit (b7 CL) (25)
Pcmt(b;a) C Ppw

The determination of the critical area as a function of a desired significance
level appeared to be rather non-trivial.

The characteristic functions of the pointwise and areal patches P,,, and
Pyreq are defined as

1 if (a,b) € Py,

0 otherwise

XP,.(a,b) = {

(26)
1 if (a,