On multi-dimensional random walk models approximating symmetric space-fractional diffusion processes

Sabir Umarov^∗, Rudolf Gorenflo^{∗∗}

∗ Computer Technologies Department National University of Uzbekistan Tashkent, Uzbekistan ∗∗ Department of Mathematics and Computer Science Free University of Berlin Berlin, Germany

MSC 2000: 26A33, 47B06, 47G30, 60G50, 60G52, 60G60 Key words: multi-dimensional random walk, Cauchy problem, fractional diffusion equation, pseudo-differential operators, fundamental solution, hypersingular integral

Abstract In the paper the multi-dimentional analog of the Gillis-Weiss random walk model is studied. The convergence of this random walk to a space-fractional diffusion process governed by a symmetric operator defined as a hypersingular integral or the inverse of the Riesz potential in the sense of distributions is proved.

1 Introduction

In this paper we will study multidimensional random walk models approximating the Cauchy problem for fractional diffusion equations with symmetric spatial operator of fractional order. We will follow the method profitably used by Gorenflo and Mainardi for the study of scaling limits of discrete random walks, which was implemented in one-dimensional case in the series of their works (see [2] and references therein), where a number of discrete random walk models approximating fractional diffusion processes with symmetric and non-symmetric Lévy-Feller fractional differential operators in the governing equation were studied. Extending this to the multi-dimensional case is not trivial and requires to introduce some new elements. We will comment these later.

Multi-dimensional random walk is often used in modeling various processes in different areas [1], [8]. See, for instance, [5] for applications to economics and [6] to finance, [12] for modeling of copepod behaviour of animals in zoology, [7] for modeling of river flows. In the recent book [8] by M.Meerschaert and Scheffler the wide range of problems in multi-dimensional stochastic processes is highlighted, with emphasis on operator stable probability distributions, and there are also given comments on the historical development and indications of their different applications.

R.Gorenflo and F.Mainardi [2] have constructed several discrete random walk models by choosing suitable transition probabilities, which approximate stable Lévy-Feller processes for the full range of scaling order α ∈ (0, 2]. Our treatment can be considered as a multi-dimentional generalization of the onedimensional Gillis-Weiss model [3] presented in [2] by Gorenflo and Mainardi. The necessary and sufficient conditions for a random vector to belong to the domain of attraction of nondegenerate nonnormal stable law was found in [13] (see also [8]).

Our paper is organized as follows. In Section 2 we give auxiliary materials and introduce terminology that will be used in the paper. In Section 3 we mainly recall some properties of pseudo-differential operators considered in our previous paper [10] referring to it for details and lay out some elementary properties of symbols. These properties will be essentially used later in the study of the diffusion limits of random walks. In the next section we formulate in terms of random walk the problem we are going to study. In Section 5 we formulate the main result obtained in this paper.

2 Preliminaries

Let R^N and Z^N be the N-dimensional euclidean space with coordinates x = (x_1, ..., x_N) and the N-dimensional integer-valued lattice with nodes j = (j_1, ..., j_N ), respectively. Denote by x_j = (hj_1, ..., hj_N ), j ∈ Z^N , the nodes of the uniform lattice Z^N_h defined as (hZ)^N with a positive number h, the mesh width.

Suppose that a particle is located at the origin x_0 = 0 = (0, ..., 0) at the initial time t = 0 and at time instances t_1 = τ, t_2 = 2τ, ..., t_n = nτ, ... jumps moving through nodes of the lattice Z^N_h . Denote by p_j the probability of jumping from a point x_k ∈ Z^N_h to a point x_{j+k} ∈ Z^N_h , where j and k are in Z^N . By this we automatically assume that the particle jumps are isotropic for all directions. The numbers p_j, j ∈ Z^N , are called transition probabilities. They satisfy the following conditions of non-negativity and normalization (a) p_j ≥ 0, j ∈ Z^N ; (b)^∑_{j∈Z}N p_j = 1.

