Signalling Problem and Dirichlet-Neumann map for time-fractional diffusion-wave equations

R. Gorenflo and F. Mainardi

Abstract The time-fractional, spatially one-dimensional, diffusion-wave equation is considered. For the Dirichlet and the Neumann condition prescribed on the boundary of the spatial positive half-line and zero-initial condition at the origin of time the solutions are derived via the method of Laplace transforms, and it is shown that the Dirichlet-Neumann map is given by a time-fractional differential operator whose order is (in analogy to the cases of the classical diffusion and wave equation) half the order of the time-fractional derivative.

MSC 1991/95 Classification: 26A33, 45K05

x1. Introduction

Consider the following initial-boundary value problem: To determine a function u = u(x, t) for x > 0, t > 0 so that the diffusion equation (or heat equation) u_t(x, t) = u_{xx}(x, t) (1) is fulfilled together with the initial and boundary conditions

u(x, 0) = 0 for x > 0, u(0, t) = ϕ(t) for t ≥ 0. (2)

It is well known that this problem has a unique solution if the function ϕ is smooth and u(x, t) is required to tend to zero as x → ∞. Putting

ψ(t) := u_x(0, t) (3) then we also know that the Dirichlet data ϕ(t) and the Neumann data ψ(t) are connected by the formula ϕ(t) = − 1 √ π ∫_t 0 (t − τ )^{− 12} ψ(τ ) dτ , t > 0 . (4)

See, e.g., [4] or [12] or books in which the heat conduction equation u_t = u_{xx} is treated in detail. If ϕ is given and ψ is unknown then (4) is an Abel integration of first kind for the function ψ, and by Abel’s solution formula (see [1]) or books on integral equations) we have ψ(t) = − 1 √ π d d t ∫_t 0 (t − τ )^{− 12} ϕ(τ ) dτ , t > 0. (5)

In this relation we have an example of a Dirichlet-Neumann map (namely the mapping of the Dirichlet data ϕ on the Neumann data ψ) which in customary function spaces is an ill-posed operation. If, for example, u(x, t) is the temperature at point x in instant t of a half-space x > 0 with a wall at x = 0, then the influx −ψ(t) of heat through the wall can be found from measurements of the inner (at x = 0+) wall temperature ϕ(t) by solving the Abel integral equation (4). The map (5) and some other interesting Dirichlet-Neumann maps are considered in [7].

The aim of this note is to generalize formulas (4) and (5) to the fractional diffusion-wave equation. To this purpose we replace the first-order timederivative in (1) by a time-derivative of fractional order α, where 0 < α ≤ 2 . With α = 1 we again have the heat equation u_t = u_{xx}, with α = 2 (a case to be discussed separately) we have the wave equation u_{tt} = u_{xx}, and our intention is to discuss the whole scale of equations. On Cauchy problems (namely initial-value problems) for such equations there exists an extensive literature, let us only quote [6], [14], [15], [22], [23], [24], and Mittag- Leffler functions play a decisive role in constructing fundamental solutions. Interesting aspects of similarity properties are discussed in the papers [2], [5], [13]. A related topic that recently has found special attention is the space-fractional diffusion equation for which we refer to [10] and [11].

x2. Basic notions of fractional calculus

To formulate the initial-boundary value problem that we want to treat we need the basic notions of fractional integration and differentiation. For sufficiently well behaved functions (the reader may consult [8], [9], [12], [19], [20], [21]) we define operators J^α and D^α of fractional integration and differentiation for α > 0 (in the sequel operating on the time variable t when acting on functions of x and t). We remark that from the references just quoted [8], [9], [12] use the same notation as we here. The defining formulas are the following ones, for a generic function w and for α > 0, t > 0:

(J^αw)(t) = 1 Γ(α) ∫_t 0 (t − τ )^{α−1}w(τ ) dτ, (6) (D^αw)(t) = (D^m J^{m−α}w)(t) (7)

where D =^d_{dt} is the common differentiation operator and the natural number m is chosen so that m − 1 < α ≤ m. For completeness we put

D^0 = J^0 = I = identity operator, (8)

(J^αw)(0) = lim_{t→0+}(J^αw)(t).