We denote by p_j the value of a discrete function p : Z^N → R^1 at a point j ∈ Z^N. For given two discrete functions, p and q we define a convolution p ∗ q by the rule (p ∗ q)_j =^∑_{k∈ZN} p_kq_{j−k}, j ∈ Z^N .

Also for a given discrete function p we define its Fourier transform (Fourier series) p̂(ξ) = F [p](ξ), ξ ∈ R^N , by the formula

p̂(ξ) =^∑_{k∈ZN} p_ke^{−ikξ},

and we call p̂(−ξ) the characteristic function for p.

In general we denote by u(t, x) the probability density of a random walk, namely for given time t > 0 the probability of sojourn of the particle at the point x ∈ R^N at time t, t > 0. For the discrete random walk introduced above we use the symbol y_j(t_n) emphasizing discreteness of the process, writing again u(t, x) in the limit case. Heuristically we consider y_j (t_n) as an approximation of h^N u(t_n, x_j) ≈^∫_{Cj} u(t_n, x)dx, the total probability of sojourn inside a cubical cell C_j with the center x_j and side lenth h with u(t, x) as density of a process in R^N.

The lemma below is well known. For completeness we provide a brief proof.

Lemma 1 For the density probabilities y_j (t_n) the following statements hold true:

(i) y_j(t_{n+1}) =^∑_{k∈Z}N p_ky_{j−k}(t_n), j ∈ Z^N ; (ii) y_j(t_n) = (p ∗ ... ∗ p

n times

)_j.

Proof. The probability of jumping of a particle from the point x_{j−k} to the point x_j at the time t_n is p_ky_{j−k}(t_n). Summing probabilities of all possible jumps we get y_j (t_{n+1}) =^∑_{k∈ZN} p_ky_{j−k}(t_n)

or making use of the convolution notation,

y_j (t_{n+1}) = (p ∗ y(t_n))_j.

Using this action for n, n − 1, ..., 2 we obtain (ii).

In our further considerations we will need some properties of cubature formulas. Let f be a continuous function integrable over R^N function. Then the following rectangular cubature formula ∫ IR^N f(x)dx = h N ∑ j∈Z^N

f(x_j) + o(1). (1)

is valid [9].

3 Pseudodifferential operators and symbols

In this section we consider some properties of pseudo-differential operators A(D), D = (D_1, .., D_N ), D_j =^∂_{i∂xj} , j = 1, ..N, with a continuous symbol A(ξ) not depending on x defined in R^N . For a test function φ(x) taken from the classical space S(R^N ), the Fourier transform

φ̂(ξ) = F [φ](ξ) = ∫ R^N φ(x)e

−ixξdx

is well defined and belongs again to S(R^N ). Let S^′(R^N ) be the space of tempered distributions, i.e. the dual space to S(R^N ). The Fourier transform for distributions f ∈ S^′(R^N ) is usually defined by the extension formula < f̂(ξ), φ(ξ) >=< f(x), φ̂(x) >.

Assume G to be an open domain in R^N . Let a function f be in L_p(R^n), 1 ≤ p ≤ ∞, whose Fourier transform (taken in the sense of distributions) f̂(ξ) has a compact support in G. The set of all such functions endowed with the convergence in the following sense is denoted by Ψ_{G,p}(R^n): a sequence of functions f_m ∈ Ψ_{G,p}(R^n) is said to converge to an element f_0 ∈ Ψ_{G,p}(R^n) iff: (i) there exists a compact set K ⊂ G such that supp f̂_m ⊂ K for all m = 1, 2, ...; (ii) ‖f_m − f_0‖_p = (^∫_Rn |f_m − f_0|^pdx)^{1p} → 0 for m → ∞. In the case p = 2 we write simply Ψ_G(R^n) instead of Ψ_{G,2}(IR^n) and also if G = R^N we omit it in the index writing Ψ_p(R^n). Note that according to the Paley-Wiener theorem functions in Ψ_{G,p}(R^n) are entire functions of finite exponential type (see [14], [15]).

Let q = p/(p − 1). Denote by Ψ^′_{−G,q}(R^n) the space of all linear bounded functionals defined on the space Ψ_{G,p}(R^n) endowed with the weak (dual with respect to Ψ_{G,p}(R^n)) topology. Namely, we say that a sequence of functionals g_m ∈ Ψ^′_{−G,q}(R^n) converges to an element g_0 ∈ Ψ^′_{−G,q}(R^n) in the weak sense if for all f ∈ Ψ_{G,p}(R^n) the sequence of numbers < g_m, f > converges to < g_0, f > as m → ∞. By < g, f > we mean the value of g ∈ Ψ^′_{−G,q}(R^n) on an element f ∈ Ψ_{G,p}(R^n).

Let A(ξ) be a continuous function defined in G ⊂ R^N . For a function φ ∈ Ψ_{G,p}(R^n) a pseudo-differential operator A(D) with the symbol A(ξ) is defined by the formula

A(D)φ(x) = 1 (2π)^N ∫ G A(ξ)F φ(ξ)e^{ixξ}dξ, (2)

with the integral taken over G. Note that in general this may not have sense even for infinitely differentiable functions with finite support (see [10]).

We define the operator A(−D) acting in the space Ψ^′_{−G,q}(R^N ) by the extention formula

< A(−D)f, φ > = < f, A(D)φ >, f ∈ Ψ^′_{−G,q}(R^n), φ ∈ Ψ_{G,p}(R^n). (3)

We recall (see [10]) that the pseudo-differential operators A(D) and A(−D) act as

A(D) : Ψ_{G,p}(R^N ) → Ψ_{G,p}(R^N ), A(−D) : Ψ^′_{−G,q}(R^N ) → Ψ^′_{−G,q}(R^N )

and are continuous under some conditions on their symbols.

Lemma 2. For the symbol A(ξ) of an operator A(D) the following relations are true:

(i) A(ξ)1(x) = e^{−ixξ}(A(D)e^{ixξ}); (ii) A(ξ) = (A(D)e^{ixξ})|_{x=0}. Note. In relation (i) A(ξ)1(x) means the direct product of two functions.

Moreover the equality in (i) should be understood in the sense of the space Ψ^′_{−G,q}(R^N ).

P r o o f. Taking into account e^{ixξ} ∈ Ψ^′_q(R^N ) and the duality rules we have

< e^{−ixξ}(A(−D)e^{ixξ}), φ(x) >=< A(−D)e^{ixξ}, φ(x)e^{ixξ} >= < e^{ixξ}, A(D)(φ(x)e^{ixξ}) >=< δ(η − ξ), A(η)F [φ(x)e^{ixξ}](η) > =< δ(η − ξ), A(η)φ̂(η − ξ) >= A(ξ)φ̂(0) = A(ξ) < δ̂, φ̂ >=< A(ξ)1(x), φ(x) >, hence the assertion (i).

In order to prove relation (ii) we have to show that G(x, ξ) = A(D)e^{ixξ} is continuous in x, and so one can calculate its value for x = 0. Moreover this value is equal to A(ξ). Indeed, let k_m(x) be a sequence of smooth functions converging to δ(x) in the weak sense. Then μ_m = k̂_m converges to 1(x) as m → ∞. Consequently, in Ψ^′_q(R^N ) we have

A(D)(e^{ixξ}μ_m(x)) = 1 (2π)^N ∫ A(η)F (μ_m(x)e^{ixξ})(η)e^{−ixη}dη = 1 (2π)^N ∫ A(η)k_m(η − ξ)e^{−ixη}dη = 1 (2π)^N

< A(η)e^{ixη}, k_m(η − ξ) >

Consequently (the limit is taken in the weak sense) A(D)e^{ixξ} = lim_{m→∞} A(D)(μ_m(x)e^{ixξ}) = 1 (2π)^N

< A(η)e^{ixη}, δ(η − ξ) >= A(ξ)e^{ixξ}.

The latter expression is continuous as the product of two continuous functions. Hence G(x, ξ)_{x=0} = (A(D)e^{ixξ})|_{x=0} = A(ξ)e^{−ixξ}|_{x=0} = A(ξ).