The operators J^α, α ≥ 0, form a semigroup, we have

J^αJ^β = J^{α+β} for α ≥ 0 , β ≥ 0 ,

and the operator D^α is left-inverse to the operator J^α, but not right-inverse. We have

D^αJ^αw = w generally, but J^αD^αw = w if w(0) = w^′(0) = . . . = w^{(m−1)}(0) , where m − 1 < α ≤ m ∈ N. (9)

With these notations the relations (4) and (5), connecting the Dirichlet data ϕ(t) to the Neumann data ψ(t), can be written in the form

ϕ = −J^{12} ψ, ψ = −D^{12} ϕ, (10)

so −ψ is obtained from ϕ by differentiation of order 1/2.

In our treatment of the general problem we will use the technique of Laplace transforms. For a generic function w(t), t ≥ 0, the Laplace transform is defined as w̃(s) = (Lw)(s) = ∫_∞ 0 w(t)e^{−st} dt, (11) and if the function w is locally integrable and does not grow too fast as t → ∞ then there is an abscissa σ of convergence so that w̃(s), the Laplace transform of w(t), exists for ℜ(s) > σ. For the general theory of the Laplace transform and for the technique of using it we refer to [3]. Like we do for the operators J^α and D^α we apply the Laplace transform also as acting on the time variable t. The juxtaposition of a function w(t) with its Laplace transform w̃(s) we denote by writing w(t) ÷ w̃(s). (12) ¿From [3] or from the definition of the operator J^α and general working rules for the Laplace transform we take the important formula (for α ≥ 0)

L(J^αw)(s) = s^{−α}w̃(s), (13)

in other notation (J^αw)(t) ÷ s^{−α}w̃(s). (14)

x3. The general problem

For a fixed value α with 0 < α < 2 we consider the time-fractional diffusionwave equation (D^αu)(x, t) = u_{xx}(x, t) (15) in the quarter-plane x > 0, t > 0, with initial condition (for x > 0) { u(x, 0) = 0 if 0 < α ≤ 1, u(x, 0) =^∂_{∂t} u(x, 0) = 0 if 1 < α ≤ 2,

(16)

and one of the two boundary conditions: either the Dirichlet condition (D) or the Neumann condition (N). u(0, t) = ϕ(t), t ≥ 0, (D) u_x(0, t) = ψ(t), t ≥ 0. (N)

Furthermore we require a spatial boundary condition at infinity, namely u(x, t) → 0 = u(∞, t) as x → ∞. (17)

For simplicity we assume ϕ and ψ to be smooth functions. Remarks: The fractional differential equation (15) describes a ”slow” diffusion process if 0 < α < 1, whereas in the case 1 < α < 2 it describes a process intermediate between diffusion and wave propagation. In both these cases we have integro-differential equations (in view of the definitions (7) of D^α), i.e. processes with memory. Only the particular cases α = 1 (common diffusion) and α = 2 (common wave propagation) are memoryless. In a picturesque language the variant with the boundary condition (D) is called the ”signalling problem” (see [15] and [16]), ϕ(t) being the signal propagating from the boundary x = 0 into the interior x > 0.

x4. Solution of the Dirichlet problem

Applying fractional integration J^α to the fractional differential equation (15) and observing the initial conditions (16) by which according to (9) J^α and D^α commute we get u(x, t) = J^αu_{xx}(x, t), (18) hence by Laplace transformation (we use (14)) the s-parameterized system of ordinary differential equations in x, of second order, ũ(x, s) = s^{−α}ũ_{xx}(x, s), x > 0, s > 0, (19) with boundary conditions (see (D) and (17))

ũ(0, s) = ϕ̃(s), ũ(∞, s) = 0. (20)

Its solution is ũ(x, s) = ϕ̃(s) exp(−xs^{α/2}). (21)

Denoting now the inverse Laplace transform of exp(−xs^{α/2}) by G_D(x, t), namely G_D(x, t) ÷ exp(−xs^{α/2}) = G̃_D(x, s) (22)

and using the convolution theorem for Laplace transforms we obtain u(x, t) = ∫_t 0 G_D(x, t − τ )ϕ(τ ) dτ. (23)

In [10], [15], [16], [17] [18] various relations of this Green function G_D to special functions and to extremal stable probability densities are worked out. The interested reader is referred to these papers.

x5. Solution of the Neumann problem and the Dirichlet- Neumann map

Applying J^α to (15) and again observing (16) and (9) we get u(x, t) = J^αu_{xx}(x, t), (24) hence once more the s-parameterized system of second order (in x) ordinary differential equations ũ(x, s) = s^{−α}ũ_{xx}(x, s), x > 0, s > 0, (25) but now with boundary conditions (from (N) and (17)) ũ_x(0, s) = ψ̃(s), ũ(∞, s) = 0. (26) Its solution is given by ũ(x, s) = −ψ̃(s)s^{−α/2} exp(−xs^{α/2}). (27) With the Green function G_N (x, t) as inverse Laplace transform of −s^{−α/2} exp(−xs^{α/2}), namely G_N (x, t) ÷ −s^{−α/2} exp(−xs^{α/2}) = G̃_N (x, s), (28) we now get u(x, t) = ∫_t 0 G_N (x, t − τ )ψ(τ ) dτ. (29) Assume now that u(x, t) is a solution to (15) obeying both conditions (D) and (N). Comparison of (21) and (27) then teaches us the relation ϕ̃(s) = −s^{−α/2}ψ̃(s), (30) consequently by (14) ϕ(t) = −(J^{α/2}ψ)(t), (31)

−(D^{α/2}ϕ)(t) = ψ(t). (32)

Result: If u(x, t) is solution to the equation (15) and obeys the initial condition (16) and both boundary conditions (D) and (N) then the Dirichlet- Neumann map ϕ → ψ is realized by the fractional differentiation operator −D^{α/2}, namely ψ = −D^{α/2}ϕ. (33)

Remark 1: In our analysis in which we have assumed 0 < α < 2 we have tacitly used the fact that exp(−xs^{α/2}) (for x > 0) is the Laplace transform of a genuine function. The proof for this fact can be taken from [15] or [16]. The analysis breaks down (or degenerates) in the special case α = 2, the inverse Laplace transform of e^{−xs} being the generalized function δ(t − x). In fact, then δ(t − x) ÷ exp(−xs), u(x, t) = ϕ(t − x), u_x(x, t) = −ϕ_t(t − x) = −D^1ϕ(t − x), and inserting x = 0 we obtain ψ(t) = −(D^1ϕ)(t), so the result (33) is still true in the special case α = 2. However, in general we no longer have fulfilment of (17).

Remark 2: Shifting the boundary x = 0 to an arbitrary interior point x > 0 and there carrying out the analogous investigation (replacing ϕ(t) by u(x, t), ψ(t) by u_x(x, t)) we find that for all x > 0, t > 0 there holds the relation u_x(x, t) = −D^{α/2}u(x, t). (34) This result can be motivated by the formal factorization

D^α_t − D^2_x = (D^{α/2}_t − D_x)(D^{α/2}_t + D_x), where D_x =^∂_{∂x} . In this product of operators we must keep the second factor, so we have (D^{α/2}_t + D_x)u = 0, which in the special case α = 2 corresponds to an outgoing wave u(x, t) = ϕ(t − x).

Acknowledgement The authors are grateful to the Italian Consiglio Nazionale delle Ricerche and to the Research Commission of Free University of Berlin, Research Group ”Convolutions” for supporting their joint research in theory and applications of fractional differential and integral equations.

References

[1] N.H.Abel: Auflösung einer mechanischen Aufgabe. Journal für die reine und angewandte Mathematik (Crelle) 1 (1826), 153-157.

[2] E. Buckwar and Yu. Luchko: Invariance of a partial differential equation of fractional order under a certain Lie group. Preprint No A-01-98, Free University of Berlin 1998.

[3] G. Doetsch: Introduction to the Theory and Application of the Laplace Transformation. Springer Verlag, Berlin 1974.

[4] G.F.D. Duff and D. Naylor: Differential Equations of Applied Mathematics. Wiley & Sons, New York 1996.