Q.e.d.

In our further random walk constructions G = R^N , so that symbols of pseudo-differential operators are continuous functions in the whole space. The symbol of the Laplace operator A(D) = Δ as easily seen is −|ξ|^2. Both relations in Lemma 2 for symbols can be easily verified for this symbol. The pseudo-differential operator A(D) = D^α_0 with the symbol −|ξ|^α can be represented with the help of a hypersingular integral (see, e.g. [4])

D^α_0 f(x) = − 1 d(α, l) ∫ R^N

Δ^l_yf(x) |y|^{N+α} dy (4) where 0 < α < l, l is a positive integer, Δ^l_y is the finite difference of the order l in the y direction, either centered or non-centered, and d(α, l) is a constant defined in dependence on what type of difference, centered or non-centered, is taken (see for details [4]). Note that in this paper we consider only centered case of finite difference Δ^l_y in definition of D^α_0 .

Let l be a given positive integer. Denote by τ_y a shift operator with spatial vector-step y (τ_yf)(x) = f(x − y), x, y ∈ R^N .

Using this operator we determine the symmetric difference operator of order l (Δ^l_yf)(x) = (τ_−^y_2 − τ^y_2 )^lf(x) =^{l∑}_{k=0}(−1)^k l k f(x + ( l 2 − k)y).

Let a constant d(α, l) be defined as (see [4])

d(α, l) = π^{1+N/2}A_l(α) 2^αΓ(1 +^α_2 )Γ(^{N+α}_2 ) sin(απ/2)

, (5)

with A_l(α) determined by the formula

A_l(α) = 2

[l/2]∑ k=0 (−1)^{k−1} l k ( l 2 − k)^α. (6)

Moreover d(α, l) ≠ 0 for all α > 0 and for even l, but d(α, l) is identically zero for odd orders l. We accept that the hypersingular operator D^α_0 in (4) is defined with so introduced Δ^l_y and d(α, l).

In the construction of random walk models leading to the diffusion equations governed by pseudo-differential operators in space the sign of the normalizing constant d(α, l) is important. Let l = 2. Then after slightly rearranging we have

D^α_0 f(x) = b(α) ∫ R^N

f(x − y) − 2f(x) + f(x + y) |y|^{N+α} dy, (7)

where b(α) = αΓ(^α_2 )Γ(^{N+α}_2 )sin^{απ}_2

2^{2−α}π^{1+N/2}

. (8)

It is seen from (8) that the value α = 2 is singular.

We note also that D^α_0 can be considered as a fractional power of the Laplace operator, namely D^α_0 = −(−Δ)^{α/2}. From Lemma 2 it follows that

D^α_0 e^{ixξ}|_{x=0} = b(α) ∫ R^N

Δ^2_ye^{ixξ} |y|^{N+α} dy|_{x=0} = −|ξ|^α, 0 < α < 2.

Taking into account the cubature formula (1) for the integral in the right hand side of (4) we have (with f_j = f(hj) and |k| as Euclidean norm of k = (k_1, ..., k_N ) ∈ Z^N ) ∫ R^N

Δ^2_yf(x_j) |y|^{N+α} dy = h^{α ∑}_{k∈ZN}

Δ^2_kf_j |k|^{N+α}

+ o(1).

4 Fractional differential equations and random walk

Consider the fractional order diffusion equation ∂ ∂t u(t, x) = D^α_0 u(t, x), t > 0, x ∈ R^n, (9)

where D^α_0 , 0 < α < 2, is the pseudo-differential operator defined in the previous section which has the symbol −|ξ|^α. In accordance with lim_{α→2} |ξ|^α = |ξ|^2 we will accept D^2_0 = Δ, where Δ is the Laplace operator. In the general case we have formally D^α_0 = −(−Δ)^{α/2}. A weak solution, namely a distribution G_α(t, x), which satisfies (9) and the condition

G_α(0, x) = δ(x), x ∈ R^N , (10)

with the Dirac function δ(x), in the sense of distributions, is called a fundamental solution of the Cauchy problem (9), (10).

It is clear that in the case α = 2 we have the classical heat conduction equation ∂ ∂t u(t, x) = Δu(t, x), t > 0, x ∈ R^n,

whose fundamental solution is the Gauss probability density

G_2(t, x) = 1 (4πt)^{n/2} e^{−|x|24πt} .

In the case α = 1 the corresponding fundamental solution is given by the Cauchy-Poisson probability density (see [11])

G_1(t, x) =

Γ(^{n+1}_2 ) π^{(n+1)/2} 1 (|x|^2 + t^2)^{(n+1)/2} . It is well known that for the functions G_q(t, x), q = 1, 2, the relations [11]

Ĝ_2(t, ξ) = e^{−|ξ|2} and Ĝ_1(t, ξ) = e^{−t|ξ|}

hold.

For other values of α, 0 < α < 2, applying the Fourier transform and its inverse the fundamental solution to the Cauchy problem (9), (10) can be represented in the form

G_α(t, x) = 1 (2π)^N ∫ R^N e

−t|ξ|^α eixξdξ. (11)

The question we want to explore is that for the existence of a random walk which approximates the diffusion process governed by the equation (9). In the random walk terminology we are using this means that the fundamental solution is a probability density of the diffusion limit of some discrete random walk.

Bearing this in mind let us describe the discrete random walk model approximating the fractional diffusion process governed by the equation (9) in terms of probability theory. Let X be an N-dimensional random vector [8] which takes values in Z^N . Let the random vectors X_1, X_2, ... also be Ndimensional independent identically distributed random vectors, all having their probability distribution common with X. We introduce a spatial grid {x_j = jh, j ∈ Z^N }, with h > 0 and temporal grid {t_n = nτ, n = 0, 1, 2, ...} with a step τ > 0. Consider the sequence of random vectors

S_n = hX_1 + hX_2 + ... + hX_n, n = 1, 2, ...

taking S_0 = 0 for convenience. We interpret X_1, X_2, ..., as the jumps of a particle sitting in x = x_0 = 0 at the starting time t = t_0 = 0 and making a jump X_n from S_{n−1} to S_n at the time instance t = t_n. Then the position S(t) of the particle at time t is_∑

1≤k≤t/τ

X_k.

Recall that the probability of sojourn of the particle in x_j at the time t_n was denoted by y_j(t_n). Taking into account the recursion S_{n+1} = S_n + hX_n we have y_j(t_{n+1}) =^∑_{k∈ZN} p_ky_{j−k}(t_n), j ∈ Z^N , n = 0, 1, ...

The convergence of the sequence S_n when n → ∞ means convergence of the discrete probability law (y_j(t_n))_{j∈Z}N properly rescaled as explained in the next Section, to the probability law with a density u(t, x) in the sense of distributions (in law). This is equivalent to the locally uniform convergence of the corresponding characteristic functions (see for details [8]). This will be used in the next Section to prove the convergence of the constructed random walks to the fundamental solution of the governing diffusion equation (limit process).

5 Main result

Consider the Cauchy problem ∂ ∂t u(t, x) = D^α_0 u(t, x), t > 0, x ∈ R^N , (12)

with the initial condition

u(0, x) = δ(x), x ∈ R^N , (13)

where 0 < α < 2, D^α_0 is the pseudo-differential operator defined above with the symbol −|ξ|^α; D^2_0 = Δ.

Assume that the hypersingular integral in the right hand side of (12) is defined by the centered finite difference of second order (l = 2), i.e by the formula (7). Using the cubature formula for discrete approximation of the right hand side of (12), namely

D^α_0 u(t, x_j) ≈ b(α)^∑_{k∈ZN} u_{j+k}(t) − 2u_j(t) + u_{j−k}(t) |k|^{N+α}h^α

where b(α) is norming constant, defined in (8). Replacing^{∂u}_{∂t} by the first order difference ratio ∂u ∂t ≈ u_j(t_{n+1}) − u_j(t_n) τ with the time step τ = t_{n+1} − t_n we have the relation

y_j (t_{n+1}) =^∑_{k∈ZN} p_ky_{j−k}(t_n)

which shows that the transition probabilities have the form

p_k =

1 − μb(α)^∑_{m∈Z}N_{\{0}} |m|^{−N−α}, if k = 0;

μb(α)|k|^{−N−α}, if k ≠ 0,

where the scaling parameter is μ =^{2τ}_{hα} .