[5] H. Engler: Similarity solutions for a class of hyperbolic integrodifferential equations. Differential Integral Eqns. 10, No 5 (1997), 815-840.

[6] Y. Fujita: Integrodifferential equation which interpolates the heat and the wave equation. Osaka J. Math. 27 (1990), 309-321, 797-804.

[7] W. Gerlach and L.v. Wolfersdorf: On approximate computation of the values of the normal derivative of solutions to linear partial differential equations of second order with application to Abel’s integral equation. Zeitschrift für Angewandte Mathematik und Mechanik 66 (1986), 31-36.

[8] R. Gorenflo: Abel Integral Equations with special Emphasis on Applications. Lectures in Mathematical Sciences, Vol. 13. The University of Tokyo, Graduate School of Mathematical Sciences, 1996 (ISSN 0919- 8180).

[9] R. Gorenflo and F. Mainardi: Fractional calculus: integral and differential equations of fractional order. In: Fractals and Fractional Calculus in Continuum Mechanics (Eds. A. Carpinteri and F. Mainardi), pp. 223- 276. Springer Verlag, Wien and New York 1997.

[10] R. Gorenflo and F. Mainardi: Fractional calculus and stable probability distributions. Submitted to Archive of Mechanics.

[11] R. Gorenflo and F. Mainardi: Random walk models for space-fractional diffusion processes. Fractional Calculus & Applied Analysis 1 No 2 (1998), 167-191.

[12] R. Gorenflo and S. Vessella: Abel Integral Equations. Springer-Verlag, Berlin 1991.

[13] Yu. Luchko, R. Gorenflo: Scale-invariant solutions of a partial differential equation of fractional order. Fractional Calculus & Applied Analysis 1 No 2 (1998), 63-78.

[14] F. Mainardi: Fractional relaxation-oscillation and fractional diffusionwave phenomena. Chaos, Solitons & Fractals 7 (1996), 1461-1477.

[15] F. Mainardi: The fundamental solutions for the fractional diffusion-wave equation. Applied Mathematics Letters 9, No 6 (1996), 23-28.

[16] F. Mainardi: Fractional calculus: some basic problems in continuum and statistical mechanics. In Fractals and Fractional Calculus in Continuum Mechanics (Eds. A. Carpinteri and F. Mainardi), pp. 291-348. Springer Verlag, Wien and New York 1997.

[17] F. Mainardi and M. Tomirotti: Seismic pulse propagation with constant Q and stable probability distributions. Annali di Geofisica 40, No 5 (1997), 1311-1328.

[18] F. Mainardi, P. Paradisi and R. Gorenflo: Probability distributions generated by the fractional diffusion equation. To appear in: Econophysics (Eds. J. Kertesz and I. Kondor). Kluwer, Dordrecht 1998.

[19] K.S. Miller and B. Ross: An Introduction to the Fractional Calculus and Fractional Differential Equations. Wiley, New York 1993.

[20] K.B. Oldham and J. Spanier: The Fractional Calculus. Academic Press, New York 1993.

[21] S.G. Samko, A.A. Kilbas and O.I. Marichev: Fractional Integrals and Derivatives: Theory and Applications. Translated from the Russian (1987) edition, Gordon and Breach, Switzerland 1993.

[22] J.M. Sanz-Serna: A numerical method for a partial integro-differential equation. SIAM J. Numer. Anal. 25 (1988), 319-327.

[23] W. R. Schneider and W. Wyss: Fractional diffusion and wave equations.

J. Math. Phys. 30 (1989), 134-144.

[24] G. Witte: Die analytische und die numerische Behandlung einer Klasse von Volterraschen Integralgleichungen im Hilbertraum. Logos-Verlag, Berlin 1997.

Addresses of the Authors

Rudolf Gorenflo Department of Mathematics and Computer Science Free University of Berlin Arnimallee 2-6 D-14195 Berlin, Germany e-mail: gorenflo@math.fu-berlin.de

Francesco Mainardi Department of Physics University of Bologna Via Irnerio 46 I-40126 Bologna, Italy e-mail: mainardi@bo.infn.it