We will require that the transition probabilities satisfy the properties: (i)^∑_{k∈Z}N p_k = 1; (ii)p_k ≥ 0, k ∈ Z^N .

Now we formulate the main result of this paper. In the formulation we will use the notations introduced in the previous section.

Theorem. Let the transition probabilities p_k = P (X = x_k), k ∈ Z^N , of the random vector X be given as follows:

a) if 0 < α < 2, then

p_k =

1 − μb(α)^∑_{m∈Z}N_{\{0}}^1_{|m|N+α} , if k = 0;

μb(α)|k|^{−(N+α)}, if k ≠ 0,

with μ satisfying the condition

0 < μ ≤ 1 b(α)^∑_{m∈Z}N_{\{0}} |m|^{−N−α} . and the space and time steps h and τ being connected by the scaling relation τ = τ(h) = μh^α/2.

b) if α = 2, then

p_k = 1 2N , if |k| = 1;

0, if |k| = 0,

with τ =^{h2}_{2N} .

Then the sequence of random vectors S_n = hX_1 + ... + hX_n, converges as n → ∞ in the sense of distributions to the random vector whose probability density is the fundamental solution of the Cauchy problem (12), (13), i.e. G(t, x) defined in (11).

P r o o f. We have to show that the sequence of random vectors S_n tends to the random vector with pdf

G(t, x) = 1 (2π)^N ∫ R^N e

−t|ξ|^α eixξdξ.

It is obvious that the Fourier transform of G(t, x) with respect to the variable x is the function Ĝ(t, ξ) = e^{−t|ξ|α} . Let p̂(−ξ) be the characteristic function corresponding to the discrete function p_k, k ∈ Z^N , that is p̂(−ξ) =^∑_{k∈ZN} p_ke^{ikξ}.

As a consequence of Lemma 1 and the well known fact that convolution goes over in multiplication by the Fourier transform, the characteristic function of y_j (t_n) can be represented in the form ŷ_j(t_n, −ξ) = p̂^n(−ξ).

Taking this into account it suffices to show that p̂^n(−hξ) → e^{−t|ξ|α} , n → ∞. (14) The latter is equivalent to

lim_{h→0} ln p̂(−hξ) τ(h)

= −|ξ|^α.

where τ(h) =^t_n = μh^α/2. But for us it is more convenient to use the process (14). ¿From the continuity of e^s it is readily seen that if a sequence s_n converges to s for n → ∞, then

lim(1 + s_n n )^n = e^s. (15)

We have

p̂^n(−hξ) = (1 − μb(α) 2 ∑ k∈Z^N \{0} 2 |k|^{N+α}

(1 − e^{ikξh}))^n =

(1 + tb(α)^∑_{k∈Z}N_{\{0}}^{Δ2eikξh}_{|kh|N+α} h^N n )^n.

It follows from (1) and Lemma 2 (ii) that

b(α)^∑_{k∈ZN}

Δ^2e^{ikξh} |kh|^{N+α} h^N

tends to (D^α_0 e^{ixξ})_{|x=0} = −|ξ|^α as h → 0 (or, the same, n → ∞ ) for all α ∈ (0, 2). Hence in accordance with (15) we have

û(t_n, −ξ) = p̂^n(−hξ) → e^{−t|ξ|α} , n → ∞.

The case α = 2 with the transition probabilities given in b) of Theorem can be treated as an exercise. Q.e.d.

Comments. 1. The obtained result relates to the fully symmetric random walk. In one-dimensional case the symmetric random walk model (called Gillis-Weiss model) was studied by R.Gorenflo and F.Mainardi in [2]. They used in the definition of Feller’s potential the centered second order difference. Note that in [2] α = 2 is singular (as well as in Theorem). The method used for proving the above theorem is actually applicable for operators with symmetric spatial part more general then D^α_0 . Namely, if the symbol A(ξ) of an operator A(D) satisfies the condition C_1|ξ|^α ≤ −A(ξ) ≤ C_2|ξ|^α, where C_1, C_2 are some positive constants, and 0 < α ≤ 2, then the analogous result holds true.

2. As it was mentioned above the one-dimensional case was studied in the paper [2]. There convergence was proved by using the asymptotic behaviour of an integral obtained by summing a formal Laurent series of a complex variable z. Instead of this (which is no longer feasable in multi-dimensional case) we used the properties of symbols and cubature formulas. To compare with the one-dimensional case we note that the coefficient b(1) of the inverse Riesz potential takes the value 1/π, which coincides with b(1) = 1/π used in [2].

Acknowledgment: The first author would like to express his sincere gratitude to DAAD for financial support and the Free University of Berlin for providing research facilities.

References

[1] Metzler R., Klafter J. The random walk’s guide to anomalous diffusion: a fractional dynamics approach. Physics Reports 339, 1-77 (2000).

[2] Gorenflo R., Mainardi F. Random walk models approximating symmetric space-fractional diffusion processes. in: Elschner, I.Gohberg and B.Silbermann (Editors), Problems in Mathematical Physics (Siegfried Prösdorf Memorial Volume). Birkh”auser Verlag, Boston-Basel-Berlin, 120 - 145 (2001).

[3] Gillis J.E., Weiss G.H. Expected number of distinct sites visited by a random walk with an infinite variance, J. Math. Phys. 11, 1307-1312 (1970).

[4] Samko S.G., Kilbas A.A. and Marichev O.I. Fractional Integrals and Derivatives: Theory and Applications. New York and London, Gordon and Breach Science Publishers (1993). (Originally published in 1987 in Russian )

[5] Adler R., Feldman R. and Taqqu M. A Practical Guide to Heavy Tails. Birkhuser, Boston (1998).

[6] McCulloch J. Financial applications of stable distributions. Statistical Methods in Finance: Handbook of Statistics 14. G. Madfala and C.R.Rao, Eds., Elsevier, Amsterdam, 393-425 (1996).

[7] Anderson P., Meerschaert M. Modeling river flows with heavy tails.

Water Resour. Res. 34, 2271-2280 (1998).

[8] Meerschaert M.M., Scheffler H.-P. Limit Distributions for Sums of Independent Random Vectors. Heavy Tails in Theory and Practice John Wiley and Sons, Inc. (2001).

[9] Sobolev S.L. Introduction to the theory of cubature formulas Moscow, Nauka (1974) (Russian). (Translated into English. Sobolev S.L. Cubature formulas and modern analysis: An Introduction.Gordon and Breach Science Publishers. 1992.)

[10] Gorenflo R., Luchko Yu, Umarov S. On the Cauchy and Multipoint Value Problems for Partial Pseudo-differential Equations of Fractional Order. Fractional Calculus and Applied Analysis, 3, 250- 275 (2000).

[11] Rubin B. Fractional integrals and Potentials. Addison Wesley Longman Ltd. (1996).

[12] Schmitt F.G., Seuront L. Multifractal random walk in copepod behavior. Physica A 301, 375 -396 (2001).

[13] Rvacheva E. On domains of attraction of multidimensional distributions. Select. Trans. Math. Sta. Prob. 2, American Math. Soc., Providence, Rhode Island, 183-205 (1962).

[14] Nikol’skii S.M. Approximation of Functions of Several Variables and Imbedding Theorems. Springer-Verlag, (1975).

[15] Dubinskii Yu.A. Analytic pseudo-differential operators and their applications. Dordrecht, Kluwer Academic Publishers (1991).

sabir@ssep.uz gorenflo@math.fu-berlin.de